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I. NHONG KIEN THUC CAN NHO
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S6 do, do dai cua cung tron
Cung tron ban kinh R, ¢6 do dai [, ¢6 s0 do radian 14 « (0 € a < 2x), ¢6 s0 do
a” (0 < a < 360) thi

= —_— I=Ra.

Goc va cung luong giac
* Néu mot goc lugng gidc (Ou, Ov) co so6 do @ radian thi moi goc luong gidc
cung tia dau Ou, tia cudi Ov c6 s6 do o+ k2r, keZ . méi gbe ting véi mot gid

tri cua k. Cic cung luong gidc UV twong ing trén dudng tron dinh hudng tam
O ciing co tinh chat tuong tu.



* Khi 0 < @ < 2r thi & la s6 do radian cia cung lugng gidc tao boi diém M di
dong trén dudng tron dinh hudng tam O luon theo chiéu duong tir diém U dén

gap diém V ldn déu tién ; @ ciing li s6 do radian clia cung tron uv do.
* Khi —t < & < m thi | @] 14 6 do radian cta goc hinh hoc uOv.
* H¢ thiic Sa-lo : Véi ba tia tuy y Ou, Ov, Ow, ta co

sd(Ou, Ov) + sd(Ov, Ow) = sd(Ou, Ow) + K2r (k € Z).

Puong tron luong giac

* Dudng tron lugng gidc : Dudng tron don vi (R = 1), dinh hudng, v6i diém
goc A.

* Hé toa do vuong géc Oxy gin vai dudng tron lwong gide : O la thm duong
tron, Ox la tia OA, sd(Ox, Oy) = g-f— E2n, (k eZ).

* Cung luong giac & : Cung luong giiac AM' (trén dudng tron luong gidc) 6 s6
do a.
Goc luong gide e : Goc luong gide (OA, OM) c6 s6 do a.
biém M tréfrlhﬁuﬁng tron lugng gidc xdc dinh boi s6 (cung hodc goc) @ : Diém
M sao cho AM 1 cung luong gidc a hoac (OA, OM) la goc luong gidce a.
Gia tri luong giac cua goc (cung) luong giac
* Cho goéc lugng gidc a, xét diém M trén dudng tron lugng gide xdc dinh
bai @. Néu M c6 toa do (x ; y) trong hé toa do (O, i, j) gan véi dudng tron do
thi cosa = x, sina = y. N6i cich khic OM = cosi + sin aj.
* tana = e (khi cosaz#0) ; cota = C?Sa (khi sina = 0).

cos e singx
* Mot s6 tinh chét co ban :

sin{a + k27n) = sina cos(a + k2m) = cosax ;

tan(a + k) = tana ; cot(a + km) =cota (voi k € Z) ;

-1 <sine<1;: —1 <cosex=1;

I +tan’ & = 5— (khi cosa #0) ; 1+ cot’a = —— (khi sina # 0);
cos” a sin” a

sin2a+c032a=l; cola =

tang
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* Goc hinh hoe #Ov ¢6 s6 do a rad (0 < a < m) thi cdc ti s6 lugng gidc cosin,

e

sin, tang, cotang cua uOv theo thi tu b:‘ing COs¢r, sing, tang, coten (Khi noi

vé tanea, cota, ta gia sir ching xdc dinh).

* V&i moi goc lugng gide (Ou, Ov), ta c6

cos(Ou, Ov) = cos OV s |sin(Owu, Ov)| =sin uOv.

Gia tri luong gidc cia cac goc (cung) co lién quan dac biét (gia sir cic biéu
thire ¢6 nghia)

sin(—a) = —sine ;
tan(—a) = —tana ;
sin(m + &) = —sina ;
tan(m + @) = tane ;
sin(w — @) =sina ;

tan(mt — &) = —tana ;

sin E—a = COScL
2 — b 5

tan T o | = cota
E %

cos(—) = cosa ;
cot(—a) = —cota.
cos(T + &) = —cosax ;
cot(m + ) = cote.
cos(m — &) = —cosa

cot(m — ) = —cota.

s :
CGS[;—H’] = slna

cot = o | = tang
3 .

Mot so cong thife luwong gidc (gid sir cdc biéu thife ¢ nghia)

cos(a + ) = cosa cosff— sina sinf; cos(a — f) = cose cosf+ sina sinfd

sin(e + f) = sinex cosff + cosar sinf; sin(a — ) = sina cosff — cosa sinf.

tan & + tan

tan & — tan f3

tan(a + f) =

| —tanatan §

¥ - = ;
o= 4) | + tane tan #

2 sy 2 o
cos2a=cos a—sin"a=2cos a—1=1-2s8in"a;

sin o = 28N COsSa

1+ cos2a

\
COs™ & = -
2

2tana
tan 2ex =
I —tan™ &
7 1 —cos2a
sm” o = —



*  cosacosff= %Icc-s(a + ) + cos(ex — B)]
sing cos ff = %[sin{a: + ) + sin{er — f)]

sina sin f§ = —%[cns{a + f1) — cos(er — f)]

+ ey
c03a+cusﬁ=2cor§a2ﬁcnsa2ﬁ
oo T B
cosa — cos i = =2sin _}ﬁsm 2’8
, ; .ot a -
sing +sin f = 2sin zﬁcns 2’8

a+f . a-pf
5 sin—s5—.

sina —sin § = 2cos

I1. GOI Y TRA LOI CAU HOI VA BAI TAP ON TAP CHUONG VI
55. a) Dang, thu véi k chian va k 1é ;

b) Ding, thir véi &k chan va k 1é,

¢) Bing, thirvéi k=0, 1, 2, 3.

V2

d) Sai, khi k=1, v€ trdi la £ v€ phai 1a ——.

2 2
56. a) msazi;- Vi Hg{ﬂ'{ﬂthi Sini.’IZ'—%:

; ; 24 2 7 .
sin2¢ = 2sina cosa = ~35 cos2a =2cos"a—-1= 35
cmg a A+ cosa B E'w"'ﬁ ] sing B _-\.I'l - cosa _-Jﬁ

Y \5 T R J;_T 1w
b) tanag > 0nén tana = 12 —1 =@;
cos” o 9
(n ] I—tana 121 -36+10
tan| ——¢a | = = :
4 1 + tan ¢ 41
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i . L | £y
) sinta — cos’ @ = {:-;m2 a + cos” a)sin” a - cos” a)

: 3
= sin® & — cos® @ = —cos2a = -3
2
: ; 9 1 . 2 . 3 ; : 1
d) (sina —sinf)” = 3 = sin” & + sin ﬁ—23|nas1nﬁ=§; (1)

-
=

(cosa — cos f)* = [%] — cos” @ + cos” f — 2cosacos B = % (2)

Cong timg vé& cua (1) va (2), ta duoc

.3 13 359

—3 1 i - — —_—— L 8 — _—

1+1—2(cosacos f + sinasin J) 5+ 36,Tudo cos(a — f3) 7
LR 3w 5% Tw ,TE,3TI_(?I ?m:],(n f:]
B} SN ——5IM—S8IN—S8IN—— = 5l —S8IN——58IN| — — — (5l — — —
16 16 16 16 16 2 16 2 16

. T . 3m 3n n (I _ n]( 2 § ]
= sin—sin—cos —cos— =| —sin— || —sin—
16 16 16 16 2 8/\2

1 . & . [:n: n] 1.7 m 1.
= —sin—sin| — — = | = —sin—co0s— = —sin— = —
8 2 8 4 b 5 B 4 16

a) ZSiH[% + a)sin[% — .:1')

: . 2 i 2 5
b) sina (1 + cos2a) =sina (1 + 2cos”a— 1) = 2sina cos™ e = sin2 @ cosa.

E[Tz{cuz-;a + sin .:1').?2{-:05& - Siﬂﬂ}:|

FRTR |
= -2052{1' —sin" @ = cos2a .

! . . . 2
1 +sin2a - cos2a _ sin2a + (1 —cos2a)  sina + 2sin” &

C : = — =
) 1 +sin2a +cos2a  sin2a + (1 +cos2a)  sin2a + 2cos® a
2sina(cosa + sind)
— : = tana .
2cosa(sina + cosa)
] tan” @ — 1 2
d) tingy — —— = 2. == :
tan a 2tana tan 2ar
a)tan(a + f+ ) =tan(kn) =0 = tan(a + B + tany=0

tana + tan j3
1 — tan @ tan f#

+tany =0 (dé ¥ ring cos(a + ) # 0 do cosy= 0)

<> tang + tanf + tany= tanatanSFtany,



39.

60.
68.

69.

11 1 1
— 4 — s

b) tan(ex + f) = 8151=%:lan(a+ﬁ+}*)= EIEIZI'
“F'E L=33

Nhdn xét. C6 thé chuyén cau b) thainh mot bai todn hinh hoc : Chiing minh

rang tong cic goc e, f, y trong hinh 6.9 bang g

E—
_.—-—-—"'_'_-_',_._.--'-"'"Hrrr
T - fﬁ’/ ¥
Hinh 6.9
& ] 3 _cosl[]“—\ﬁsinm“
sinl0”  cosl10 sin10° cos10°

~ 2(cos60” cos10” — sin60” sin107)
sin 10° cos10°
~ 2cos(60° +10%)  4cos70°  4cosT0”

lsin 20° sin 20° cos 70"

4.

Cong v€ véi vE ba dang thiic

cos(a + f)sin(a - f) = %{sin 2a —sin2ff),

cos(f + y)sin(ff — y) = %{sin 23 —sin2y),

cos(y + a)sin(y —a) = %{sin 2y - sin2a),
ta duge ding thifc cin chimg minh.
(B): 6L.(C); 62.(B); 63.(D); 64.(A): 65.(C); 66.(D); 67.(A):

D) (hmuyrangco ke Zdé n+ k2n < @ {:3;+k2n:.

oo O B
Tu‘ﬂﬂ-i~+k:l'|:{-§--=:—£-+iﬂ],

(D) (luu § ring ¢6 k € Z dé k27 < a <%+ k2.
Tirdo kdm < 2 < m+ kdm).
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(Thaot gian lam bai cho moi dé 1a 45 phit).

PE SO 1

Cau 1. (3 diém) Cho goc luong gidc (Ou, Ov) ¢b s6 do —1955°.

a) Tim géc luong gidc cung tia déu, tia cudi vdi goc da cho va co sd do la so
duong nho nhat.

b) Tim s6 do gbc hinh hoc uOv.
Cau 2. (3 diém) Chimg minh ring v&i moi a, ta ¢6 :

cos” & + cos? [a + Z—HJ + cos? [cx ~ &]— 2
3 3 2
Cau 3. (4 diém) Chiing minh ring :
i afe. e L g I

sin—sin—sin—sin— = — .
24 24 24 24 16

Pap an
Cau 1
a) Do —1955° = -6.360" + 205", 0” < 205° < 360° nén 205° la s6 do goc lugng
gidc (Ou, Ov) can tim.
b) C6 thé viet —1955° = -5 . 360° — 155° , 0° < 155° < 180° nén géc hinh hoc

uOv ¢o s6 do 155",

: 2 2 2n 2 2n
Cau 2. cos"a +cos™ | a + 3 + CO5 Q_‘T =

-

2
3 2n . . 2. 21 ) . 2m
= cos” a + cusaccsT — S1M ¥ 5In 7 + | cosor EDST + sin¢r sin 5

2 2
—cosza+[—lmsa——35ina] +(—lcn~m+—35ina]
2 2 2 2

3.5 3 ¥
=cos>a + 2[&1:032 o + Esin‘ a‘} = E{cosz a + sin® ) = 5



Cau 3. Cdch ]

S0, In . llm . ﬂ,ﬁﬂ,(ﬂ:
HIH—NIH—HIH—‘HIH— = 51N — 81N ——=511n

24 24 24 AT 1

. W . 5t 5m T (1. nJ(I.ﬁrr
= sin—sin—cos —cos— = | —sin— |.| —sin ==
24 24 24 24 i 12 2 12

I.TE.(?I H)l.ﬂ: n 1. m
= —sin—sin| = — — | = —sin—cos— = —sin— = —.

12 \2 12 4 12 12 8 6
Cach 2
[ 107 IZRJ 1 5m
51N —8in—— = Cos - CO8 = —Cos—
24 24 2 24 24 2 12
.5t . In 1[ 21 rznj ] T
$in—.sin— = —| cos— — ¢Os§— | = —cos—
24 24 2 24 24 2 12
T s R | A ) E | Sm s
Viy sin—sin—sim—sin—— = — 0§ —C0s —
24 24 24 4 12 12
| 47
= —| cos— + CcOs—
3[ 12
PEsO 2

5?:} ,H[

24

12

)

Cau 1. (5 diém) Cho géc lugng giic @, 0 < a < g

tane + cola = m, hay tinh sin2 e, cos2a theo m.

b

2

T

Gia su da biét

Cau 2. (3 diém) Chimg minh rang trong moi tam gidc ABC, luon cé

A B B = By A
tan —tan — + tan—tan— + tan—tan— = 1.

2 2 2. 2 2
Cau 3. (2 diém) Tinh

sin? = + sin? E sin? = + sin? e . sin>
' % = §] ' g " 18 :

2 131

2

18

+ sin

2

i
9

=
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Pap an

.. sing cosa sin @ + cos’ ¢
Cau 1. o — o — : = m
COs ¥ SN ar SN & COS &
1 ; 2
el [/ A ——1 | § W 7
l sin 2er "
2
5.3 i :
(déyringdo0 < a< 3 tane, cote déu duong nén m > 0).
2
; 5 4 m- =4 T
Tacd cos™2a =1— - —. Tirdo:
i Hi-

'\sz -4

— Khi ﬂ{aiEthif}{Ea EE nén cosa =
4 2 m

(dé v thém riang

do tana, cota déu duong ma tane cota = 1 nén tana + cota = m = 2).

2
—KhiEc:ae:EthiE{Ea{rr,msZa{Unén c052a=—m—4,
4 2 2 m
A B C _. A B
Cau 2. Vi E,E,%déulﬁcﬁcgﬁcnh@nva-g—=§~—(-2-+5jnén
A B
[ {:l_ I["J‘+BJ_ ] B I—tﬂllitﬂi
R SN Y| R
g T D 2 2
i C( A B]_ A B
Tirdo tani tani+lan5 —l—tanitani.
ticla t AtnB+tnBt C+t CtnA—I
a mnza2 atzan2 an232—1
Cau 3. Dé thay
sin2%=c{}szg,sinzlﬁ—§=msz%

nén tong di cho bing 3.



