On tap chuong IV

I. NHONG PIEU CAN LUU ¥

1. Can hudng din hoc sinh chuan bi 6n tap & nha. Cu thé : hé thong lai céc
kién thitc cdn nhé & cu6i chuong, tu minh tra 161 cdc ciau hoi ty kiém tra, va lam
cdc bai tap on tap.

2. Tuy theo tinh hinh cu thé ctia mbi I16p, thiay gido chon mat s6 bai tap dé
chira tai 16p, cdc bai khidc cho hoc sinh néu phuong phip giai.

3. Cho hoc sinh lam bai kiém tra 45 phiit.
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[I. HUGNG DAN GIAI BAI TAP.

I

a)Tac6AB=(3:-6:4);AC=(4:-6:2): AD=(4:-5:1).
Hai vecto AB, AC khong cung phwong, nén ba vecto AB, AC,AD dong
phiing khi va chi khi ¢6 cédc 6 m vi n sao cho

mAB + nAC = AD ,

hay :
dm+4n =4
—6m — 6n = -5
dm + 2n = 1

Tt hai phuong trinh dédu ta suy ra n = % vam = _—3, nhung cdc gid tri do

khong thoa man phuong trinh thir ba.

Viy hé phuong trinh v6 nghiém, tic la ba vecto AB, AC,AD khong déng
phing. Suy ra bon diém A,B,C,D khong dong phing.

b) Mat phang cé phuong trinh ax + by + ¢z +d = 0 di qua B, C, D khi va
chi khi :

da+6c+d=0 da+6c+d=0
Sa+de+d =0 = —id+ 2c =10
Sa+bh+3c+d=10 —h+ec=10

Cho ¢ =1 tadugca =2,h=1.d =-14.
Vay mat phang (BCD) ¢6 phuong trinh :
2x+y+z-14=0.

¢) Ban kinh R cua mat cdu bing khodng cdch tir tim A t6i mat phing
(BCD) nén :

R_|2,1+6+2—I4| 4
\\(22+12+l2 V(E

Viay mat ciu cé phuong trinh :

2 8
(x =17+ (y - 6)? +(z - 2)? =3

Goi H 1a ti€p diém thi AH 1a dudng thing di qua A, vuong goc véi mit
phing (BCD) nén c6 vecto phdp tuyénla n =(2:1;1).
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J,r =1+2¢
Viy AH c¢6 phuong trinh F =0+t
z=2+t

Tir d6 két hop véi phuong trinh mat (BCD) ta tim duogc 1 = %

who(1,208
Viy H_(S' 3 ,3}
2. a) Diém A'(a; b;c) 12 diém d6i xing véi diém A(1; -1;-2) qua mat
phing khi va chi khi vecto AA'(a—1:b+1;c+2) cing phuong véi
vecto phdp tuyén n(l;-2:3) cha mat phing (P) va trung diém

l(a -EF l : b; I ;< ; 2] ctia doan thing AA' nam trén mat phang (P). Vay :

1 -2 3

o Bg =3
al =1 afe=ml o o T
2 2 = 2 - ﬂ_zh‘i‘k‘_l}:[j‘
Thay cdc gid tri cua b, ¢ tir hai phuong trinh dau vio phuong trinh thit ba
ta duoc :
a—2A2a+1D*33a—-5-13=0
<> 14a - 30 =0

— f.'—E b__—-23 L'—E

7’ il g
sy vom 8 i AT A [ 1 20 10
Viytoadd diemA'la A -{?. ?,?].

b) Ta ¢c6 AB=(2:2:3) va mit phing (P) c¢d vecto phdp tuyén
n=(1:;-2:3). Vay néu ¢ la géc hop boi dudng thing AB va mat phiing
(P) thi :

_ |AB .7 2-4+9
sing = =

;
Bl 2 iz 2 i2e2e3 V17414

vGi 0% < @ <907,
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¢) Néu goi n(a; b :c)la vecto phip tuyén ciia mat phang (Q) thi tir diéu
kién ctia (Q) ta suy ra n vuong géc véi vectd AB =(2:2:3),vA vuong
g0c vii vecto phdp tuyén F{l : —2 : 3) cha mat phang (P). Vay :
a=-2

o= c
a—-2b+3c=10 i

{2a+2h+3r=ﬂ {3a+ﬁr=ﬂ
=
5

a-2b+3c=0
Néntaldy c=2thia=—4 vab=1.
Viy mit phing (Q) di qua A(l —1;= E}VEJ; cd vecto phip tuyén n(—4;1; 2)

nén co phuong trinh
—4{x—-D+(y+1D+2(z+2)=0hay4x+y+2z+9=0.

d) Buong thing AB di qua A ¢6 vecto chi phuong AB nén c¢6 phuong trinh
tham s6 :

xr=1+2t
y=-1+2t
z=-2+3t

Dé tim toa do giao diém /, ta thay cdc gid tri x, y, z cho béi phuong trinh
trén vao phuong trinh clia mit phing (P) ta ¢6 :
(1+26)-2(-14+20)+3(-2+31)-5=0
8
Vayt = =.
Wi =5
23 9 10
Suyral=|—= 5=
R ( 73T J
Puong thing A c6 vecto chi phuong u(a; b ; ¢) vuong goc véi vecto phap
tuyeén n(1;-2:3) cua (P) va vuong goc vai AB(2:2:3) nén

[a=2b+3c=0 o [3at6e=0
12a+2b+3¢=0 a+4b=0

Taldy a =4 thi b=~1 vic=-2, vay ta dugc u = (4;-1;-2). Puong
thing A lai di qua diém / nén cé phuong trinh :
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.JL=-2-,;-+4F
Sy
7
10
.—T"'Zf

a) eDudng thing d, gém nhiing diém c6 toa do la nghiém cia hé
phuong trinh :

x+y=20

{,1‘—_}'+:+4=[1

Cho x = r ta duoc hé tuong duong :

xX=1i
=
_2=—4-2r

dd 1a phuong trinh tham s6 cua d;

e Cdc mat phang (a;)va (ay)lan lugt ¢6 vecto phap tuyén la n_3[l =350
vﬁa({]; 1:1). Vecto chi phuong E(a;b;c-) clia dudmg thing d, phii vuong
géc v6i hai vecto d6 nén c6 thé 1y u, = 3:-1:1).

Ngoai ra diém /(1 ; 0 ; 2) nam trén (a3)va (ary) nén ciing nam trén d,.

Vay dudng thang d, ¢6 phuong trinh :

x=1+%
Ny
g=2 4

b) Pudng thing d, di qua diém M(0 ; 0 :-4) va ¢6 vecto chi phuong
w(1;—1:;-2).

TacoMA =(2;3;5).

Mat phing (P) di qua A va d, nén c6 vectg phdp tuyén E =(a:b;c)

vuong goc vai ::{ vi MA nén :



a-b-2c=0 a-b-2c=0
{20+3b+5{:={} J[Sh+‘:}('=[}
Néutaldy ¢ =—-5 thi b =9 via=-1.
Vay np = (~1:9:-5) vi do d6 (P) ¢6 phuong trinh :
1lx+y—-5(z+4)=0 hay x—-99+5z+20=0.
¢) Puong thing d, di qua diém N(1 ; 0 ; 2) vi ¢6 vecto chi phuong u—z(S; -1;1).
Tacé NA =(1;3;-1).
Mait phang (Q) di qua N va d, nén cé vecto phdp tuyén ”Q ={a;b;e)
vudng goc voi u; vi NA nén

Ja-b+ec=10 4a +2b =0
= 1
a+3h—-c=10 10a+2c=10

Taldy a=1 thi b=-2 vac=-5. Vﬁy% = (l;—E;HS), va do do (0) co
phuong trinh :

x—1-2y—-5(z—2)=0 hay x -2y -5z+9=0.
d) Néu d la dudng thing di qua A va cit cd d, va d, thi d nam trén cé hai

mat phing (P) va (Q), tic la d gébm nhiing diém c6 toa do thoa min he
phuang trinh :

x—9y+5z+20=10
x—2y—-5z49=0

Pt x =t ta duge hé twong duong :

X=t

23 . 2
<y=-i-|-+l—|-|f
. 383

D6 chinh 1a phuong trinh tham s6 cla duong thing d. Hai dudng thing d
va | ndm trong mat phang (P) va c6 cdc vecto chi phuong khong cling
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phuong nén cat nhau. Hai dudng thang d va d, nam trong mat phang (Q) va
¢6 céc vecta chi phuong khong cliing phuong nén cit nhau.

e) Goi H 13 hinh chiéu ctia A trén dudng thang d, thi
H=(1+3t;~1:2+t) va AH=(=1+3t:-3—1:1+1).

Vi Evuﬂng g6¢ vai vecto chi phuong 572'(3:—1 ;1) nén :

3(-143)-(-3-D)+(1+)=0=11t+1=0 hay r=—L

Tk
w8121 o (14 32 10
V"J‘FH-(H'II*II]’ AH“[ Th ||’1|)'

Khoang cdch tir A dén dudng thang d, bang do dai doan thing AH, do do

2 2 2
art = 19T o (22) o(10) .23
11 11 11 11
f) Diém A'(a ; b ; ¢) d6i xing vdi A (2 ; 3 ; 1) qua d, khi va chi khi H 1a

trung diém cua AA', tic la

a+2 8  b+3 _1 e+1 2l

2 1 ° 2 117 2 11
do do
6 31 31

ﬁz—ﬁ,bz—ﬁ,{':ﬁ.

. ( 6. 31 31
Vay ’4_[ Th II’IIJ'
a) Puong thing d di qua diém M(0 ; 1 ; 6), ¢6 vecto chi phuong ﬂ{] R g 11
duomg thang d di qua diém M'(1 ;-2 ; 3), ¢6 vecto chi phuong
w'(1;1;—1). Bavecto u, u' vdi MM'(1;—3;—3) déng phing khi va chi
khi ¢é cic s6 m va n sao cho

mu + n' = MM,



m+n=1
tuc la: 2m+n=-3

Im—n=-3,
Tir hai phuong trinh ddu cua hé trén suy ra m = —4, n = 5 nhung cdc gid tri
nay khong thoda man phuong trinh thit ba.

Viy hé phuong trinh trén vo nghiém, suy ra hai dudng thang d va d'
chéo nhau.

Goi ¢ 13 g6c hop bdi hai dudng thing dé thi :

|
e e p— 0.
|u|,iu'|

Suy ra hai dudng thang dé vudng géc vai nhau.

COs @ =

b) Gia sit PQ la dudng vuong gic chung cua d via d vGiP ed.Q e d'.
Khi do ta coP =(t;1+26:6+30),0=(1+¢":-2+t";3—-1¢"), do do

PO =(1+t-6=3+1=26;=3-1'-31).
Vecto PO vuong géc vai i va u' nén :

(l+t'-D+2A-3+t'-20+3(-3-t'-30=0
(Ql+t'-D+(-3+t'-200-(-3-1t'-30=0

{—-141’ =14
-;:\.
3t' = —1.

ey
Viyt=—-1lvat' = 3

o1 - (-l

Khoang céch gitta d va d'la :

ro- {3 - -5
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¢) Pudng vuong goc chung la dudng thiang PQ tic 1a duong thang di qua P
vl ¢6 vecto chi phuong la '%Pé =(5;—4:1) nén c6 phuong trinh :
x+1 =J,'+I _ z=23
5 —4 (I
d) Gid sir dudng thing A song song véi Oz cit d va d' 1dn luot tai A va B.
Khi dé ta cé
A=:1+26+300.B=(1+¢t";-2+1":3-1")

vi AB=(l+t'—t;=3+1'=2t;=3—1'-31).
Vi AB cing phuong véi k= (0:0:1) nén 1+ ¢'—t=-3+1'-2r =0, nén
t =-4 vat' = -5.
ViayA=(-4:-7:-6) vi AB =(0;0; 14).

Vay phuong trinh cia A 1a :

x=-4
y ==
r="—0 +L

a) Pudng thing d di qua diém M(7 ; 2 ; 1) vd ¢6 vecto chi phuong
5(3 ;2;-2). Duong thﬁng d' di qua diém M'(1 ;-2 ; 5) va co vecta chi
phuong u'(2;-3;4).
Ta ¢6 hai vecto u va u' khéng cung phuong, nhung vecto MM =(6;4;-4)
cliing phuong vai vectou .
Diéu d6 chimg t6 ring hai dudng thing d va d' cit nhau tai diém M’
Mat phang (P) chita d va d' phai c6 vecta phédp tuyén n(a;b:c) vuong géc
véi cad u va u' nén:

{3.:;-4-2;;—2(-:[} o {3a+2b—2c-=ﬁ

2a-3b+4c=0 Ba+b=0.

Taldy b =-16 thi a =2 vic =-13, vay

n=(2;-16;-13).



Ngoai ra mit phing (P) di qua M’ (1 ;-2 : 5) nén n6 ¢6é phuong trinh :
2Ax—1)—16(y +2)—13(z=5)=0 hay 2x —16y—13z+31 =
b) Miit phing (P) ciit cdc truc toa do tai cdc diém

31 31 31
A[ 5 ol & f D] B[D,E.D) C’[D 0: H]

Ti dién tao thanh bdi mat phang (P) va cdc mat phing toa do 1a OABC nén
co thé tich V 14 ;

1 31 31 31 2979]
“’"E”””C § 21613 249

¢) Mat cdu ngoai tiép tiép tir dién OABC ¢6 phuong trinh

22+ v 42t 2ar+ 2by + 2c2=0.

Toa do cha A thoa man phuong trinh d6 nén :

Tuong tu ta co 2h = _IE_EIE: vale = —%I—.
Viy mat cdu c¢6 phuong trinh :
;s 5 3. 3 3

AR T e et

a) Phuong trinh dudng thing d c6 thé viét dudi dang tham s (bing cdch
cho x =1):

-
Il Il
Lad =

I
ol

+ !

Vay duong thing d di qua diém M(0 ; 3 ; 6), ¢6 vecto chi phwong u(1 ; 0
Buotng thﬁng d’ di qua diém M'(2 ; 1 ; 2), ¢6 vecto chi phuong F{l —1:—1).

Ba vecto u,u’ vdA MM' = (2; -2 ;—4) déng phéng khi va chi khi ¢6 cdc s6

m v 1 sao cho

mu+ nu' = MM’



hay la : —-n=-2
m-—n=—4,

Dé thiy ring hé phuong trinh trén vo nghiém, do dé d va d' chéo nhau.
Ngoai ra vi u.u’ = Onén hai dudng thing dé vuong goc vdi nhau.
b) Néu mat phang (P) vuong goc véi d' va di qua diém M(0 ; 3 ; 6) nam
trén d thi (P) cling diqua d ( vid L d"). Vay phuong trinh ctia (P) la :
x—(—-3)-(z-6)=0hay x—y~-z+9=0
Tuong tu, mit phing (@) vuong goc véi d va di qua M'(2 ; 1 ; 2) nén ¢c6
phuong trinh :
(x—2)+0(-1D+(z—2)=0hayx+z—-4=0.
c) Néu A la duong vuong gbc chung cua d va d' 14 giao tuyén cua hai
mat phang (P) va (Q), nén A gbébm nhitng diém c6 toa do thoa min hé
phuong trinh :
i—y—24+%=0
x+z—-4=0
bat x =1 ta duge phuong trinh tham so cua A la
xXr=1
y=3+2¢

Z=4—1

a) Hai mat phang (P) va (Q) lin lugt c6 cdc vecto phdp tuyén la

np.np=2-1+2=3=0

nén hai mat phing dé cit nhau.
Néu ¢ 1a géc hop bai hai mat phiang (P) va (Q) thi :

cos@ = i | 3 _3
o B S R I N T

Vay ¢ = 60".



b) Vi d song song véi ca (P) va (@) nén d ¢é vecto chi phuong u(a;b;c)

vuong goc véi ca np vi ”Q. tue la :

{2&—b+c=ﬂ {3&4—3(::{]
L

a+b+2c=10 a+b+2c=10
ad == =

—1 w=1(1:1:-1).
1[,5=_.:~ ( )

Viy dudng thang d ¢ phuong trinh :

e T W St S
T

¢) Mat phing (R) di qua B(—1 ; 3 ; 4), vuéng géc vGi (P) va (Q) nén vuong
goc voi d. Vay (R) c6 phuong trinh :

x+D+(-—3N—-(CZ-4)=0hayx+y—-z+2=10.
a) Matcau (S) cotam /=(1;2:3) vacd bian kinh
=1+4+9 =414
b) Goi d 1a khoang céch tir tam / cia mat ciu t6i mat phing (P) thi :

h+2 3+k | k|
M1+1+1 i

Boi vay :

+) Néu d > R uic |.l.| > 42 thi mit phing (P) khong cét mat ciu.

+) Néud = R, tiic k = +/42 thi mat phang (P) tiép xtic véi mat ciu.

+) Néu d < R tic [k| < /42 thi mat phing (P) cit mit cdu theo dudng tron,
c) Thay y =0 , z =0 vio phuong trinh mit ciu ta dugc :

—2x=0,hayx=0hodc x=2.
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Vay mat ciu cat truc Ox tai O(0 ;0 ;0) va A(2 ; 0; 0), Tuong tu ta co
B=(0;4;0)vaC=(0;0;86).
Phuong trinh mét phing (ABC) 1a :

S+ y
2

e

=1.

$a |
=

d) Ta c6 IB = (—1:2:—3) Mat phing ti€p xiic véi mat cdu tai B 12 mat
phéng di qua B cé vecto phdp tuyén la /B nén cé phuong trinh :
-x+2Ay—4)—-3z=0hay—-x+2y-3z-8=0.

e) Phuong trinh cia mat phang (Q') song song véi mat phiang (Q) :
4x +3y—12z+d =0, v0id # -1.

Vi (0Q') tiép xiic vdi mat cdu nén khoang cich tir tam 7 t6i (Q') phai bang
bédn Kinh R nén

|4+6—%+d|_ﬁz-c> w—zq_Ja

‘\/42 I W 13
& d=26+1314.
Chon hé truc toa dé Oxyz sao cho O z

tring  v6i diém A véi o cdc
vectoi = AB, j = AD, k = AA".
Khi do :

B=(1;0:;0), D=0:1;0),
A=0;0;1, C=:;1;1
M=(0:0:3), N=(n:;0;0)
vaP=(0;p;0).

a) Mat phing (MNP) cé phuong Hinh 69
trinh :

X ¥y z

L e

i i p o3



Mt phiang dé di qua C'(1; 1 : 1) khi va chi khi :

b) Thé tich cua hinh chop AMNP la :

V= %M.AN.AF = 3dmp = %

Vi diéu kién (%) ta ¢o :

2 Dot Ay Rk K T
n'p 2ln p) 23 3 np

Diau = xayrakhi n=p =3.

NP .

Suy ra

9
V= 2 —.
npzy

Pd | —

Vay thé tich tit dien AMNP bé nhit 1a g- khi AMNP 1a hinh chép déu dinh A.



