§2. Tich vo huéng cua hai vecto

9. (h.27)a) (E E) = 90" nén cos(ﬁ, E)z 0.

(E?R: EC) = 180° — ABC nén 10

=3
]49

cns(h-ﬁ, EE?) —cos ABC =

(A_'B ﬁi) = zﬂi‘? nén cns(ﬁ, ﬁ) — L Hinh 27

V149

b) HB.HC = HB.HCcos180° = —HB.HC = —-AH".

Theo hé thic trong tam gidac vudn I + L . Jeg

| =e SAH?  AB? AC?  4900°
e 2 4900 = 4900
suy ra AH™ = 149 Vay HB HC = 49

peciriss 35
=,

. a) AB.AC =AB.AC.cos120° =

i

Y — cmeme e ?I
AB.BC - AB(AC—AB) AB.AC — AB =_§_49__1_23,

b) M 1a trung diém ctia BC nén AM = %( AB+ E(_?), suy ra

==l | Pl ol 1 39
AM = AB +AC +2.AB. AC =I(49+25_35)=I’

V39,
2

AM =
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11.

12.

13.

14.

(h. 28) NE = NM + ME = kMP — MN, M

WZ%(MMP+JTQ’E). ) e
NE L MF < (MP + MN).(RMP - MN) =0
. . N F P
e k= MN'(MP+MN) _ MN-MP+MN2 Hinh 28
EF.(EJ’?JrW) MP + MN.MP
16416 2
T 64 +16 5

(h. 29) a) Theo tinh chét cta dudng phén giac, ta co
BB ¢ c i
DC- hay DB = EDC' Mat khac DB, DC

ngugc hudng nén DB = —(EETC" Tir d6 dan

dén EFJ: FJAB-!—L'AC_
b+c¢

b) Binh phuong vo huéng dé tinh do dai AD, Hinh 29
be

D5 e 2(1 + cosax) .

(|a+b| —|a| —|b|] 2[ +b +2ab— & —5 }: i

?-
Tl

S — ] A | iy —2
a) AB.BC = —[|AB +BC| —AB - BC J

(AC — AB —BC) Lip2 _ 02 _22).

==
2 2

e ] g | =22 e
AB.AC=§[AB + AC —(AB-AC”

B D ,
=%(AB A =R ]z%((-hb-—aﬂ].

b) Vi AM la duong trung tuyén cia tam gidc ABC nén :
—=43

S _.2 -—-&2
AM? = AM :%(AB+AC) =i(a3 + AC +2ABAC)

A5 g Feogm HE 1EGs B g
—Z(f. +b"+c"+b a)—4(2b + 2¢ a )
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16.

17.

58

Viay : AM =%\[2b3 Dt g®

Xét tam gidc ABC cé AD, AE lin luot 1a duong phan gidc trong va phan

gidc ngoai (h. 30). Theo bai 12a) ta cé E:% Hay binh
-
— — P+t -d?

phuong vo hudng ca hai vé€ va st dung déing thic AB.AC = 5
(theo bai 14) dé tinh do dai doan AD. Vi AE la phan gidc ngoadi nén

EB :% EC (luu ¥ ring phan gidc ngoai ctia goc A chi cit dudng thing BC

; .. — bAB-cAC A
khi b # ). Tit d6 AE = ’b—_‘fc
b
DS: AD= Bn Jbep(p —a) t
) E H““~._Q___F_,a"f?
AE = —— /bc(p - b)(p - ¢) a
b - cl Hinh 30
+b+c z i g 1
(p= a—zc la nura chu vi cua tam gidc).
Gia stt (d.h)¢ = d(b.¢). Néu @b =0 thi b =0 (vi @ # 0). Vay ca hai
vecto @ va ¢ cung vudng goc vai b hay a = kc. Neéu ab # 0 thi
b.é #0. Khi d6 @ = (?,—}_J.]E hay a = kc. Nguoc lai, néu a = k¢ thi
N

(@.h)¢ = (k&.b)¢ = k(@.b)¢ = (b.EWCE = (b.3)d = a(b.T).

Nhu vay, ding thic (@.b)¢ = @(h.¢) ding khi va chi khi c6 s6 k dé
@ = kZ.

a) Goi O la trung diém clia AB thi OA=-0B.

Véi moi diém M, ta cé

MA.MB = (M0 +04) (MO + 0B) = (MO-0B).(MO+0B)

{12

= MO* - OB* = MO* - =



DR 2 2
Tit d6 MAMB =k < MO* - GT=I: o MO* = %H’c. (*)

2

Ta ¢6 O c6 dinh, HT + k 1a s6 khong déi nén :

2
- (J 5 14 F) * N, n =
— Néu k < — — thi tap cdc diém M 1a tap rong.

4
&'2
— Néu k = — — thi tap cdc diém M chi gébm mot diém O.

4

7
; 5 - 1
~Néu k>- %— thi tap cac diém M la duong tron tim O ban kinh R = 3 a® +4k.
e E— — —2
b) Ldy diém C sao cho AC = 2AB. Khi d6 AB.AC =2AB = 24° .
Tir d6 ¢6 AN.AB = 2a*> < AN.AB = AB.AC < AB.(AN - AC) =0
& AB.CN =0< CN L AB.

Viy tip hop cdc diém N la dudng thiang vuéng goc véi dudng thing AB tai
diém C.

2
18. (h.31) Tacé AN.AM = AH

< AN.AM = AH.AH = AH.AM (theo cong thiic hinh chiéu)

A
& AN.AM — AH.AM =0
& (AN - AH).AM =0 N
& HN.AM =0.
H M A
Vay tap hop cdc diém N la duong tron duomg kinh AH. Hinh 31

19. a) Theo dinh nghia cta tich vé hudng ta cé (véi méi i € {I, 2, n} 2

OM.OA; = OM.OA..cos MOA; = R? cos MOA. .

Do d6 : cos MOA, + cos MOA, + ... + cos MOA, =

- L 0M.(0A, +0A, +...+ OA,).

2

R..
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Theo bai 7 (chuong I) thi OA, + OA, + ...+ OA, = 0, nén :

cos J_‘.m; + cos MOA, + ... + cosMOA, = 0.

2

+2 2 U
b) MA] + MAS + ...+ MA> = MA,” + MA, +...+ MA,

- (0 - 0Mi) + (0% ~OM) +...+ (04, - OM)

OAY + OA} + ...+ OAL + nOM® —2(OA, + OA, + ...+ OA, ) OM

= R +R 4. +R+nR*-0=2nR%,

20. Tir diéu kién BM = kBC, ta suy ra :
AM — AB = k(AC - AB) hay AM = (1 - k)AB + kAC .

s . O )
Boi viy : AM? = AM = [(1 —K)AB + kAC}
=(1 -k AB + K*AC +2k(1 — k)AB.AC

= (1= k)22 + k2% + 2k(1 — k}.%(('z + b7 - a®) (xem bai tap 14)

= (1= k)c? + kb* = k(1 - k)a”.

Trong truong hop k = % thi M la trung diém cia canh BC, AM la duong
A +pt &

— —

trung tuyén. Khi doé ta c6 cong thic trung tuyén : AM? = 5 3

21. a) @i = ca.cos(180° — B)CA + ab.cos(180° — C)AB + bc.cos(180° — A)BC

= —camsB.ﬁ — ab.cos C.ﬂé — bc.cos A.ETC"

A AB BC
= —abc[msﬂc— + cosC— + cos A?C '

—_— —

b C

b) Néu tam gidc ABC déu thi a = b = ¢, cosA = cosB = cosC, tir d6 suy ra

ii=-a?.cosA(CA+ AB + BC) =0.
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CA AB _ BC

¢) Nhan vo hudng vecto o =0 lan luot véi B g Vi = ta co :
E.%=U,suy ra cosB—2cosC.cosA = 0.
Tuong tu ta co : cosC —2cosA.cos B = 0,

cosA —2cosB.cosC =0,
Rt cosB tir dang thic ddu va thay vao dang thic thi hai, ta ¢

cosC — 4cos”A.cosC =0 ma cosC # 0 (vi néu cosC = 0 thi cosB = 0,

.

B =C =90° vo Ii) nén cos’A =% hay cnsﬂzi—é-. Vay A = 60", hoac

A =120,

Twong tu nhu vay, goc C hoac bang 60° hoac bang 120”. Vi téng ba goc
ciia tam gidc bang 180°, nén chi c6 thé c6 A = B = C = 60°. Vay ABC 1a
tam gidc déu.

. (h. 32) 2MP.BC = (MA + MD).(MC — MB)

= MA.MC — MD.MB + MD.MC — MA.MB /
= MAMC — MB.MD 4 M c

(vi MA.MB = MD.MC =0 do AC | BD).

P
Tir d6 ta ¢c6 :
o g D
MP | BC < MP.BC =0
, . Hinh 32
& MA.MC = MB.MD.
. Dit AD = d,AB = b.Khi dé:
s foa ¥ - . b
AM—EAC—Z( +b],AN—AD+DN—a+E+
< g . s i % Lfa W, BF s
Tlrdosuyra:MB=AB—M=b—1(a+b)=1[—a+3b)
MN=AN—AM=E+-§—%[E+5]=%(3&-}-5)
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Tacd: MBMN =

(—a’ + 35)(351' + -IJ.)

A

b

1
16 M
= —(—3.:'1?2 + 352 + 8&'.5) =0. s

-2

mlr_n

lﬁ(a +9h —6d. I;-)=

D N C

i
;2 Hinh 33

—2 1 =2 ] 5
MN =E(3cz+b) _E(ga ik +6ab)-8

Vay MB 1L MN va MB = MN, tam giac BMN vuong cén tai dinh M.,

24. (h. 34) Goi P 1a trung diém clia AA’ thi OP 1 AA’
nén theo cong thirc hinh chiéu ta c6 :

2MAMO = 2MAMP. Nhung vi P la trung
diém cla AA’ nén 2MP = MA + MA' . Viy :
OMA. MO =MA(MA + MA") = MA? + MA . MA’
= MA* —-MA.MA'= MA(MA—MA").
25. (h. 35) Lay cdc di€m A,, B,, C, sao cho :

— MA —— MB _—— MC
"—,MBI—WVJMC MC, c

khi d6 ca ba vecto trén déu c¢6 do dai biang 1,
ma gbc gilta hai vecto bét ki trong ching déu A
bing 120” nén M la tam cia tam gidc déu
ABC,.

Theo bai 24, ta co :

Hinh 34

2 MA.MO = MA(MA — MA'"),

MA ——
suy ra 2— MO = MA — MA',
hay 2MA,.MO = MA — MA".
Tuong tw: 2MB,.MO = MB — MB',

2MC,.MO = MC — MC'.
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26.

Tir d6 ta c6 MA + MB + MC — MA'— MB'~ MC'
- z(ml + MB, + Mq).Mo =0,

hay MA + MB + MC = MA'+ MB'+ MC".
a) Lay mot diém O bit ki thi dang thic
k,GA, + kyGAy + ... + k,GA =0 (1)
tuong duong voi
k(04 -0G) + k, (04, ~0G ) + ... + k, (04, -0G) = 0

hay OG:%(EQT+&?++@:)

biéu d6 ching to rang ¢6 diém G thod man (1).

—_— —k

Gia st diém G’ ciing thod man kG'A, + kG'A, +..+ k,G'A =0 (2).
Bing cach trir theo vé (1) cho (2) ta duoc k.GG' = ﬁ suy ra GG' =0 hay
G’ tring v6i G. (Di€m G dugce goi la tam ti cy clia hé diém {A},A,,..,A,} géan
véi cdc hé so ky, ks, .., K, ).
b) Véi moi diém M, ta co

kyMAY + kyMAS + ... + k,MA> = m

i —32 —2
< MA + kbMA, +.. +kKMA, =m

<k (H —@)2 + ky ((}AQ - {ﬁ)z + .+ K, (GAH - @)2 =M

& kGA? + k,GA? + ... + k,GA> + kGM? —

2GM (k,GA, + kyGAy + ... + k,GA, ) = m.

Ta dit kK, GA? + k;GAT + ... + k,GA? = s thi déing thirc trén tuong duong véi

s + kGM* = m hay GM?* = % Tt do suy ra
e Néu % 5 0 thi quy tich cic diém M 1a dudng tron tam G, bén kinh
-3

ryF=

k
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27.

64

e Néu m — s = 0 thi quy tich cac diém M 1a mot diém G.

m-=35

k
Chii y. Khi k; +ky + ... + k, = k =0 thi h¢ diém {A,A,,....A,} khong c6

e Néu < 0 thi quy tich cdc diém M 1a tap réng.

tam ti cu, song vectd i =k OA, + k,OA, +...+ k,OA, khong phu thuéc

vao viéc chon diém 0. Thuc vay, véi diém O’ khic diém O, ta c6 :

KO'A + kO'Ay +...+ k,0'A,

o —

= {AE + ;.2 & s b k”)(-?a ik k|{)_A; 2 & kz(_)z-q;. B Gl o k”OA” = I‘i .
Bay gio chon mot diém O nao do, ta co ;
kMA? + kyMAT + ...+ k,MA> = m

2 2 —
— ;LIMAI + ﬁ.z MAl i .I.'” MA” =m

& (04 -0M) + k(04 - OM) +..+k,(OA, -OM) =m

& kOA? + k,0A? + ...+ k,OA> — 20M .ii = m.
Dit kOA? + kyOAF + ...+ k,0A? = s thi ding thitc trén tr& thanh :
2i.0M =5 —m.
Boi vay : @ Néu i = 0 va s = m thi quy tich cic diém M 14 toin bo mat phang.
e Néu it =0 va s # m thi quy tich cdc diém 1a tap réng.

e Néu ii # 0 thi quy tich cdc diém M 1a mot dudng thiang vudng goc
vl vecto .
a) Xét truong hop diém A’ nam trén
canh BC, tic la cic goc B va C déu
nhon (h. 36a). Khi do
AA'=AB.tanB = A'C. tanC.
Vi tanB > 0, tanC > 0 va hai vecto

|
]
I
> Beme e N

A'B, A'C nguoc huéng nén ta suy ra: B A

(tanB)A' B+ (tanC)A'C = 0. (¥) T



28. (h.37) Taco

Néu diém A’ nim ngoai canh BC, ching han diém C nam giita hai diém B va A’
(h. 36b), thi khi do géc B nhon va goc C t, tic la tanB > 0 va tanC < 0.
Ta c6 AA" = A'BtanB = A'C tan(180° — C) = — A'C tanC. Trong trudng hop nay
hai vecto ﬁ A'C cung hudng nén ta cé: (tan B)ﬁ + (tanC)A'C = 0.

b) Néu H la truc tdm tam gidc ABC thi ta ¢6 cic s6 «, .,y khong
déng thi bing 0 sao cho : aHA+ BHB+ yHC =0 (theo bai 14
chuong I). Vi HA L BC, nén nhén hai v€ cta dang thitc trén vdi BC ta duoc
BHB.BC + yHC.BC = 0, va do dé (theo cong thitc hinh chiéu)

BAB.BC + yAC BC = 0 > BC (AT + yAT) =0 o
ﬁﬁﬂ- ,VR =0 (vi vecta fA'B + yA'C cung phuong vaéi E}.
p ¥

So sdnh ding thifc nay véi (*) ta s i = . Bang cach tuong tu
g y ]{} bu}"m {318 la.lc- gLL g :
ta di dén :

a g 4

tanA tanB tanC
Boi vay déng thic a HA + SHB + yHC =0 tr& thanh :

|

tan A.ﬁz + tan Bﬁﬁ + tanC.HC = E] .

o
a)

—_—

(ﬂ_; + '5"_2. + a3).A A,
= (az + ﬂj)z“llidlz a3
o (ﬂz T “3](*4|A3 - A2A3)

P An

= 32.:‘1.':‘13 _— 53":42]43 -"'I__’i -

.AEA}cos(g,ﬂ)

(e

= 7).

F AEAB_.'CDS ((,?3, AQ,A_:!.

E

L 3 ffj
Theo gia thiét E = AA; va H = AA,. Hinh 37
Ngoai ra dé thay

_— —c-—c-)

cus(az, A}Aﬂ = cos(a3, Ay Ay
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Suy ra (a +a, + %).A]AE = 0. Do do, vecto E + E + a vubng goc val
duong thang A A,.

Chimg minh hoan toan tuong tu, ta cd vectd a; + a;, + ay vudng goc voi

duong thang A, A;.

Viy a; +a, + a3 = 0.

29, Néu A, B, C, D cung thudéc mdt duong tron (‘€) thi MA.MB, MC.MD cling

biing phuong tich clia diém M d6i véi duong tron (€)nén MA. MB = MC.MD .

Nguoc lai, vé duong tron qua ba diém A, B, C va gia sir duong tron do cit
duong thing CD & diém D' khédc C. Khi d6 ta ¢6 A, B, C, D' ciing thuoc

mot dudng tron nén MA.MB = MC.MD" . Néu c6 MA.MB = MC.MD thi

MC.MD = MC.MD', suy ra MC.DD' = 0. Do MC =0 va DD' cung

phuong véi MC nén DD' =0 hay D, D’ trung nhau. Vay A, B, C, D cung

thudc mot duong tron.

30. Giai tuong tu nhu bai 29.

31.

66

4 i
”’iﬂw.m _'ﬁe‘ﬂﬁ'..‘?']

o MO* - R =MO? - R?

2 2
o MO - MO =R —R?

& (M0 - M0').(MO+MO') =R - R?

& 200.MI =R - R'l, trong do I 1a trung diém cua 00"

Lay H Ia hinh chiéu clia diém M trén dudng thing 00’, ta ¢6

e e —, =

O'0.MI=0'0.HI = 00".IH.

2_
Tiu do suy ra [ :u

200

12
|

khong doi nén H 1a diém c6 dinh.



Vay Ao r =Po gy khi va chi khi M thuoe dudng thang A vuong goc
véi dudng thang OO’ tai diém c6 dinh H.

Pudng thing A duoc goi 1a truc dang phuong cia hai dudng tron da cho.

. (h. 38) Xét tich v6 hudng

S S ..._..)

SMA'B = (SA+SB) (sB'—
| (SASB" — SASA' + SBSB' — SB.SAY) A%
= >(SASB' - SASA + SB.SB" - SB.SA'). A A

Ta co

SASB' =0do SA 1 SB".

SB.SA' = 0do SB 1 SA’,
SA.SA' = SB.SB" . Hinh 38

s e

Tir d6 suy ra SM.A'B' =0,nén SM L A'B"
. (h.39) Tac6 Ky, = HAHB = — HP

suy ra HO> - R* = — HP®

2 3 _ @2
hay HO™ + HP” =R". (*)

Tuong ty Ay, = MAMB = -MB’

Hinh 39

. , , 1
Mit khdc tam gidc vudong APB c6 trung tuyén MP = EAB = MB.
Tir d6 suy ra MO* — R* = — MP* hay MO* + MP* = R*. )

Tir (*) va (**) ta c6 H, M cing thuoc dudng tron ¢ tam 1a trung diém cua

OP va ban kinh bang -l—u'ZR‘ —are.

2
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34.

35.(h.41) a) Taco

68

Piit tén cdc ti€p diém cua hai duong tron
nhu hinh 40,
Ta co AR = AS va
AR + AS = (AB + BR) + (AC + CS)
= (AB + BH) + (AC + CH)
=AB + BC + AC = 2p.
Vay AR=AS =p, suyra
c+BH=phay BH=p -c.
Ta ciing ¢6
AP =AQ,BP =BK,CK =CQ
nén ¢ + CK = b + BK.
Do(c+CK)+(b+BK)=a+b+c=2p,
nén ¢+ CK =p hay CK =p — ¢ = BH.

Goi M 1a trung diém cta BC, tit BH = CK
suy ra MH = MK hay

'??WFUJ :MKZ ZMsz '%,"{j}* Hinh 40

Viy M thuoc truc dang phuong cua hai duong tron (1) va (J).

Xét tich vo hudng

ON.MIMQ = ON(OME s OM,)

= ON.OM, — ON.OM, .
Do ON, 12 hinh chiéu cia ON

trén Ox nén ON.OM, = ON,.OM, .

Hinh 41

Tuong tt ON. OM, = ON,. OM, . (**)

ot e a—

Tir (*) va (**), suy ra ON.M;M, =0 hay ON L M| M,.
b) Theo cau a), N thudc tia Oz ¢6 dinh (vuong goc véi M|M,).
Lai ¢6 zOy = M,M,M (do Oz L M,M,, Oy L M,M).




36.

37.

Mit khiac, OM, MM1 la ur gmL noi t]ép (OM,M OMEM 90°) nén

(h. 42)
a) Ta giac HBMM' néi ti€ép duoc do o
M'HB = M'MB = 90°, suy ra M .
AH.AB = AM . AM. | 5
. R R A -

T gidgc HBN'N ciing noi tiép duoc do P HY\ /B
N'HB = N'NB = 90", suy ra

ey F

AH .AB = AN .AN". R
Tudotaco AM.AM' = AN . AN N’
Suy raM, N, M', N’ cing thudc mot dudng 3

Hinh 42

tron, ta ki hiéu duong tron dé 1a (6€).

b) Goi P, O la céc giao diém cla (‘€) veéi dudng thing AB va E, F 1A céc
giao diém cua A vai duong tron duong kinh AB.

Khi d6 HE.HF = HM.HN = HP.HO nén E, P, F, O cing thuoc dudng
tron (S). Puong tron nay ti€p xic v6i AE, AF lin luot tai E, F va do AE,
AF d6i xing qua AB nén (S) ¢6 dinh, suy ra P, O 14 hai diém c6 dinh.

Vay P, O thudc dudng tron (5) tiép xic voi AE, AF 6 E, F.

Do (S) 1a dudng tron ¢d dinh nén P, Q 1a hai diém ¢ dinh ciia (€),

(h. 43)

e Néu A ¢ ngoai dudng tron thi
diéu kién AM = MN tuong duong
voi AN = 2AM. Ta lai cé

AM. AN = d*- R® (d = 0A).
Tir d6 din dén 2AM> = d* —

M

hay  AM =

5 ' Hinh 43
biém M (néu c6) 1a mot diém chung cta dudng tron (O ; R) va dudng tron

v2(a? - Rz]_

tam A, ban kinh bing 5
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38.

39.

70

e N&u A nam trong dudng tron thi dudng thing A cdn tim la :
— Puding thing vuong géc v6i OA & A khi A khong tring véi O,
— Duong kinh bat ki cta dudng tron khi A tring véi O.

(h. 44)
Ta co AM = AN = AE (do M, N,
E cung thudc duong tron tim A).
Trong tam gidc vudng AEB,
EH 1 AB nén

AE*= AHAB = AH . AB
Tir d6 suy ra

AM* = AN*= AH . AB.
Viy AM, AN
ctia (‘€) (xem bai 30 chuong I1),

a) (h. 45)

la ti€p tuyén

Goi (‘€)) 1a dudng tron ¢d dinh
co tam O va di qua P, Q. Do [
khong thudc duong trung truc
ctia PO nén truc ding phuong A
cua (?’9;) va (/) khong song song
véi PQ, ching phai cat nhau & .J.
Bay gitr gia sir (¢€) 1a dudng tron
bat ki di qua P va Q, ta co J
thuoc truc dang phuong PO cua
(6) va (€)) nen K¢y =Sy
Lai do J thuoc truc ding phuong
cua {Wﬂ va (I nén

o7 . 2
Fey = Hy-

//\
= A
{'{(z‘]_
BN
A

Hinh 44

A
(€)
0
J
e _pw 7@
e

Hinh 45

Tir do ta co pﬁ,{rﬂ = dﬁ}m), hay J thuoc truc dang phuong clia (% va (/).



40.

b) (h. 46)
Ke tiép tuyén JM vaéi (1) (M la
ti€p diém), ta c6 JIM” = .

Do #q = JP.JQ nén dudng
tron (MPQ) tiép xuc v6i JM &
M va cting tiép xic voi (1) o M.
Tiur d6 suy ra cach dung. Bai
todn ¢6 hai nghiém.

(h. 47)
Ke cic duong cao CC', DD’
FF' cua tam giac CDF va goi Hinh 46

H la truc tam cua tam giiac do

thi HC.HC' = HD.HD' = HF .HF'. (%)

Ta c6 trung diém [ ctia AC ciing
la tAm duong tron duong kinh
AC, duong tron do di qua C’ (do

AC'C = 90%.
Suy ra 'ﬁl,ﬁ[l) = HC.HC"

Tuong tu nhu vy,

Hyyy = HD.HD' (J1a tam
duong tron duong kinh BD). Hinh 47
Sy, = HF .HF' (K 1a tam dudmg tron dudng kinh EF).
K&t hop vdi (*) suy ra
Ky = Hugy = 'j?mm-
Néu lay truc tam H' cua tam gidc BCE ta ciing s€ c0
*ﬁa';m = *ﬁwm = ‘“jfd'fm}*
Vay HH’ la truc diang phuong clia hai dudng tron (1) va (J), nén HH' L IJ.

HH'’ ciing la truc dang phuong cua (/) va (K), nén HH’ | IK.
Tir d6 ta ¢6 1, J, K thing hang.
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41. (h. 48)
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a) Trong hai tam gidc vuong AA'B va AAC A
taco AE .AB =AA” va AF .AC =AA” nén
AE .AB = AF .AC, suy ra t@ giic BEFC TOMF
noi tiép duoc, do d6 ta c6 AFE=ABC. |p
Mat khac ABC = ADC (gbc noi ti€p cung B A’ ¢
chin cung AC) nén tr gidic DCFJ nbi tiép i “:;‘I%
dugc, suy ra AJ.AD = AF.AC. Vay v
AJ . AD = AA”, do d6 AA’ 1a tiép tuyén ciia
duong tron (A'JD).

b) Ba diém E, F, O thing hang khi O tring véi J hay AJ =R.

Hinh 48

) —

Do AJ.AD = AA” nén AJ = R néu AA” = 2R* hay AA’ = R\/2.

(h. 49)

a) Goi M la tiép diém cta A v6i
dudmng tron (€) di qua B va C, khi do
AM? = AB.AC = AB.AC khong déi.
Do dé M la giao diém cia A va dudng
tron tam A, ban kinh bang \/AB . AC .
Tir doé suy ra c6 hai dudng tron cung
di qua B, C va cling ti€p xtc vai A.

b) Goi M, M’ 14 hai ti€p diém cta A
vail hai dudng tron o cau a) va goi D
la giao diém (khiac B) cua duong
thang BC vdi duong tron (BMM) thi Hinh 49

I.- rﬁ/ _I

AB.AD =AM .AM' =— AM* =— AB. AC.

Tir d6 suy ra AD =— AC hay D 1a diém d6i xtng véi C qua A, do d6 D 1a
diém ¢6 dinh. Vay khi A quay quanh A, cac dudng tron (BMM’) luon di
qua diém D c¢6 dinh khic B.



43. (h. 50) Nhdn xét. Hai diém [/ va J thuoc hai tia BM, AM & vé ciing mot phia
cha dudng thing AB, do d6 dudng tron di qua ba diém M, I, J ¢é dudng
kinh 1J khéng cit duong thing AB. Ciing ¢6 thé chimg minh nhu sau.

a) Ta c6 B 12 diém chinh gitta cla

cung CD (do AB L CD) va MA L MB M
(AMB 1a goc noi tiép chan nira dudng
tron) nén MB va MA la phin giic C HAT /o o J
trong va phéin giac ngoai cua goc CMD. k
Tir do6 suy ra : £ JC. (*) G o
ID jD mh

Goi H la giao diém ctia AB va CD, O la tam duong tron (MILJ) thi H 1a
trung diém ctha CD va O 1a trung diém cua 1.

Tit (*) suy ra IC.JD+JC.ID = 0 hay
(oc -o1).(oD -071) +(0C -07).(0D - 0I) =0
= 0C.0D +0I.0J] —0C.0J - 0I .OD +

+0C.0D +0I.0J —0D.0J - 01.0C =0

_(oc+0D)(01+07)+2(-01* +0¢.0D)=0.

— —2
Do OI + OJ =0 nén OF =[J__D=:[GC+TGDJ ,
ma m=(ﬁ nén OI° < OH" hay OI < OH. Vay H va ca duong

thing AB nim ngodi dudng tron (M1J). Tt d6 suy ra, tir diém P bat ki trén
AB, ké dugc hai tiép tuyén dén dudng tron (M1J).

e—amp P )

b) Ta ¢6 AT> = AT” =AM .AJ, ma AM.AJ = AH.AB khong déi (do A,
H, B c6 dinh).

Vay AT® = AT = AH.AB khong d6i, suy ra T va T” luon thuoe dudng tron
tam A bidn kinh bang VAH.AB .
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45.
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(h. 51)

Gia s tam gidc ABC ¢c6 AA" L BCvaM, N
la trung diém cta BC va AC.

Vé duong tron (@) di qua A, M, N néu A’
khiac M, hodc (w) di qua N va tiép xic vai
BC tai M néu A’ tring véi M. Ldy giao diém
thir hai B’ cua (w) va AC.

Khidé CA'.CM = CN.CB'
fioymer  foue oo

hay —CA CB——CA Y B

Hinh 51

suy ra CA'.CB=CB'.CA.

Viy bon diém B, A’, B’, A cung thuéc mot dudng tron. Trong dudng tron
nay ABB = AAB = 90", vay (@) di qua chan dudng cao B’ ha tir dinh B
cua tam gidc ABC.

Dat K 1a giao diém thit hai ctia (@) véi AA", tac6 AK.AA' = AB'. AN .

Ta lai cé AH.AA'= AB'.AC (do HB'CA’ noi tiép duoc).

e o R ]

H.AA" ; do do Aff:EAH. Viy

Tir d6 suy ra AK.AA" = %E?E' AC = %
(@) di qua trung diém K cua AH.

Goi P 1a trung diém ctia AB, ta c6 KP // BB’ va MP // AC, suy ra KPM = 90°.
Tuong tu cling co KNM =90° nén P nim trén duong tron (w) di qua M,
N, K. Li luan tuong tu nhu trén ta dugc chan duong cao C” ha tir dinh C va
trung diém cdc doan HB, HC déu thuoc dudng tron (w).

b =1(3)+21=-1;b.¢ =10; &.d =-8:
dlp+2)=db+d.c=-9;
ilp-¢)=ab-a.c=1.

TR PR N2l

a) {:05(5, E) Ay 2



47.

ccs(&',?]= —% : CDS(E,}") = ﬁ;

d+b=(02:4):d-b=(-6:2);
—~) -4 B 1

V2 8246+ 22 5V2
b) & =kd +1b=(=2k+41:3k+1);

cns(&' +b,d-

21(@+b0) =2 (G+h) =022k +4)+ 4Bk +D =0
& 2k+ 31 =0.
Viy véi 2k+31=0 thi & L (@ +5).
¢)Gidslt d = (x; y). Khido tir @.d = 4 va b.d = —2, suy ra hé phuong trinh
{—2x+ Jy=4
dx+y=-2.

a) Gid st M(x:0) € Ox= AM(x+3;-2): BM(x—4:-3) ;
Tam gidc MAB vuong tai M khi AM LBM hay AM.BM = 0.
T détacod (x +3)(x —4) +(-2).(=3) =0 hay x> —x -6 =0,
Phuong trinh ¢6 hai nghiém x; = 3, x, = -2.
Viy ¢6 hai diém cén tim 1a M=(3:0):M,=(-2;0).
b) Gia sit N(0 ; y) € Oy. Khi d6

NA? = NB?
SO0+3) +(y-22=0-4? +(y-3?
S9+y -4y+4=16+y" —6y+9
oy, Viy N =03 6).

$8.2) AB=\G+12+1-1)7° =4

BC = (2 -3 + (4 — 1) = 10.

AC =2+ 12 +(@—-17 =32

b



49.
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Chu vi tam gidc ABC bing 4 + /10 + 34/2.
Tacé: AB = (4:0), AC = (3:3) nén

— 12 1 —
cos BAC = = . suyra BAC = 450
a3z 2
o g .1 a1 1
Vay dién tich tam gidc ABC bing = AB.AC.sin45° = — 4.3J2.— = 6.
2 2 D

b) Goi H(x, ; y;) 1a truc tAm tam giic ABC.

CH.AB =0 ) X -2=0
ThdB g .Tirdf:dandé'n{ ’

BH.AC =0 xq+y—4=0,

suy ra H = (2 ; 2).
Trong tim G cia tam giac ABC ¢6 toa do

14342 o
T3 73

Gia sir I(xy : y,) la tam dudng tron ngoai ti€p tam gidc ABC. Khi dé
IA=IBvalA=IC.

Ti/A=IBsuyra (x, + 1)? + (3, — D* = (x, = 3)* + (3, - 1) (1)
TitJA = IC suy ra (x, + )% + (9 = 1)? = (x5 = 2)* + (v, — 4~ (2)
Tir (1) ta ¢6 x, = 1, thay vao (2) duoc y, =2. Vay I =(1; 2).

Nhu vay IH = (1;0), IG = [%;n].

Tir do suy ra IH = 31G.
AB=(8:4); AD=(5;-5);CB=(-2;4);CD =(-5;-5).
)= 8.5 + 4.(-5) R

) _ =25 +4=5) 0 1

CGS(A_'B.ID.

Sl

N N P N T

=5 CGS(E,E)+ cﬂs(a_é,@) =0 = BAD + BCD = 180°.

CGS(C ]

Vay ABCD la t gidc noi tiép.



50, Goi C =(x;y). Khido ?B:(Z; 1) ; FC = (x—=3:y). T ABCD la hinh
vuong, ta co :

{x=4
AB 1 BC {2[1—3}+l.y=0 s
—

2 2 —
AB = BC [.1.'—3)"4-}' =5 {

=
o
N

Véi C,(4;-2), ta tinh dugc dinh D(2 ; -3).
Véi C5(2;2), ta tinh duge dinh D,(0; 1).



