§2. PHUONG TRINH MAT PHANG

Trong hinh hoc khong gian & 16p 11 ta da biét mot s6 cach xéc dinh mat
phiing, ching han nhu xdc dinh mat phing bing ba diém khong thing hang,
bing hai dudng théng cit nhau, ... . Bay gid ta s& xdc dinh mat phing bing
phuong phap toa do.

Céc bife tuding clia toa nha cao tang hién dai
cho ta hinh anh clia mat phéng trong khéng gian

I- VECTO PHAP TUYEN CUA MAT PHANG
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Cho mdt phdng (@). Néu vecto n khdc 0 va cé gid vuéng
gbc véi mdt phdng (@) thi i dugce goi la vecto phdp tuyén
cua (o).
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05" Chii ¥. Néu n la vecto phdp tuyén clia mot mat phing thi k7 véi & # 0, ciing
la vecto phép tuyén ctia mat phing do.
Bdi todn
Trong khong gian Oxyz cho mat phéng (@) va hai vecto khong ciing phuong
a=(a; ay; a3), E=(b]; by 5 by) c6 gid song song hoac nim trong mat phing
(@). Chimg minh ring mat phing (&) nhan vecto
n=(ayby—azby; asby —ayby; ajby —ayby)
lam vecto phap tuyén.

2

Giai
Tacé: E?=:l{a2b3 a3b2)+a2{a3b1 G]b3)+ﬂ3fﬂlf72—ﬁ'2b]]

= (ayayb3 = aya by + (a3a,by — ayazhy ) + (ayazby — azarby)
=),

Tuong tu b.ii =0.

Vay vecto n vubdng géc véi ca

=
=l

hai vecto @ va b, c6 nghia la
gid cta né vubng géc véi hai
dudng thing cit nhau cla mat
phang (@) (h.3.4). Suy ra gid
cia n vudng géc véi mit
phing (@). Vi 4@, b khong b’

cung phuong nén cic toa do a'
cua n khong déng thoi bang 0,
suy ra 7 #0. Do d6 vecto 7 1a
mot vecto phdp tuyén ctia mat Hinh 3.4
phing ().

S

Vecto n xdc dinh nhi trén duge goi la tich ¢6 huong ( hav tich
vecto) ciia hai vecto @ va b ki hiéu la n =dnb hodc

n=|a, b]

A1 Trong khong gian Oxyz cho ba diém A(2 ; =1 ; 3), B(4 ; 0; 1), C(-10 : 5 ; 3). Hay
tim toa d6 mot vecta phap tuyén clia mat phang (ABC).
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II- PHUONG TRINH TONG QUAT CUA MAT PHANG
Bdi todn 1
Trong khong gian Oxyz cho mat phing (@) di qua diém M (xy ; ¥y 5 Zp) va nhan

i (A ; B ; C)lam vecto phdp tuyén. Chimg minh ring diéu kién cdn va du dé
diém M(x ; y ; z) thuéc mat phing () 1a :

A(X—J.'D) + B(Jr" —_}’u) -+ C{Z — ZD) = (.

g‘ﬁ;’i

Tacé MgM = (x—x5:y—Yp: z—2p) (h.3.5)
Me (@) & MM C (o) & 1 L MM
= HMGM =0

& A(x—xg) + B(y —yg) + C(z —zp) = 0.

yarT4

Hinh 3.5

®Bdi todn 2 .
Trong khéng gian Oxyz, ching minh ring tap hgp cdc diém M(x ; y ; z) thoa
man phuong trinh Ax + By + Cz + D = 0 (trong d6 cdc hé s6 A, B, C khong
déng thoi bang 0) 14 mét mat phang nhéan vecto n = (A ; B ; C) lam vecto
phdp tuyén.
Gidi

Ta 1dy diém M(xp : Yo : Z) sao cho Axy + By, + Czy + D = 0 (chéing han néu

A #0 thi ta oy x, = —% T,
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Goi (@) 1a mat phing di qua diém M, va nhan 7 = (A ; B ; C) lam vecto phip
tuyén. Taco :

Me(a) & Alx—xp) +B(y—yy) +C(z—2z5)=0
< Ax+By+ Cz—(Axy+Byy+ Czg) =0

< Ax+By+Cz+ D=0 vi D=—(Axy+ Byy + Czp).

Tir hai bai todn trén ta c¢6 dinh nghia sau.

1. Pinh nghia

i Phuong trinh c6 dang Ax + By + Cz + D =0, trong d6 A, B, C
 khong dong thoi bang 0, dwege goi la phuong trinh tong qudt

- cua mdt phang.
Nhdn xét

a) Néu mat phang (@) c6 phuong trinh téng quét 1a Ax + By + Cz + D = 0 thi
né ¢6 mot vecto phdp tuyén 1a n(A ;B ; C).

b) Phuong trinh mat phang di qua diém M(x, ; v 3 zp) nhan vecto 71 (A ; B ; C)
khdc 0 lam vecto phdp tuyén 1a A(x — xp) + B(y — yg) + C(z — z) = 0.

AE Hay tim mt vecto phap tuyén clia mat phang (@) : 4x -2y -6z + 7 = 0.

As Lap phuong trinh téng quéat clia mat phﬁng (MNP) véi M(1:1;1), N@4:3;2),
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2. Cac truong hop riéng _
Trong khong gian Oxyz cho mat
phing (@) :
Ax+By+Cz+D=0. (1)

a) Néu D = 0 thi goc toa do O

=y

co toa do thoa man phuong trinh

cua mat phang (@). Vay (@) di

qua gdéc toa do O (h.3.6). # Ax+By+Cz=0
Hinh 3.6



b) Néu mot trong ba hé s6 A, B, C biang 0, ching han A = 0 thi mat phing (@)

c6 vecto phap tuyén 1a 7 = (0 ; B ; C). Ta c6 7ii =0.Do i Ia vectd chi
phuong cua Ox nén ta suy ra (&) song song hoac chifa truc Ox (h.3.7a).

By+Cz+D=0 Ax+Cz+D=0 Ax+By+D=0
a) b) c)
Hinh 3.7

A.; N&u B = 0 hodc C = 0 thi mat phang (a) c6 dac diém gi ?

¢) Néu hai trong ba hé¢ s6 A, B, C bang 0, vidu A =B =0va C # 0 thi tr
truomg hop b) ta suy ra mat phang (@) song song véi Ox va Oy hoac (@) chita
Ox va Oy. Viy (@) song song hodc tring véi mét phang (Oxy) (h.3.8a).

a) b) ¢)
Hinh 3.8
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As NéuA=C=0vaB # 0hodcnéuB=C=0vaA # 0 thi mat phang (&) co dac
diém gi ?

Nhdan xét
Néu ca bon hé s6 A, B, C, D déu
khéc 0 thi bing céch dat a = _%

b=—2' c=—2, ta ¢c6 thé dua
B C
phuong trinh (1) vé dang sau day :

Zpdipdog, (2)

a b c
Khi d6 mat phéng (@) cit céc truc
Ox, Oy, Oz lan lugt tai cic diém Hinh 3.9
cOtoaddla(a:0:0),0:b:0),
(0:0; ¢). Nguoi ta con goi phuong
trinh (2) 1a phuwong trinh cua mdt
phdng theo doan chdn (h.3.9).

Vi du. Trong khong gian Oxyz cho ba diém M(1; 0; 0), N(O: 2:0), P(0;0: 3).
Hay viét phuong trinh mat phang (MNP).

idi
Ap dung phuong trinh clia mat phing theo doan chén, ta ¢6 phuong trinh cia
miit phang (MNP) 1a :

Z+2eia] hay 6x+3y+2z —6=0,.

I 23

I1I- PIEU KIEN PE HAI MAT PHANG SONG SONG, VUONG GOC

Aa Cho hai mat phang (@) va () c6 phuong trinh
(@) :x-2y+3z+1=0,
(B):2x—4y+6z+1=0.

Co nhan xeét gi vé vecta phap tuyén ctia chiing ?
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Trong khong gian Oxyz cho hai mat phing (@) va (@) c6 phuong trinh
(@) :Ax+By+Ciz+D; =0,
() : Apx + By + Cpz + D =0.
Khi d6 (@) va (@) c6 hai vecto phap tuyén lan luot la
n =(Ay:By; Cy),
iy =(Ay: By Cy).

Ta xét diéu kién dé hai mat phing (@) va (@) song song hoic vuong goc

v&i nhau.

1. Piéu kién dé hai mdt phdng song song

4
re

_>
n

—_—-
W

Hinh 3.10

Ta nh4n th&y hai mat phing (&) va (@) song song hoac tring nhau khi va
chi khi ching ciing vuong géc véi mot dudng thang, nghia la khi va chi khi
hai vecto phép tuyén 7y va iy cia ching ciing phuong (h.3.10).

Khidé taco: ny =kny.
Néu D, = kD, thi ta ¢6 (a) trung Véi ().

Néu D, # kD, thi (&) song song voi ().
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Viy ta suy ra
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§ {fA,:BI;C,)=k{A2;BQ;cz)
iE =

% Dy # kD,.

| iy, = ki

. (‘5"13‘-':'5*'23'"i"{1 2

E% - (AI;B];C])Zk(AjiBz;Cg}

b Chi y
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(a))cat(a,) < iy # ki, (h.3.11)
@(AlzﬂlzClj#k{Az; B?_;C:)'

_.}
",

*
é n;

Hinh 3.11

Vi du. Viét phuong trinh mat phing (@) di qua diém M(1 ; -2 ; 3) va song
song v&i mat phang () : 2x -3y +z+5=0.

g-uli

Vi mat phing (@ song song véi mat phing () nén (@) c6 vecto phdp tuyén
n =(2:-3: 1). Mit phing () di qua diém M(1 ; -2 ; 3), vay (@) c6 phuong trinh :

2{.1'—-11—3(_3’+2)+I{:—3)=0hay2.x-3y+z—]l =0.



2. Piéu kién dé hai mat phang vuéng géc
/é

%

'E; A HI

ad

Hinh 3.12
Ta nhan thay hai mat phing (@) va (&, ) vuong géc v6i nhau khi va chi khi hai
vecto phdp tuyén 7, va i, tuong img cua ching vudng goc véi nhau (h.3.12).
Vay ta cé diéu kién :
:éilé = A1A3+BIBE+C|C2=G.
Vi du. Viét phuong trinh mat phing (&) di qua hai diém A3 1;-1),BQ2:-1:4)
va vuéng géc véi mat phing () c¢6 phuong trinh :
2x-y+3z-1=0.
?- 2y
Goi /i 1a vecto phép tuyén ctia mit phing (/). Hai vecto khong ciing phuong c6
gid song song hodc nam trén (e) la :
AB=(-1;-2;5)vaiig=(2:-1;3).
Do dé mat phing (@) ¢ vecto phép tuyén :
g = ABAfig =(-1:13;5).
Viy phuong trinh cta (@) la :
1x=3)+ 13- 1) +5z+1)=0 & x—13y-52+5=0.
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IV- KHOANG CACH TU MOT PIEM PEN MOT MAT PHANG
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. Dinh i

;" Trong khong gian Oxyz, cho mdt phdng (@) cé phuong trinh
él Ax + By + Cz + D = 0 va diém My(xq:Yo:2o)- Khodng cdch
| nrdiém My dén mat phing (c), ki hiéu la d( My, (@), duge

? tinh theo c¢éng thire :
i
‘
| Axy +Byy+Cz+ D
My, (@) = 1201 B0+ Co D)
. VA% + B2 +C2
Chit infi
Goi M(x; ; y; ; z;) la hinh chiéu M
0

vuong goc cua My trén (a) (h.3.13).
Xét hai vecto

MMy =(Qg—X; Y — Y1320~ 21) M, I |
vai il =(A;B; C), tathdy M;M, va 2

n ciung phuong vi gid cha ching

—
n

cung vudéng goc voi (). Suy ra : il
ot il - ot
= |A(xg = x1) +B(yo =) +C (20~ 7 )
= |Axg + Byg + Czq +(~Ax; — By, —Cz;) - (1)
Mat khac vi M, thudc (@) nén tacé:
Ax; + By, +Cz; +D =0
hay D =-Ax, -By;—-Cz,. (2)

Thay (2) vao (1) ta duge [M;Mg|.|ii| = |Axq + By + Czy + D).



Goi khoang cdch tir diém M, dén mit phing (@) la d( My, ().

Vay d( My, (@) = \ml

_ |Axg+Byg +Czy+D)|
9 Il

_ |Axg + By +Czp +D|
- JatsBrec?

Vi du 1. Tinh khoang céch tir g6c toa do va tir diém M(1 ; -2 ; 13) dén mat
phang (&) : 2x=2y—z+3=0.

flp dung cong thiic tinh khoing céich & trén ta c6 :
2.0)-2.0)-(0)+3] 3 _
V2 +(22 + (12 3

2.1-2.(-2)-13+3
dint. Ly PR -I3HS) 4

V22 422 +(-1)? 3

Vi du 2. Tinh khoang céch gilta hai mat phang song song (@) va (f) cho boi
cdc phuong trinh sau day :

(@):x+2y+2z2+11=0,

d(O, (@) = 15

(,t?]:.r+2y+2z+2¢0.

idi
Ta biét khodng cdch giita hai mat phing song song bang khodng cich tir mot
diém bat ki ciia mat phing nay t6i mat phing kia.

Ta 1dy diém M(0 ; 0 ; —1) thudc (B), ki hiéu d((c), (/)) 1a khoang céch giita
hai mit phing (@) va (f), tacé :

M+2.(0)+2.(-D+11
e O

\{12+22+22 3
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A? Tinh khodng cach gitra hai mat phang (c) va (£) cho béi cac phuong trinh sau day :
(@) x-2=0,
(B:x-8=0.

BAI TAP
Céc bai tap sau day déu xét trong khong gian Oxyz.

1. Viét phuong trinh clia mat phing :
a) Di qua diém M(1 ;-2 ;4) vanhan 7 = (2 3 ; 5) 1am vecto phép tuyén :
b) Di qua diém A(0 ; 1 ; 2) va song song vdi gid ctia mbi vecto & =(3:2: 1) va
v =(=3:0:1);
¢) Di qua ba diém A(-3;0;0), B0; =2;0)va C(0; 0:—1).
2. Viét phuong trinh mat phéng trung tryc ciia doan thing AB véi A2 : 3 : 7),
B4:1:3).
3. a) Lap phuong trinh cia cdc mat phéing toa do (Oxy), (0yz), (Oxz).
b) Lap phuong trinh cta cdc mat phang di qua diém M(2 ; 6 ; —3) va lan luot
song song v6i cac mat phang toa do.
4. Lap phuong trinh ctia mat phéng :
a) Chita truc Ox va diém P(4; -1:2) ;
b) Chita truc Oy va diém O(1 ; 4 ;: -3) ;
¢) Chita truc Oz va diém R(3 ; -4 ; 7).

S. ChonidiéncécicdinhlaA(5;1:3),B(1;6:2),C(5:0:4),D(4:0: 6).
a) Hay viét phuong trinh cia cdc mat phang (ACD) va (BCD).
b) Hay viét phuong trinh mat phing (@) di qua canh AB va song song vdi canh CD.

6. Hay vi€t phuong trinh mat phing (@) di qua diém M(2 ; -1 : 2) va song song
v6i mat phang () : 2x -y + 3z +4=0.

7. Lap phuong trinh mat phang (@) di qua hai diém A(1; 0 1), B(5; 2 ; 3) v vuong
goc v6i mat phang () : 2x—y+:z-7=0.
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8. Xic dinh cdc gid tri ciia m va n d€ mbi cap mit phang sau day 1a mot cap mat
phing song song vé&i nhau :

a)2x+my+3z—-5=0 va nx-8y-6:+2=0;
b)3x—-5Sy+mz—-3=0 va 2x+ny—-3z+1=0.

9. Tinh khoang céch tir diém A(2 ; 4 ; =3) lan luot dén cdc mat phiang sau :
a)2x-y+2z-9=0;
b) 12x=5z+5=0;

e)x =1L

10. Giai bai todan sau day bing phuong phép toa do :
Cho hinh lap phuong ABCD.A'B'C'D’ canh béng 1.
a) Chimg minh rang hai mat phang (AB'D") va (BC’D) song song véi nhau.
b) Tinh khoang céch giita hai mat phing néi trén.



