§3 Phuong trinh dudng théng

I. MUC TIEU

Yéu ciu hoc sinh :

1. Nim dugc cdch viét phuong trinh tham s6 cta dudng thing, va trong
trudmg hop c6 thé, viét duge phuong trinh chinh tic cia dudng thang.

2. Biét cach xdc dinh vi tri twong doi gitta hai duong thang khi biét phuong
trinh cua chiing ; xdc dinh vi tri twong déi gitta dudng thing va mit phing.

3. Bié¢t cich viét phuong trinh dudng thang thod mian cdc diéu kién cho
trude, ching han : duong thing di qua mot diém cho trude va cit hai duomg
thing chéo nhau cho trude, dudmg thing vuong goc chung cia hai dudng thing
chéo nhau cho trude, hinh chi€u ctia mot dudng thang 1én mot mat phing
cho trudc.

4. Biét tinh goéc va khodng cdch giita cdc doi tugng : diém, duong thing va
mat phing.

I, NHONG PIEU CAN LUU Y

1. Ban Khoa hoc xa hoi va nhan vin khong ¢6 khdi niém phuong trinh tong
qudt cua dudng thiang, SGK chi gidi thiéu phuong trinh tham sé va phuong
trinh chinh tic (n€u ¢6). Dé ¢6 thé viét phuong trinh tham s6 cia duong thing
cén biét toa do clia mot diém nio dé trén duong thing vi mot vecto chi phuong
ctia duding thang dé. D6 1a bii todn co ban ma hoc sinh ban Khoa hoc xa hoi va
nhan van cdn nam vimg.

Tuy nhién, duong thing ciing c¢6 thé xdc dinh nhu 13 giao tuyén ctia hai mat
phiing. B&i vay hoc sinh thudmg giap bai todn sau day :

"Cho hai mdt phdang cdt nhau () va () ldn luot ¢é phwong trinh :
Ax+By+Cz+D =0 *)
A'x+B'y+C'z+D'=0

Hay viét phutong trinh tham sé ciia duomg thang A la giao tuyén cia hai
mqt phang do."

D6i vdi ban Khoa hoc tu nhién thuc chit cia bai todn do 1a viéc chuyén tir
phuong trinh tong quat cua dudng thang sang phuong trinh tham so.
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D6i voi ban Khoa hoc xd hoi via nhan van ta cian lam cho hoc sinh hiéu
dugc ban chit cia cdc cach giai bai todn trén nhu sau :

e (@) va () cd cdc vecto phdp tuyén lan luot 1a n(A;B;C), n(A';B';C"
nén A co vecto chi phuong ula: b:c) vuong goc voi novan', Vay(a;b;c)la
mot nghiém khong tdm thudng ciia hé phuong trinh thudn nhit véi 4n sé a, b, ¢ :

JAa+Bb+Cc‘=ﬂ *)
|A'a+B'b+Ce=0
bé tim toa do cia mot diém nao dé trén A ta chi cidn 14y mot nghiém
(Xg:¥giZg) nao dé cua hé :
[A_T+B}='+C':+D=ﬁ . (45,
A'x+B'y+C'z+D'=0

Viy A chinh 1a dudmg thing di qua diém My(x, ; v ; z5) va ¢6 vecto chi
phuong ula: b;c).

e Vi A la giao tuyén cha hai mat phang (&) va (f) nén A gdém nhing
diém c¢6 toa d6 thoa méan hé phuong trinh :

Vi hai mit phing (@) va (f) cit nhau nén c6 it nhdt mot trong ba dinh
thire sau day khac khong

A B B . C A
A B B' r' ‘C‘ C"
Néu dinh thiic
:| E z= 0
thi bang cédch dat z = r va tir hé (**) ta tim duoc x va y theo 1, tiic 14 ta c6 hé :
x = xg +at
y=yp+bt

o =

D6 chinh 1a phuong trinh tham s6 cta dudng thing A.
e Tim hai diém M, M, thuoc A tic 1a hai nghiém phén biét cua hé
Ax+By+Cz+D =10
{A‘.\;+B'}+C': = 0.
Khi d6 A chinh 1a duong thing di qua M, va c6 vecto chi phuong
u=MM,.
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2. Chiing ta cén luu ¥ cho hoc sinh vé cic phuong phap dé xét vi tri tuong
déi gitta cdc dudng thing va cdc mat phang.

a) Vi tri tuong doi gitra hai mat phéang

Vi tri tuong déi cia hai mat phang rat dé nhan biét bang cdch nhin vio
phuong trinh cha ching, nhu da néi o §2.

b) Vi tri twong do6i gifra hai dudng thang va mat phing

Dé xét vi tri twong doi gilta dudng thang va mat phang ta c6 thé xét vecto
chi phuong cua dudng thing va vecto phdp tuyén clia mat phang. Nhung néu
cén chi ra toa do giao diém cta dudng thing vi mat phang thi ta nén diing cich
gidi hé phuong trinh. Vi du mot dudmg thing A cho bai phuong trinh tham sé
tiic 1a hé ba phuong trinh bac nhat biéu thi x, y, z theo r, cdn mat phang (a)
cho boi phuong trinh bac nhat gilta ba an x, y, z, thi bing cdch xét hé boén
phuong trinh véi bon an s6 x, y, z,  ta ¢6 thé xdc dinh dugc vi tri tuong doi cua
A vi (a) iy theo hé phuong trinh dé vo nghiém, c¢6 nghiém duy nhat hodc ¢6
vO sO nghiém.

¢) Vi tri tuong déi gita hai dudng thang

Dé xét vi tri twong déi gilra hai dudng thing thi nén ding phuong phép
vecto, tirc 14 xét bo ba vecto gom hai vecto chi phuong cua hai duong thing va
vecto thit ba ¢ hai diém dau va diém cuéi ldn lugt nam trén hai dudng thang do.

3. Dé tinh khodng cdch tir mot di€m téi mot dudng thang va khoang cdch
giifa hai dudng thing chéo nhau, SGK khong dua ra cong thic tong quédt ma chi
néu ra mot s6 phuong phap khd dé hiéu, véi hi vong hoc sinh ¢6 thé vin dung
khong kho khan lam.

I1I. TRA LOI[2?] VA HUSGNG DAN HOAT BONG

HPL.Vin=(A;B;C) vau=(a;b;c)nén n.u= Aa+ Bb + Ce.
Ngoai ra ding thiic

Axg+ Byy+ Czp+ D=0
xdy ra khi va chi khi M, € ().

Tir do dua vao bai todn 4 ta suy ra cic khf&ng dinh a), b} va c).
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IV. TRA LOI CAU HOI VA HUGNG DAN GIAI BAI TAP

22, a) Truc Ox di qua O va c¢d vecto chi phuong i(1:0:0) nén c6 phuong
trinh tham so la

st
I
= O

X

-y
In

va do d6 khong ¢6 phuong trinh chinh téc.
Twong tv phuong trinh tham s6 cta truc Oy va Oz lin lugt 1a ;
0
0
t.

x=10 X

1

Oy :

o

t Oz: 1y
0. Z

-
Il

b) Puong thing di qua M(x; ; g, 2y) song song vdi truc Ox c6 vectd chi
phuong i nén c6 phuong trinh tham s6 1 :

X=Xy +1
Y=Y
T g

vii khong ¢6 phuong trinh chinh tac.
Tuong ty : Puding thing di qua M, song song vdi Oy ¢6 phuong trinh tham
sOla:

X=Xy
y=yy+1
Z=Eﬂ.

Dudng thang di qua M song song véi Oz c6 phuong trinh tham s6 la :

r.-'{' = XU
1Y = Yo
[z =2y + 1
¢) Phuong trinh tham so :
(x=2-1
1y =3t
z=—1+5t

L
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Phuong trinh chinh tac :

=3 .y
~1 3

khong ¢6 phuong trinh chinh tic.
e) Vecto chi phuong u clia dudng thing 13 vecto phéip tuyén ciia mat phing
2x -5y +4=0nén u2:-5;0). Viy dudng thing ¢6 phuong trinh tham s6 :
x=3+2t
y=2-5t
z=1
f) Pudmg thang ¢ vecto chi phuong
u=PQ=(-1: -1;5)

va di qua P(2 ; 3 ; —1) nén c6 phuong trinh tham s&

x=2-t
y=3-t
z==1+3t
hay phuong trinh chinh tac = _]2 _ 7 —13 _z _5|. 1

23. a) Duong thing cin tim ¢c6 cdc phuong trinh :

x=44+2t i 3

x- ¥y — z =1
' =3-3t hoj = =
Y 0 = 5 2
z=1+2t

b) Pudng thang cin tim ¢6 cdc phuong trinh :

5 5 l x==-2+2
X+ g — -
:'} = hD:ElC }’=3+f

z=1+3¢
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¢) Cdch 1. Puong thing d di cho vuong goe véi hai vecto Jﬁ{l; I; —1) va
E{E; —1; 5) nén nd cd vecto chi phuong "= (a; b; ¢) vudng gbc vdi ca
hai vecto a vﬁg. Vay taco:

[a+bm('=ﬂ a+b-c=0

=

l2a-b+5c=0 3a+4c=0
Ta c6 thé ldy @ = 4 thi ¢ =-3 va do d6 b = -7 va dudng thang cin tim cd
cdc phuong trinh la ;

x=1+4
x=1 y-2 z+1

— — h 3 — = .
y=2-Tt hoic 2 = 3

g=-1-3t
Cdch 2. Pudng thing d gém nhimg diém M(x ; y ; z) nim trén (a) va (a')
nén toa do cia M la nghiém cta hé

x+y=z+3=0

x—y+5:-4=0.

X+y=-3 =3
Tacho z=0 = LT = 3 :

2x—y=4 1o

..ll"_ 3

Vi M[%; ;0 D] € d.

x+y=-2 x=-1
Tacho :z=1= "

2x —y=-1] y=~—1

Vay N(-1;-1;-1) e d.

L | 4=
Ll | =
SO

Khi d6 c6 thé 1ay vecto chi phuong ctia dudng thang d 1a MN = (—

hay MN = (4:-7: -3).
Tir do6 suy ra phuong trinh tham s cua d 1a :

x=1+4
y=2-Tt
z=-1-73rm

d) Goi A la dudng thing phai tim. Vi A L Ox nén vecto chi phuong cta A
A ua=(0;h;c). Vid vuong goc véi dudmg thing c6 vecto chi phuong
w=(1:-1:-1)nén u.ur=0,suyra—b —¢=0, ldyb=1tacHc=-1.
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Vay ua=(0:1:1). Do dé phuong trinh tham s6 ctia duding thang A 13

x =1}
=

Yt

= —f,

b

24. a) Cho y =41, ta duoc hé
2x—dr+z+5=0

2x-z+3=0
y =4t
suyra x=-2+¢ ; z=-1+2¢.
Vay phuong trinh tham s6 cta dudng thang phai tim la
x==2+1
y =4
z=-14+2¢
Phuong trinh chinh tic clia dudng thing phai tim 1a
x+2 y z+1
I 4 2
b) Cho z = 3¢ ta dugc hé
x=—l—ﬂ
xX+y==3+3t -
2x—y=2-18t c=<y=—§+&
z=3r 7 =3

25. Dudng thang d di qua diém M(1 ; -2 ; 3) va ¢6 vecto chi phuong
u=(2:3:1).
Hinh chié¢u ctia M trén mat phang (Oxy) la M'=(1 ;-2 ; 0).
Hinh chi¢u clia vecto u trén mat phing (Oxy) 1a u' = (2 : 3 ; 0). Hinh chiéu
d cla d trén mit phing (Oxy) 1a dudng thing di qua M' ¢6 vecto chi
phuong u' nén co phuong trinh :

x=1+2t
y=-2+3t
=1L

I1&



26. a) Cach 1.

27,

Pudng thing d c6 vecto chi phuongu(4 ;3 ; 1), mat phing (@) c¢6 vecto
phép tuyén n(3:5:-1).

Vi un=12+15-1=26#0

nén u vi n khong vuong goc, va do dé d v (e) cit nhau,

Cdch 2. Phuong trinh cua d viét dudi dang tham s6 :

x=12+ 44
y=9+3
z=1+1t.

Thay gia tri x, v, z trong phuong trinh ctia d vio phuong trinh ciia (&) ta duoc
(12+40+5094+30-(1+1—-2=0hayr=-3.
Vay d cat (a) tai diém (0 ;0 ; -2).
b) Thay cdc gid tri x, v, z trong phuong trinh cla d vao phuong trinh
cua(a) ta duoc
(13 + 81) +2(1 + 2) — 4(4 + 31) +1 = 0 hay 0.1 = 0,
phuong trinh dé cé vo s6 nghiém.
Vay duong thang d nam trén mat phang (a).
a) Puong thing d di qua diém M(1 ; 7 ; 3) va c6 vecto chi phuong
u(2 ;1:4). Duong thing d' di qua diém M'(3 ; -1 : —2) vi ¢6 vecto chi
phuong u'(6 ;=2 : 1). Tirdo ta cé :
MM' =(2;-8;-5).
Néu ta chimg minh duoe riing ba vecto u; u': MM' khong déng phiing thi
hai dudng thang d va d’ chéo nhau. Vi hai vecto u,u’ khong ciing phuong
nén ba vecto u, u'; MM' déng phing khi va chi khi ¢6 cdc s6 m va n sao
cho :
??H'_{ iE H; = W

hay la :

2m +6n =2

m—2n=-8

dm+n = -5
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28.

120

Tir hai phuong trinh dau cua hé ta suy ra :
9 22

H=T,m=
5 3

nhung cdc gid tri dé khong thoa man phuong trinh thit ba. Vay hé phuong
trinh vo nghiém, hay la ba vecto o' s MM khong déng phing, tic 1a hai
duding thing d va d' chéo nhau.

b) Pudng thing d’ di qua diém M( 0 : -3 ; -3) vi ¢6 vecto chi phuong
W (15;-4:-3).
Phuong trinh d viét dudi dang tham s ( bang cdch cho x = 1)

Xy =1
y =4t
z =3

Viy d di qua diém O(0 ; 0 ; 0) v ¢6 vecto chi phuong U= (1;—4:-3).

Nhu vay d va d' ¢6 cing vecto chi phuong, ngoai ra vi diém O nim trén d
nhung khong nam trén d' néntaco d // d'.

Ldy diém M(1+2r;1;3—1) nam trén d va diém M’(=2;3—1';1') nam
trén d’. Ta tim gid tri cia ¢ va 1" sao cho diém A(1 ; -1 ; 1) nam trén duong
thing MM’, titc 1a AM va AM’ cung phuong. Ta co

AM = (2t31+1;2-1), AM'=(-3:;4-1";-1+1").

Khi dé diéu kién cling phuong ctia hai vecto AM va AM' la;

2t 141
2. Tre - 3= - T
-3 4=t =1+t 2 22—t
-3 1+
20+ 1lt+3=0 3
= F=—-—.
20t'-5t+6 =0 2

Suy ra M:(-x-%;%}.



29.

Vi dudng thang cdn fim di qua A c6 vecto chi phuong AM nén cé
phuong trinh :

x=1-—3¢
]
ly=—]—=¢
Y 2

7
z=1+—=t

[ 2

a) Hai duong thing d, vi d, c6 cic vecto chi phuong lin lugt 1a
u=(1:2;-1) Vi, = (=7;2:3),

va ldn luot di qua cac diém M, = (8;5:8) vaM, =(3:1:1).

Vi hai vecto a va E khong cung phuong nén ba vecto 1_;1-;2- vil

M,M, = (5;4;7) dong phing khi va chi khi ¢6 céc s6 m va n sao cho

muy + nuy, = MM, |

tic la
m-Tn=>5
2m+2n =4
—m+3in=".

Dé thdy ring hé phuong trinh trén vo nghiém, suy ra ba vecto a E va

M,M, khong déng phing, do dé hai dudng thang d, va d, chéo nhau.

b) Goi (@) 12 mat phing phai tim. Vi (@) qua goc toa do O nén phuong
trinh cua () 1a :

Ax+By+Cz=0, A +B*+C?>0
vit (@) co6 vecto chi phuong la ne =(A; B;C).

Goi “_l vl “_2 lan lugt 1a vecto chi phuong cta dudng thing d, va dudng

thang d,.

Do (a) song song véi d; va d, nén ta co

EQ .H]
Na i
M,, M, khong thuoc(a)
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A+2B- C=0
-TA+ 2B +3C=0
8A+5B +8C =0
3A+ B+ C =0
Tir hai phuong trinh diu cua hé ta co

A
=2A, B=—.
¢ 2

ChonA=2tac6B=1,C=4.
Dé thiy vai A=2, B=1,C =4 cic diéu kién con lai cua hé duge thoa man.
Vay phuong trinh ctia mat phang (e) 1a :
2x+y+4z=

c¢) Gia str PQ la dudng vuong goéc chung cua d, vad,, véi P ed|;:0Q €d,.
Khi d6 ta ¢é cac gia tri t va ¢ sao cho

P=(8+t;5+2t;8-1), Q=(3-7t';1+2t";1+3").
Nhu viy ta co :

PO =(-5-Tt"—t; —4+2t'-2t; -7 +3t'+1).
Vecto PO déng thoi vuong gée véi hai vecto chi phuong clia u, va u, nén
PQ.u; =0
PQ.uy =0
S —T'—t+2(-4+2-21) = (-T+3t'+1) =0
{—?(—5 — =)+ 2(—4+ 20— 1)+ 3(-T+31'+1) =0

PO EIES

62t'+ 6f = —6
Viy P=(7:3:9), Q= (3:1:1), va do dé dudong vudng géc chung cua d,

va d5 O phuong trinh :

]

pe=d gl =] =3 y=]1

hay = =
e T A TR




d) Khoang cdch giita hai dudng thang d, va d, bang do dai doan thang PQ

,uggz\/(*;u:;)z+(|[?L—l)24-(9-'—I)2 =2:f21.

30. a) Pudng thing d cé vecto chi phuong u(2 ;3 : 5), mat phing (&) cé vecto

hap tuyén n(2:1:1). Goi ¢ 1i géc hop bdi d va (a) thi 0° < ¢ < 90° va
phap tuyén n( ). Go1 ¢ la goc hop (e) P

l;‘-ﬁ[: 4 + 3 + 5] _ 6
WAl Va+9+25a+1+1 57

b) Pua phuong trinh cua d vé dang tham sé r6i két hop véi phuong trinh
cua (a) ta duoc

22 +20+(-1+30D+(1+5nH-8=0.
|

SN =

Tir d6 suy ra t = — vi do dé duoc giao diém [ cha d va (@) c6 toa do :

3
2 3 5 b 8
I_(2+§ - —]+§,1+§] = [iﬂ —%-J
¢) Ta ldy mot diém A ndm trén d khic v6i [, cu thé A A = (2 ;-1 : 1), v

g0oi A' =(a ; b ; ¢) 14 hinh chi€u cta A trén (). Toa doé cua A’ xdc dinh boi
hai diéu kién : A' nim trén (@) vavectd AA' = (@—2:b+1:c—1)

cling phuong v6i vecto phép tuyén n(2:1: 1) cha(a).

Vay ta co :
2a+b+c-8=0 2a+b+c-8=0
ja-2 b+l c-1 © qa=2b+4
2 1 1 c=b+2
(22b+4)+b+b+2-8=0
ta=2b+4
H(‘=f)+2
. I 10 5
Tur do suy ra : b-—g.a-gﬁ s =g

, (10, 1.5



31.

32,

124

Hinh chiéu vuong goc clia duding thing d trén miit phing (&) chinh 1a dudng
thiang d' di qua hai diém / va A",

(3553355

3 3 33 3
nén cé thé 14y vecto chi phuong cia d' 1a
n=1IA"=(2;-1;-3).
Vay dudng thang d' ¢6 phuong trinh tham s6 :

z. 1

S - _.Hl

3 &

Vi IA' =

,a-=-§- +2t
Ty ==t
:=§- =3t

a) Viét phuong trinh tham sd cia dudng thing A va thay cédc gid tri x, v, z
cho béi phuong trinh dé vio phuong trinh clia mat phing (P) ta duoc :
2001+ +3+2t -5=0,suyrar=0,

Viy giao diém cia A vi mat phang (PylaA=(1;2;3).

b) Goi d 1a dudng thiang di qua A nim trong (P) va vuoéng géc véi A. Khi dé
vecto chi phuong u'(a: b ¢) cha d phai vuong géc véi vecto chi phuong

u(l;2:2) ciiaA, déng thdi vuong goc vai vecto phap tuyén n(2 ; 0 ; 1) cia

(P), tic 1a :
¢> {
0
Néutaldy ¢ =2 thi b=3 va c =4 tic la W'=(2;3;-4).
Vay dudng thing d c6 phuong trinh chinh tic :

el ¥ -3
2. 3 —4

a) Goi (e)la mat phang di qua M(2 ; 3 ; 1) va vuéng géc v6i dudng thang

w'a=0

u'.n

c=—2a

"3

a+2b+2c=10

2a+c =0

=
b

da cho. Vecto phdp tuyén cua (a) chinh la vecto chi phuong u(l:2; -2)
clia duting thang dé nén (&) c6 phuong trinh :

(x=2)+2(y-3)-2(z-1)=0 hay x+2y-2:2-6=0.



Giao diém H cua (o) va duong thing c6 toa do i nghiém clia hé :

(x+2 y—1 z+]

9 1 2 =g

x+2y—-2z-6=10

x4+2 -1
— =
xFd ]

1 -2
x+2y-2z2—-6=0

R

Tudésuyrax +2(2x+35)=2(-2x=5)-6=0.

Suy ra 9x +14 = 0 hay :

Khodng cdch tir di€ém M t6i dudng thang 13 d6 dai doan thang MH :
2 2 2

14 17 17 10+/2

MH—J[-“—'Q—I—Z) +[?—"3) +(—?‘—l) —T.

b) Giai tuong tu cdu a), ta co dap so

/2870

14

33. a) Dé nhan thdy ring hai dutmg thing di cho song song véi nhau. Boi vay
khoing cdch gitta hai dutmg thing d6 bing khoing cdch tir diém

M(1:—1:1) (nim trén dudng thing thif nhit) t6i dudng thiang thi hai.

Gia sir f 12 hinh chiéu vuong goc cua M trén duong thang thi hai thi H c6

toa do :

H=(2-3t;-2+73;3)

va MH vuéng géc véi vecto chi phuong u(—1: 1 ; 0)ctia dudmg thing do.
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Vi MH =(1-3t;-1+3¢;2) nén: —(1-31) + (-1 +31) = 0 hay r=%.
Suy ra MH =({0:0:2).

Vay MH = 2.

b) Lay diémM e d. M' e d' thi M(—t ; 4 + ;=1 — 20), M'(—t' ; 2 + 3t' ; —4 + 31).
Suyra MM' (=’ +1 ;—2+43t—t: =3+ 3t +2t).

MM' la dudng thing vuong goc chung cla dudng thing d, d' khi va chi khi

MM 4 =0
MMa =0

Ta co hé
(1=t =2+3t'+6—61'- 4t = 0 :}[r'+3:=2
P—1—6+9%'-3t—9+9+61=0  |19/'+2 =15

41 23 ~18 10 —4]

Turdotacd t'=—.t=— va MM':[

55" " 55 55" 55°55

Khoang cich gita d va d' la

EREIRCREE




