§4.

11.

12.

13.

Tich cua mot vecto véi mot so

.--——-—4.

Tacé M'N'=ON' —OM' = kON — kOM = k(ON — OM) = kMN .

—

P = o = n -
Néeuco ma+nb=0vo m =0,

=——>b,suyrad va b cung phuong.
m

Nguoc lai, gia sit @ vd b cing phuong,

Néu @ = 0 thi c6 thé viét mid +0b =0 véi m = 0.

Néu @ # 0 thi c6 s6 m sao cho b =md tic 1a md +nb =0, trong doé
n=-1=#0,

Vay diéu kién cin va du dé a va b cung phuong la cé cap s6 m, n khong
doéng thoi bang 0 sao cho ma + nb = 0.

Tir do6 suy ra

Diéu kién cdn va du dé hai vecto a va b khong cung phwong la néu

ma+nb=0thi m=n=0.

Vi OA, OB, OC c6 do dai bang nhau nén O la tam dudng tron ngoai tiép tam

gidc ABC. Lai vi OA+0B+0C =0 nén 0 Ia trong tam tam giac ABC. Suy
ra ABC 1a tam gidc déu. Vay cic géc AOB, BOC, COA déu bing 120°,
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14.

15.

16.

20

e Néu hai vecto @, b cling phuong thi ¢6 cap s m, n khong dong thoi bing 0
sao cho mé + nb = 0. Khi d6 c6 thé viet ad +,8b + yC = 0, v6i @ =m,
H=n =10,

e Néu hai vecto @b khong cung phuong thi c6 cic s6 a,f sao cho
¢ = @i + Bb, hay c6 thé viét ad + Bb + ¥ =0 véi y = —1.

a) Theo gia thiét : JA = 1IB + (1 — nIC , thi v6i moi diém /', ta ¢6

]

IT+TA=tUT' +TB)+ 0 -0(IT' +TC) =tT'B+ A -OI'C+ IT.
Suyram=rm+(l—r]ﬁ.

b) Néu ta chon /' tring véi A thi ¢6 0 = (AB + (1 — 1)AC, dé6 la diéu kién
cén va di dé ba diém A, B, C thang hang,

a) Néu k <0 thi M nam giira A va B, hoac triing véi A.

Néu 0 < k < 1 thi A nam gitta M va B.

Néu k > 1 thi B nam giitta A va M.

Néu k = -1 thi M la trung diém ctia doan thang AB.

b) Theo gia thiét : k=0 va k= 1, tacé

" a ¥ i 1
M chia doan thiang AB theo ti s6 k & MA = kMB < MB = EMA

; , -
<» M chia doan thang BA theo ti sf}E,

c) ® M chia doan thing AB theo ti s6 k < MA=kMB < MA =I:(MA +E)

A k — & @ 5 .
hay AM = k—AB <> A chia doan thang MB theo t1 56 e

e M chia doan thing AB theo ti s6 k < MA = kMB < BA - BM = kMB

< BM = &BA <> Bchia doan thang MA theo ti s6 l i e

d) M chia doan thing AB theo ti s6 k < MA = kMB
& OA — OM = k(OB — OM) (trong d6 O 1a diém bit ki)
& OA - kOB = (1 - k)OM

P |

o 57 - A= O



17. Goi G la trong tim tam gidac MNP thi ta co

- GA-kGB A GB-kGC , GC - kGA

GM +GN +GP =0 =
& GA+GB+GC =0,
Vay G cing la trong tam tam gidc ABC.
18. (h.7) Tacé
21 = 10 + IN
— IM + MO + IP + PN

_ MG+ PN

I — = 1
— _(AE + BD) + = DB
5 ) 5 5

1 e —
= EAE_ Hinh 7

—

Vay 1] = %AE. Suy ra IJ//AE va 1] = %AE.

19. a) (h. 8)

Liy mét diém O nao do, ta co
A —m0B
- 1l=-m

l-n °

oM

"%I

=% =k 1=

=0

 OC - poi
=
Pé don gian tinh todn, ta chon diém O triung véi diém C,
Khi dé ta co :

S

Hinh 8

Tir hai dang thife cudi cha (1), ta o :

) G

CB=(-nCN, CA-= CP

(1).
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22

va thay vao ding thiic ddu ctia (1), ta dugc :

p—l ﬁ—”?(l_n)ﬁ_

CM =
p(l —m) 1 —m

Tir bai todn 15b) ta suy ra diéu kién cdn va du dé ba diém M, N, P thing
hang la ;

p—1 m(l —n)
p(l —m) 1 —m

=l p-1-pm(l-n)=p(l—-m) = mnp =1.

b) (h. 9)

Gid st AN cat BP tai [ va gia st [ chia
doan thing AN theo ti s6 x. Nhu vay
ba diém P, I, B thang hiang va lan luot M P
nam trén ba canh cua tam giac CAN.
Ta c6 P chia doan thang CA theo ti s6
p, I chia doan AN theo ti s6 x, B chia

B N &

doan NC theo ti s6 .

suy tir gia
Tyt g Hinh 9

thiét N chia doan BC theo ti s6 n). Vay theo dinh 1i Mé-né-la-uyt ta co
n n—1

: =] & x= ]
n-1 np

p.X

Gia sit AN cat CM tai I’, va I’ chia AN theo ti s6 x’. Nhu vay ba diém I, C,
M thing hang va lan luot nim trén ba canh cta tam gidc ANB. Ta ¢6 :

I’ chia doan AN theo ti s6 x', C chia doan NB theo ti s M chia doan

l1-n’
6 o ;
BA theo t1 50 = Viy dp dung dinh 1i Mé-né-la-uvt, ta co :

1 1
. e | gty peleogmf] —p),
l—n m

X

Ba duong thang AN, BP, CM déng quy khi va chi khi / tring I’ hay x = x’,
cO nghia la :

n-1
np

=m(l —n) < map = —1.



20.

21.

+) Xét truong hgp AN va BP song song
(h. 10). Taco:

1 ok

ﬂ:C_N—a= CB—E’I;

— 1
BP = CP - CB = -2 CA - CB.

m_"

oM =— TA- CB.

| —m 1 —m

Do AN // BP nén

R TR W N .
l—n p—1 l—n p

Hinh 10

< p=(l-np-1)=np=n-1. (*)

Khi d6 diéu kién cin va da dé AN, BP vai CM song song v6i nhau 1a cM
——  CA-mCB

ciing phuong véi AN . Vi CM = . nen CM cing phuong véi

AN khi va chi khi : I

—n

:(—-m)=-1< mmn-1) =-1. (¥*)

T () va (**) ta suy ra mnp = —1.

Ta goi k, I, m 12 céc s6 sao cho AB = kAC : BC =IB,A; C,A=mC,B.

Chi ¥ rang ba diém A, B, C, lin luot d6i xing vdi ba diém A,, B,, C,
qua trung diém doan thang BC, CA, AB nén ta c6

Tir do bang cich dp dung dinh i
thuan va dao cua dinh i Mé-né-la-uyt
(hodc Xé-va) ta ching minh duoc céiu a)
(hoac céau b)).

(h. 11)
Dit CB = mCB', MB' = nMA .

Xét tam gidac ABB’ v6i ba duong dong quy
la AC, BM va B'I (dong quy tai A"). Vi Hinh 11
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22,

23.

24

IA = —IB nén theo dinh Ii Xé-va, ta ¢c6 —mn = —1 hay mn = 1. Ti
MB' =nMA ta suy ra mMB' = mnMA = MA . Vay ta co CB =mCB' va
MA = mMB', diéu nay chimg to ring CM // AB. Vay diém M luén nim
trén duong thang c¢6 dinh di qua C va song song véi AB.

(h. 12) Xét tam gidc ABQ va ba diém

thang hing M, E, D. Gia sit M chia AB A M B

theo ti s6 m, E chia BQ theo ti s6 n va ;f T
D chia QA theo ti s6 p, theo dinh 1i B

Mé-né-la-uyt ta c6 mnp = 1. 0o N
Xét tam gidc ONB va ba diém O, E, C. / / /

Khi d6 O chia QN theo ti s6 m, C "
chia NB theo ti s6 n va E chia BQ Hinh 12

theo ti s& p. Vi mnp = 1 nén ba diém
0, E, C thang hang.

Ciing ching minh tuong tu, ta c6 ba diém F, O, A thang hing. Viy dé ba
diém E, O, F thang hang, diéu kién cdn va du la nam diém A, C, E, F, O thing
hang, hay diém O phai nim trén duong chéo AC cua hinh binh hanh

da cho.

(h. 13) Véi diém G bat ki ta o :

@+5P'+ﬁ::%(ﬁ+G_B')+%(GC+GD}+GE

=%(EB'+@)+%{G_D'+E}+%{G_E'+53

=GN + GO + GR.

VayG_.M+§+G_E.=ﬁ

& GN+GQ+GR=0.
Suy ra trong tam hai tam gidc MPE va NOR Hink 13
trung nhau.



24. (h. 14)
a) BB'+C'C + DD’
—AB'— AB + AC - AC' + AD' — AD
=(AB'+ AD") - AC' —(AB + AD) + AC

-

= AC'- AC'-AC + AC =0.

b) Vdi diém G bat ki ta ¢6

GB + GC' + GD
=GB'+B'B+GC+CC'+GD'+D'D
= GB'+GC +GD' +(B'B +CC'+ D'D)
= GB'+GC +GD',

Suy ra : GB+GC'+GD=0< GB'+GC +GD' =0.
Vay trong taim hai tam giac BC'D va B'CD’ tring nhau.

Hinh 14

25.2) e 2PA+3PB=0 < 2PA+3(PA+AB) =0
@5ﬁ+3ﬁ=ﬂ@ﬁ=%ﬁ_

—p

—2@+@=ﬁ @—2@+ﬁ+ﬁ=ﬁ@AQ = BA.

—_— r— =4

e RA—3RB =0 @ﬁ—3(ﬂ+ﬁ)=ﬁ@ﬁ=%ﬁ
b) e 2PA+3PB =0 @Z(D_rﬂ—(ﬁ"]+3[0_3.—(f"]={_j

P et 3_.
@OP=%{}A+§OB;

—ZQ_A+Q_B'=5<=>—2(E£—5§)+(5§—5§)=ﬁ
<:>O—’Q=2(ﬂ—(73';
e RA -3RB =0 < (0A - OR) - 3(0B - OR) = 0
& OR = -5 0A +3 0B.
26. Tacé:O—M=aa+(l—a)(ﬁ¢O_M=a(5ﬁ—(ﬁ)+{—)§
@@—@':a{ﬁ—@}@ﬁ:aﬂ@ﬂfed.
Vi BM = aBA nén M thuoc doan théing AB khi va chi khi 0 < a < 1.
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27. Lay hai diém A, B sao cho OA =ii vi OB =7 thi theo bai 26, ta co
OM = mii + (1 — m)¥ khi va chi khi M nédm trén dudng thing AB.
28. Vil nam trén A'B va AB'nén c6 cdc s0 x va y sao cho :
Cl = xCA' + (1 - x)CB = yCA + (1 - y)CB'
hay x.md + (1 — )b = ya + (1 - y]nB.
Vi hai vecto @, b khong cling phuong nén tir ding thifc cudi cling ta suy ra :

my=yva(l—-x)=n(l-y). Tudétacd 1 — x = n(l — mx) = n — mnx

- A-n
hd}?"l_l—mn'
—  m(l- 1-n Y~ m- iaha
TPy A 0y O O o N O . L [ A
1 — mn 1 — mn 1 —mn 1 —mn
29. (h. 15)
Tadata=a;ﬁ'=5.ﬁhidﬁﬁ=g-
Vi E nam trén doan thiang AC nén c6 s6 k

sa0 cho CE = kCA = kd . v6i 0 < k < 1.
Khi d6 CF = kCB = kb.

Ppiém D nam trén AM va EF nén c6 hai s6

X va y sao cho

Cﬁ=xa+(1—x}C—M=yCE+[l—j'}C?

b I ==

hay xd + 2'r5=£jvfi+k(l—y)5.

—X

Vi hai vecto @,b khong ciing phuong nén x = ky va s

k(1 —y). Suy
rax=2k—-1,dodé CD = (2k —1)d + (1 - k)b.

Ta co :
ED=CD-CE=Qk-1)da+(0—-kb—-ki=(1-k)b-a)=(1-kAB.
Chii ¥ ring vi CF = kCB nén AG = kAB hay AB+BG = kAB, suy ra
(1- k)AB = GB.
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30.

31.

Do d6 ED = GB. Nhu vay, hai tam gidc ADE va BFG c6 cac canh ddy ED
va GB bang nhau, chiéu cao biang nhau (bang khoang cdch gitta hai dudng
thing song song) nén ¢6 dién tich bang nhau.

Goi O la giao diém cua hai dudng thang AD 0

va BC (h. 16).

Pat OA=aG;0B=b;0D=ki, khi d6

OC =kb (vi AB//DC).Giast OM =ma. A B
Ta xdc dinh diém N trén BC sao cho M

AN //CM . Ta chiing minh rang DN // BM.,

I,"I|II|'
Vi N niim trén BC nén ON = nb. Khi d6
AN =ON —OA = nb—a. D C
. , . Hinh 16
Mat khic CM = OM — OC = ma - kb.
Vi AN//CM nén hai vecto AN va M cung phuong, tic la —ik = %

hay n=£- Vay ON =£E.Tﬁrdé DN =ON—G§=%5—&E,L;;§ c6

BM = OM - OF = mii -b =_E(£5_M]=_Eﬁ.
k{m k

Vay BM va DN cung phuong, hay DN // BM.

(h. 17)

a) Pat CA = G:CB = b. Theo gié thiét ta 6 :

2 — 2a
e &

»[ G
W ol

CA' = CB' =

C-?=CA22CB=J-;2I?.

Vi M 1a giao diém clia AA" va BB' nén ¢6 céc
sO x va y sao cho :

CM = xCA + (1— x)a;" = }(TB + (1 - y}C_EF.

Hinh 17
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28

—
—

" b - 2
hay : xa + (1 - x)¥ =vyb+(l - y);.
Vi hai vecto @ va b khong cung phuong nén tir dang thifc trén ta suy ra

-y, 1-x
X = 3 vay= 3

Sk 4 1
Giai ra ta duge : x = 7 va y =i
Tir do ta co
g 4 — = . 3

M=—-CA+=CA' = —MA+=-MA' =0 A=—2MA
C. C +?C ﬁ? +}' — 1

?
3 4 i
=AM =ZAA';
—— 1= 6= 1=z 6=t 2 —=  ——
CM ==CB+=CB' = -MB+=MB' =0 = MB = ~6MB
::-MB':%BB'.

Tuong tu, vai MB':%BB' ta cing c6 NA' = %AA‘.

Vi AM = %AA' nén MN = %-AA
Toém lai, tacé6 AM = MN = 3NA".

Tuong tuw: BP = PM = 3MB' va CN = NP =3PC'.
b) Goi § la dién tich tam giac ABC. Tu gia thiét ta suy ra AB' = iAC,

WO D |
CA —3CB, BC —3BA.

1
Vaytacod: Sypg = Spee = Scan = 55_
o ; : PNy 1 1
Trong tam gidc ABB’, taco MB' = = BB' nén S, = 75;153‘ _ - S
|
Tuong W2 Sapy = Spep =Scarn = 575

Tur doé suy ra

Sune = Sapc —Sase —Spcc' = Scaa + Sapm +Spep+ Scaw
S | |
—S—3.§ +3.ﬁS = ?S+

Vay Sapc = 7Syne-



32.

33.

34,

Goi G la trong tam tam gidc ABC thi

= AA'+ BB + CC'
=+t +w=tu+v+w.

=h — — — - b - % ~ _; ] —t
bat a = i + vV + w thi vecto & c¢6 dinh va GG' = grar.

Suy ra néu & =0 thi cac diém G’ tring voi diém G, con néu a # 0 thi
quy tich cde diém G’ 1a dudng thang di qua G va song song vdi gid cua
vecto « .

a)e GA+GB+GC =0« Gla trong tim tam giac ABC.
¢ 2PA+PB+PC =0<> 2PA+2PD =0 (D la trung diém clia canh BC).
Vay P 1a trung diém cia trung tuyén AD.

. ﬁ+3Q_B'+2Q_C'=ﬁ¢:>@+aB+2(Q_B'+@]=f]'<::>2Q_E'+4Q_D'=ﬁ

(E Ia trung diém ctia AB, D 12 trung diém ctia BC) < QE + 2(0QF + ED) = 0

— ?—

< EQ =3 ED.

© RA—RB+ RC =0 <> BA+ RC =0 < CR = BA.
e 5SA-2SB-SC =0

—d O S - |
@SM—Z{SA+AB)—{SA+AC}=U@AS=—AB—EAC.

b) Hucdng dan : Xuit phat tir ciu a), hily viét mbi vecto thanh hiéu hai
vecto ¢6 diém dau 14 O.

Vi hai vecto CA vi CB khéng ctuing phuong nén ta cé cac s6 @ va f sao cho
@=aﬁ+ﬂ@,haylﬁ O—M—KC.=H(a—%)+ﬁ(@—E).
Vay:O—M=aﬁ+ﬁG_'B+(I—a—ﬁ)(f

bit y=1-a-p thia+ﬁ+y=1vﬂ@=a0_ﬁ+ﬁﬁ+y£ﬁ.

Né'thrﬂnthhitacf:@=%({ﬂ+fﬁ+0_(f).

) 1
Vaya=f=y= 3
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35.

36.

37.

30

Vi moi diém O ta ¢6 :

i = MA + MB + 2MC = OA — OM + OB — 0M + 2(0C — OM)
= OA + OB + 20C — 40M .

Ta chon diém O sao cho vV = OA + OB +20C =0.

(Chu y rang néu G la trong tam tam gidc ABC thi v = 0A + OB+ OC + OC
= 30G +OC 40G + GC . Béi viy dé v = 0, ta chon diém O sao cho

GO = ZGC)' Khi dé ii = —40M va do d6 il = 40M. bo dai vecto u

nho nhat khi va chi khi 40M nho nhidt hay M la hinh chi€u vuong géc cia
O trén d.

(h. 18) Goi O, O’ lan lugt 1a trung diém

cua AD va BC, tacé :

i i i
00" = 5(AB +DC).
Vi O val la trung diém cta AD via MN nén :

—

ol =%(m+ﬁ]

- %(2B + bC) = 100"

2 ’ Hinh 18
Vay khi  thay déi, tap hop cic diém 7 1a e
duong thang 00"
(h. 19)
. . A
a) Theo tinh chét duong phin giic, ta co : y
AM CA b (¢ Eegare.
BL-CB -2’ suy ra MA __EMB
. CA+’cs )
Tirdétaco CM =—‘:;j
L+~ 2 X
CA CB Hinh 19
Ca+ .F:- a+ b

b) Vi I la tim dudng tron noi tiép tam giic ABC nén Al la phan gidc cua
tam gidc ACM. Bdi vay theo cau a), ta c6 thé biéu thi vecto Al theo hai
vecto AM va AC.



38.

39,

be

s A esm. AR b I s
== A— A= . AB+—GtD 4
ac+ am M+ aeram A€ TR +b+ b

b+
a+b a+b

i P TRee, C . © ATE.TEY. O {TRuEY
a+b+c a+b+c a+b+ce a+b+c

Suy ra :

(]_ﬁJE_F b IB + ud E:ﬁ@aﬂ+brﬂ'+f'ﬁ=ﬂ
a+b+c a+b+c a+b+c

(h. 20)

a) Goi B’ la diém da6i xing v6i B qua O, ta ¢
B'C 1 BC. Vi H la truc tdm tam gidc ABC nén
AH 1 BC. Vay AH /| B'C.

Chirng minh tuong tu ta c6 CH [/ B'A.

Vay AB'CH 1la hinh binh hanh. Suy ra
AH = B'C. Goi D 1a trung diém ciia BC thi
OD la duong trung binh cia tam gidac BB'C nén
B'C =20D . Vay AH =20D. Hinh 20

Tir d6. ta c6 OA = OH + HA = OH — AH =OH —20D =0H —(0B +0C).
Suy ra : ﬁuﬁ#ﬁ:ﬁ.
b) Goi (& la trong tam tam gidc ABC thi :

HA + HB + HC = 3HG = 3HO + 30G = 3HO + OA + OB + OC .

Két hop véi két qua cha cau a), ta co :
HA + HB + HC = 3HO + OH = 2HO.
(h. 21) Goi H,, H,, Hs lan luot 1a truc tim cua cac

tam gidac ABC,, BCA,, CAB,. Theo két qua bai 38,
ta co:

OH, = OA + OB + OC,
OH2=@+G?+ﬁ;

OF, = OC + OA + OB.

Hinh 21
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40,

41.

42,

32

Suy ra :
=0C-0C, +0A —0A=C,C + AA,,
H,H; = OH; — OH,
= 0C - OC, + OB, - OB = C,C + BB, .

Vi cdc day cung AA,, BB,, CC, song song v6i nhau nén ba vecto
Afll', BB,,CC, c6 cung phuong. Do d6 hai vecto H\H, va H H; cung
phuong, hay ba diém H,, H,, H; thang hang.

a) Ta 1dy mot diém O nao do thi :

k,GA, + kyGA, + ... + k,GA, =0

—

& k (0A - 0G) + ky (0A; - OG) + ... + k,(0A, - 0G) = 6

& 0G = % [k,fﬁ; + ;;25}1'2' FiasF k,,f)ﬁ:) ;

Viy diém G hoan toan xéc dinh va duy nhat.

b) Suy tir cau a).

Goi A, B, C la ba dinh cua tam giac A va D, E, F la ba dinh cta tam gidc A'.

Goi G va G’ lin luot 1a trong tam cla tam gidc A va A' thi vé6i diém [ tuy v,
ta co :

E+E+E+E+E+F=3(ﬁ+ﬁ].
Boi vay néu chon 7 14 trong tam cta hé diém A, B, C, D, E, F, tiic 1a trong
tam ciia hé sdu diém di cho, thi / 13 diém c6 dinh va IG + IG' = 0. Vay
céc dudng thang GG’ luon di qua diém [ ¢6 dinh (/ 1a trung di€m cta doan
thang GG").

Goi A, B, C la ba dinh cia tam giic A vi DE la doan thang #. Goi G la
trong tam tam gidc A va M la trung diém cua DE thi véi diém [ tuy ¥, ta c6 :
IA+IB+IC +1ID + IE = 3IG + 2IM.

Boi vay néu chon [ 1a trong tam clia hé diém A, B, C, D, E, tic la trong tam
ciia he nam diém da cho thi / 1a diém c6 dinh va 3IG + 2IM = 0. Vay céc
duong thing GM luon ludn di qua diém [ ¢6 dinh (va / 1a diém chia doan

: B 2
thang GM theo t1 56 —5).



