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NGUYEN HAM

A. MUC BICH, YEU CAU

1. Hiéu dinh nghia nguyén him cia ham sd& trén K. Phin biét ro mot
nguyén ham vai ho nguyén ham cia mot ham so.
2. Van dung bing nguyén ham vio cdc bai todn cu thé.

3. Van dung dugc cdc tinh chit, phép todn vi cic phuong phdp tinh nguyén ham.
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B. NOI DUNG BAI HOC

I - NGUYEN HAM VA TINH CHAT
1. Nguyén ham

Hoat dong ﬂ, goi ¥ cho hoc sinh thdy ring tir bang dao ham, néu biét dao
ham ctia mdt ham s6, ta ¢6 thé suy nguoge lai duge ham s6 "goc” cla dao
ham dy. Tir d6 din dén viéc phat biéu dinh nghia khdi niém nguyén ham.

O day, ta dua ra dinh nghia nguyén ham trén K (K c¢6 thé 1a khoang, doan
hodc nira khoang cua R).

Néu K = (a ; b) thi dinh nghia nguyén ham tring véi dinh nghia théng

thuong trudce day, tic la : Ham s6 F(x) duoc goi 1a mot nguyén ham cia
ham s6 fix), x €(a: b) néu

F'(x) =flx), x (a:b).
Néu K = [a : b] thi tai hai mit x = @ vi x = b, ta chi ddi hoi diéu kién

Fiaty= tm 20 =F(a) j @ _ ta)
W Pyt SR iy
x—rlr x—:ly

(Ngoai ra, F'(x) = fix), x ela;b)).

Gido vién ciin biét diéu nay, khong yéu ciu hoc sinh phai biét.

Pinh nghia nguyén ham khong mang tinh chat kién thiét nhu dinh nghia
dao ham. Gido vién cin dua ra nhiéu vi du don gian (chi nh& biang dao
ham) giip hoc sinh nhanh chéng lam quen véi nguyén ham.

Dinh 1i 1 va Dinh i 2 chi r6 hai chiéu suy luan sau :

— Néu F(x) 1a mot nguyén ham cta fix) trén K thi moi ham s6 G(x) = F(x) + C,
C e R déu la nguyén ham cua fix) trén K, tic la ¢6 vo s6 nguyén ham cua

A
flx) (hoat dong %, minh hoa diéu do).

— Nguge lai, néu F(x) 1a mot nguyén ham cua f(x) trén K, thi ho tit ca cic
nguyén ham cia f(x) trén K déu co dang F(x) + C, C € R, tiuc 1a F(x) + C
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la dang tong qudt cia nguyén ham cuia f(x) trén K. Ki hiéu ho nguyén ham
cua f(x) la

j f(¥)dy = F(x) + C.C € R.
Ho nguyén ham cua f(x) con duoc goi la tich phdan khéng xde dinh cia f(x)
trén K.
Biéu thic f(x)dx chinh la vi phin cia jf[x}ch' Vi d(F{x} - C) = f{x)dx.
Bdp dn Hoat dong ﬁ«i : Theo dinh nghia ctia nguyén ham, ta cd
G'(x)=(F(x)+C) =F'(x)+C'= f(x),x e K.
D6 la diéu phai chiing minh.

2. Tinh chat cua nguyén ham

O day chi néu cdc tinh chét don gidn va co ban ciia nguyén ham.

Tinh chdt 1 n6i 1én méi quan hé gitta nguyén ham va dao him khi thuc hién
lién ti€p nhau.

-j flode = f)+C vi (f(0)+C) = f'(x)

cho thiay phép tinh dao ham tién hanh truée phép tinh nguyén ham thi nhan
duge ham s6 ban diu (di cho) sai khic mot hiing s6 cong (hai ham s6 ¢o
dao ham bing nhau s€ sai khiac nhau mot hing s6 cong).

Tinh chdt 2 nhin manh dén hang sé & = 0. Vi néu k = 0 néi chung tinh chat
do khong ding. Xét vi du sau day.

j{[},cus,r]d.t = Iﬂdx = (C (v0 s0),
con ‘D-Ucnsxdr] = 0-(sinx + C) = 0(chi mot).
Pang thiic chi xay ra khi C = 0.
Tinh chit 3
j(fl[.r} + g(x)) dx = J-_f(.r}li\: + Jy{x}[h‘.
Pdp dn Hoat dong R, : T dinh nghifa nguyén ham ta c6
(J fde + [gendx) = ([ Foody)+ ([gdy) = () + g(x).
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Tuong tu
([ Feodx - [godx) = £x) - g(x).
Viy Tinh chat 3 duge chitng minh.
Khi thuc hanh tinh [ f(x)dx va [g(x)dv s& xuét hien hai hang s6 C, va C,

tuy ¥, nén C; + C; hodc C| — C, ciing la hing s6 tuy v. Dodé, tadat C=C, + C,
hoic C = C; — C, va cong thém C sau khi tim dugc mot nguyén ham cia
flx) + g(x) hoac flx) — g(x).

3. Su ton tai nguyén ham

Viéc khang dinh mét him s6 f(x) khi niao ¢6 nguyén ham la vin dé quan
trong. O ddy. ta thita nhan Dinh 1i 3 va chi xét nhimg ham s6 thoa min diéu
kién ctia Dinh 1i 3. Chéng han :

Ham s6 luy thira x“, @=—1, x € (0 ; +0) lién tuc va cé nguyén ham

I
+1
Truémg hop ¢ =-1, x € (0 ; +w), ta co

j_r“dx = ¥+ C (G ViduSa), @ = 3}.
o 3

jldx =Inx+C.
X

Ham s6

—— xiic dinh, lién tuc trén mébi khoang (km; (k+ Dm), k e Z va
sin” x

cO nguyén ham la

J lz dxr =—cotx + C.
5in” x

4. Bang nguyén ham cta mét s6 ham s6 sd cdp

112

Trude khi lap bang nguyén ham cdc ham s6 so ¢dp quen thudc, ta xét hoat
dong ﬁﬁ Hoat dong nay nham gidp ngudi hoc nhd lai bang dao ham : tix
dao haim suy ngugc ra nguyén ham. C6 thé cic nguyén ham viét sai khdc
nhau mot hing s6 cong (ching han f'(x) = cosx = flx) = sinx + C).

Cin véin dung linh hoat bang nguyén ham trong khi lam todn (c6 thé sir
dung bang nguyén ham khi him so cip cho & dang him s6 hgp. Chang han



jn[a}:f{r}{h— Iﬂ”’ +C : J‘”{”ch Inlu(x)| + C).

Phin nay ciing cdn dugc luyén tap. Gido vién can ghi ra mot s6 dang
nguyén ham loai nay réi yéu céu hoc sinh tra 1oi.

I - PHUONG PHAP TINH NGUYEN HAM

1. Phuong phap déi bién sé
Trude hét, ta xét hai vi du sau day.

a) Xét nguyén ham (trong ﬂﬁ}
j(_r =1)"dx:

Hay viét (x — 1}10 dx theo bién mdi u véi u = x — 1 va du.

I'[]I l'[}

Tacouw'=1,(x—1) . Do dé

v — '"dx chuyén thanh u'"du.

. .. . Inx .
by Xét —ch Bit x = e, ta c6 x'=¢e'. Biéu thit ——dx duoc viét
X

thanh -L.&%de = #de
ef

Nh&r cdch déi bién s6 u = x — 1 vi x =e’, ma hai biéu thic dudi diu
nguyén him di cho chuyén thanh hai biéu thitc theo bién mdi cé dang
trong bang nguyén ham vi nhu thé sé tinh duge dé dang nguyvén ham nay
(theo bién méi).

Vin dé dat ra 1a vGi phép doi bién so trén thi cd hay khong dang thic
j(.r - I]mlir = J-umdu viiu=x—1
va jln—ld:: = Jtdr vai x = e,

Dinh Ii 1 trong SGK cho ta cau tra 161 : Néu v = u(x) 12 ham s6 ¢6 dao
ham lién tuc vA ham s6 f(u) ¢6 nguyén ham 1a F(u) thi F(u(x)) 12 mot
nguyén ham caa ham so flu(x)) u'(x).
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Vidu 1. Tinh j tan xdx (dat u = cosx)

G R simx . ; ; T 1
Giai. Vi tanx = vi u' = —sinx, ta c6 tan xdx duge viét thainh —— du.
CO5 X u
S du
Khi dé === ~Infu| + C. Thay u = cos.x, ta dugc
sin X 4 dcosx
jl,;mxch j = —j =~=Inlcosx|+C.
cc:-s;. COS X

Vi du 2. Tinh j' (1 - 0"dx
Gidi. Ditu=1-xtacou' =-1,(1 -x)"" =u"",
Do dé, nguyén ham dang xét duge viét thanh

I

10 i
ju du ”u LB

Trd vé bién s6 x (day 1a diéu bt bude) bang cdich thay » bdi 1 — x vio
nguyén ham tim duogc, ta co

fu e s o~ g

11

Trén co s¢ cia phuong phdp d6i bién s6, ta lap duge bang nguyén ham néu
ham so cap trong bang cho & dang ham s6 hop flu) véi u = u(x).

Juweode =u + [ cosu(x)u'(x)dx = sinu(x) + C
[ o) u'oydx = % +C | sinuCu'(x)dx = —cosu(x) + €
(a=-1)
L:!.({:i} = ]n|”u)| Hk ) j# dr = tanu(x) + C
d cos” ulx)
J‘E“m wids =t ¢ j RILENIE —cotu(x) + C

a B
sin” u(x)

WX}

J-a"["'}.u'(.r}dr =% yip
Ina

(a=0,az1)

Co thé xét thém mot s6 bai todn dang nay dé hoc sinh lam quen.
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2. Phugng phéap tinh nguyén ham tirng phan

Hoat dong ,%,? nham goi ¥ di dén cong thife tinh nguyén ham tirng phén.

Tir (xcosx)' = cosx — xsiny, (*)
ta co

_- xsinxdy = —I(x cosx) ' dy + Jcns xdl. {55
Vi :(,a'cc«s x)'dx = xcosx +C; ; jcﬂs xdx = sinx + C,,
nén _‘,rsin xdx = —xcosx +sinx + C(C=-C; +Cy).

Nhén xét. Tt dang thic (#) cho thdy ring néu xem u = x vd v = cosux, thi
(xcosx)'dx = (wv)'dy = d(uv) = udv + vdu. Khi do

Ixsinxdxcé dang J!i.l-"d_l' hay de‘L‘,
va J-EDSI(]_I co dang j.u'vdr hay J-vdu.

Ding thiic (*#) c6 dang

J‘u{lr = jd(;n‘} - jl-‘du. (%)
O (##%), ta c6 ngay

J‘d{m'] = I(ut‘)'ch: =uv+C.

Cic nguyén ham J-udv va jvdu c6 dang giong nhau. Muc dich cta ta la nho
(##%) dé tinh duoc mot nguyén him (trong ba nguvén ham) va noi
Chungjvdu phai ¢6 dang don gian hon judr , tham chi c6 thé cling tinh ngay
dugc. Boi vay, ta goi d6 la phuong phép tinh nguyén ham tirng phén.

Tir nhan xét trén, viéc phdt biéu va ching minh Dinh 1i ¢6 phin nio tu
nhién hon. Do d6. hoc sinh dé tiép nhin hon.

C6 thé gap trudng hgp phai dp dung ldp lai viéc tinh nguyén ham timg phén
mot s6 1an. Chang han, xét

J-.rz cos xdx,
Patu = Fvady= cosxdx, ta duoc du = 2xdx va v = sinx.
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Do dé J-.rz cos xdy = x° sinx — ZI xsin xdy,
(RO rang j xsinxdx don gidn hon J-,rz cos xdx).

Lai sir dung phép tinh nguyén ham timg phin d6i vdi I.r sin.xdx, ta duoc
(voi u = x, dv = sinxdx)

:.rsin xdx = —xcosx + jcns xtdx = —xcosx +sinx + C.

Vay

2 sinx - 2A=xcosx+sinx)+ C

G |
A cos xdy

hay

ol & -
¥ cosxdy = x2sinx 4 2xcosy — 2sinx + C.

Dip 4n Hoat dong ﬂg 3

J-P(.\':I'f:xd.t jF[A‘]cnsxd_r jP{x}ln xdx

i Pix) P(_{) Inx

dv e dx cosxdy P(x)dx

Trong thue té€, viéc van dung phuong phdp tinh nguyén ham timg phin phai
linh hoat. Po6i khi phai ¢6 du dodn khic thuong.

Vidul.Xét [x*(1-x)*dx.

Gidai. Dat u = 2 dv= (1 - )" dx, tacé du = 2xdy, v = -—%(I - x).
; 2 ,4.__}'_2_ 5.2 =

Do d6 [,1 (-n'de=-Z(-2) +5Jx(l x)d.

Lai tinh ti€p nguyén ham timg phan doi v-::’riJ-x[l — v)’dr, ta duge (v6i
u=x,dv=1(1- _1'}5d_1') :

I.r[l = ,r}ﬁd_r = —%[l - A’]E' + %J.[l — ,1'}'51;]_):

_ X6 L 7
= 6{1 x) 42(1 -l



Vay

o)
L S T A W
j,x [l =l =l =l =i~} 40

& ——

Vidu 2. Xét j[l +x+ l]e vdx.
2

Giai. Ta co
1

J-[.l e %)e'r_%d); = J-e.r_%di + J-(t + %)el_?dx_

=

boi vai _[ex_?dx', ap dung tinh nguyén ham tirng phin véi u = ¢ ¥ va

dv = dx, taco

Do dé

C. BAITAP

1. a)e 'va—e 'languyén ham cia nhau.

b) sin’x 1 mot nguyén ham cua sin2y.

2
c) [l - i]ﬂ"' 14 mot nguyén ham cla (I - E] o=
X A
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' 2
vi [(l —EJE:"'J = ize"' + [1 - i)e" = [] . + ij]e"' = [I - E] 1
x X X o2 x

5 7 2
33 .67 33 : »
2. a) —x?3 +Exﬁ +;_1'3 +C b) w-kc : ¢) —2cot2x + C.
5 Fi Z e*(In2 -1
1 4 1 1
[ﬁ"’ g gy I == "+‘i];
sin” xcos” x  sin” 2x COs” xsin“x ¢cos"x  sin"x

1(1
d}—z (ans 8 + cos lrj 05

HD : sinSxcos3y = -;—(sin 8x + sin2x) ;

e)tanx —x +C ; HD ‘tan” x =

CDSEX
&) _%ea-z.x O
1 |[1+x 1 i 3 2
Wgig— * % BB G _§(1+x+1—2x}
5
1-x'" ‘ 1 2= _
3. a) 0 47 b)g[l+x) +C ;
i3 <
¢) ——cos  x+C ; d) -+ (',
4 ] &

X

4. a) %{xz ~ln(l + x) - %.1‘2 +

+ C.HD. Ap dung tinh nguyén ham timg
phan : # = In(1 + x), dv = xdx.

b) e* {12 — 1) + C. HD : Ap dung tinh nguyén ham timg phin hai l4n :
u=x+2x—1,dv=c'dr, hoac tinh j (x* — De*dx v6iu =x —1vadv=c"dr.
c) —% cos(2x+ )+ %sin{i_r + 1)+ C. HD : u=x, dv = sin(2x + 1)dx.

d) (1 -x)sinx —cosx+C. HD : u=1 - x, dv = cosxdx.
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D. KIEN THUC BO SUNG

Trong phian phuong phdp tinh nguyén ham, hai phuong phiap quan trong
thong dung la phuong phip déi bién s vi phuong phap tinh nguyén ham
timg phan vdi cdc vi du ¢ dang don gian. Dudi day, ching ta trinh bay siu
hon ¢6 tinh ki thudt vé vin dé nay dé gido vién va hoc sinh tham khio.

Mét sé ki thuat trong viéc tinh nguyén ham

Ta gidéi thiéu mot s6 nguyén ham thudng gap.
a) Nguyén ham cua ham sé hitu ti (hay phdn thice hitu t7)
Xét nguyén ham dang
P o
9 g,
Q(x)

trong d6 P(x) va @(x) la cic da thirc cua x.

Néu bic ctia P(x) nho hon bic ciia @(x) thi gik; la phan thire thuc su.
A

; ; ; : o PLX)

Néu bic cia P(x) 1én hon hoic bing bac cia Q(x) thi ) chua 1a phan
A
thitc thue su. Do dé nhd chia da thic, ta dugc
P(x) P (x)
= p(x) + ;
Q(x) 7 Q(x)
. g F(x) o iioea
trong d6 p(x) la da thic cua x con 0(x) la phén thice thue sur.
, . P(x) Y o & )
Ta chi quan tam tinh dx véi —— la phan thic thuc su
L ey o P e
(vi j p(x)dx da biét cdch tinh).
g = = s v DAA). i : : o
Trong Pai s0, ta da biét phan tich o) thanh tong cua cdc phan thicc don
gian (biang phuong phdp hé s6 bat dinh) nhu :
A A Mx+ N . Mx + N
va

X—a (x—a)* X+ px+g (2 + px+ g)"

k=2, m=2,p° —dq<0).
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Do do, viéc tinh jﬁch dugc dua vé tinh cdc dang nguyén ham sau :

.. A
(ii) j—kd.r= i ] et
(x—a) k=1 (x-a)
Mx + N g
(iii) J——-a-f—t—u——d.r,nhﬁdmf: .r+u‘2~ va a’ =q-—£—, ta dugc
X"+ px4g < 4
2Mx+N (Lt=£‘[ 3Idf +{N_Mp]‘|’ zd:‘
X +px+gqg R B gt
Do do
Mx+ N M 2 2N — Mp 2x+p
—————dy = —In|x" + pr + g)| + ———— arctan——+C
j\'3+,m'+q 2 ( ) |I'4q_pz "4{;—;}2

(iv) Vi ciach déi bign nhu (iii), ta duoe

Mx + N 2rdr Mp dr
j 2 i “QI = 7] J D
(x* + px+q)" {a + )" (a +17)
Khi do
2tdt 1 1
.[ 7. 2w 5 e
l:ﬂ +r._:|m m_l(ﬂ' -i-.I’]m

dugc tinh nhé cong thite truy héi sau :
t 2m -3

(a +r}

I = + [(m=2)
" am - Da @ + A" 2m - D)d? -
vai I =j ,,df == ial‘clan LA
a +1 a da
Vil
.’2=j 4{1?2,: z i — + Isarctani+{:'.
(@ +1°)y 2a(a +t7) 2a a



((iii) va (iv) dua ra dé biét vi ngoai chuong trinh).
Vidu 1. Tinh
_[—x = —dx.

xix+ D7

Gidi. Nho phan tich
x-1 A B C:
—_— ik + -,
v ox+1 (x + 1)

¥(x + 1)*

tatimduocA=-1,B=1vaC =2,

Do do
.I‘XHI.,dJC=J.—l+ | i szr
xx +D° X x+l (x+D
2
= —Inld+mlk+1l-—=—+c¢
x+1
hay
I ,'r—ljdlen|.;'+l|_ 2
xx+ 1) |1| x+1

b) Nguvén ham ciia ham sé vé 1. Xét nguyén ham dang

jR[.\:, ;ﬂ/“"’" : ‘:’]dr, v6i ad - be = 0 va R 12 hiam s6 hitu ti clia hai bién.
X i

arv+ b
Pat =% , ta dugc
cx +d

_b—ar"

c" —a

= ¢(t) 1a ham s6 hitu ti coa 1.

Khi do

_[R[ ,,’ ]d_r s _[R(.;u(r) 1) ¢@'(r)dz.

Nguyén ham trén day c6 dang nguyén ham cua ham sé hitu ti.
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Vidy 2. Tinh | =Ly
x+1
=1 oy 4t
Dit t = \J——=x= 5> dx=———=dr. Taco
x+1 i (1<)

J x_lth'zél‘[(_,f—dr
2

x+1 _”2
=I I + : TR : 7 dr
gl 1 il -8
1 —t 2
= In - jr + C,
1+ |
x-1
t doé = ;
rong do ¢ —

Xét nguyén ham dang
[ R(_r, Vax? + bx + r)dx, (a# 0), R 12 ham 6 hitu ti cita hai bién.

+ Néu a > 0, ta dat

2 ] o b _ G:’z = .
Nax® + bx +¢ = (t A)v”;:»,r— PRI ().

+ Néue >0, ta dat

—2.J¢
Var? +bx+c=xt+~fe= x = bj—ﬂf;r = @(1).

- —a

Vidu 3. Tinh

J'fl—r.(mm.
il +a?
Gidi. Dat
2 2 2 2
x2+a2=t—_r:~x=f f ¥ _=.f B dr.
2? 2;2
Khi do

= 1n|1‘| + C,

eyl
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hay j—\/-;JT= 1n(.r+\l',r2 +a2]+C.

¢) Nguyén ham cua ham sé liwong gide. Xét nguyén ham dang

JR{sinx, cos x)dx, vdi R 1a ham s6 hitu ti cia sinxy va cosx,

(i) Trudng hop chung, dat ¢ = lill‘l:)l.

2t {=¢ 2d¢
5. COsY = 5 va dyx =

Khi do. sinx =

141 14 ¢ I+r2'

Do do

3 _ 2
R(sinx, cosx)dx = | R - . s . - dr,
1482 1) 1er

trong dé vé& phai la nguyén ham cua ham sé hitu ti da biét.

Vi dy 4. Tinh j :."']—Idx.

s
batt = tani, ta duoc

1 1 2 dr
|——dx = —=—dt=|—=Inltl+C.
sin.x 2t 1442 [
14
Tra lai bién cii x, ta co
1
_[ —dx = In |tan2] + C.
sin x 2

(ii) Néu R(sinx, —cosx) = —R(sinx, cosx) thi dat t = sinx.

Khi do, L clnq . chi 1a ham s6 clia sinx (vicos” x = 1 - sin’ x).
bat Rl 1, 605%) =R (sinx) la ham s6 hitu ti cua siny.
COs.X
Vay
jmsin_x,cns.r;m = J‘R*(sin_r)dsinx = IR*(r]dr,
vdi = sinw.
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mn X
Cos X

Vidu3. Tmhj clx.

bat t = sinx, ta duoc

. 2

s X mn
o |

COosX

CG.‘:- X
viy [ ara |- _jd,=_nﬂ_r+c
' fgf E-if 2 1=t
hay
J-::l:j: dy = %In %i—::%% - sinx + C.

Trudmg hop R(—sinx, cosx) = —R(sinx, cosx), ta dat t = cosx.

Truding hop R(—sinx, —cosx) = R(sinx, cosy), ta dat ¢ = tanx.

dx

Vidu 6. Tinh j—

SIN X CO8 X
bat ¢t = tanx, ta duoc IL = ‘[L} = IE = lnjr| +C,

SIMXCOsY ta'n_‘" cos”™ X t
dxy
—_—— el T
hay J-szin XCcosx In|tam| C
d2x

Chii v. C6 thé viét J =lnitan,r| + C (xem Vidu4).

sinxcosx jsin 2x



