TICH PHAN

1 - KHAI NIEM TiCH PHAN

1. Dién tich hinh thang cong

/"Ry Ki hiéu T 1a hinh thang vudng gidi han bdi dudng thang y = 2x + 1, truc hoanh va hai
dudng thdng x=1,x=1(1 £t £ 5) (H.45).

1. Tinh dién tich & cta hinh T khi ¢ = 5 (H.46).
2. Tinh dién tich S(r) cGa hinh T khir e [1 : 5].
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Hinh 45 Hinh 46

3. Chitng minh rang S(r) la mot nguyén ham cta fir) =2t + 1.t  [1 : 5] va dién tich
& =S8(5) - 5(1).
Cho ham s6 y = f(x) lién tuc, khong déi ddu trén doan [a : b]. Hinh phing
gi6i han boi do thi cia ham s6 y = £(x), truc hoanh va hai dudng thing v = 4,
X = b dugc goi la hinh thang cong (H. 47a).
O 16p du6i. ta da biét cdch tinh dién tich hinh chit nhat, hinh tam gidc. Bay
gio, ta xét bai todn tinh dién tich hinh phang D gi6i han bdi mot dudng
cong kin bét ki (H. 47b).

v
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y ='ﬂ'ﬂ y \//_
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0 a b X
aj b)

Hinh 47

Bang cach ké cdc dudng thing song song véi cic truc toa do, ta chia D
thanh nhiing hinh nho 14 nhitg hinh thang cong (H.47a). Bai todn trén
dugc dua vé tinh dién tich cua hinh thang cong.

Vi du 1. Tinh dién tich hinh thang cong gii han bsi dudng cong y = A2,
truc hoanh va cdc duong thang x = 0, x = 1.
Giai. V6i moi x € [0 ; 1] goi S(x) 1a dién tich cla phén hinh thang conge 1

cho nim gitta hai dudng thing vuong géc vdi truc Ox tai diém c6 hoor )
va x (H. 48).
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Ta chimg minh
Sxy= oxe [0:1].
That vay, véi h > 0, x + h < 1, ki hiéu Sy npo Va Syner lan luot la dién
tich cac hinh chit nhat MNPQ va MNEF (H.49), ta c6
Sunpg < S(x + h) = S(x) < Syner

J’r.\:2 <S(x+h)—-8(x) < hix+ h)z.

3 S(x +h) = S(x) _ .
h
Vai h <0, x + h >0, tinh todn twong ty, ta duogc
S(x + h) — S(x) B 1_2
h *

0 < 2xh + h:.

2xh + hj < < (.

Toém lai véi moi h = 0, ta ¢é

S(x + h) — S(x) _ 2
h '

< 2x|H + h2.

Suy ra

Sty = iy SEEM =) _ 2 o i)
h—0 h

Ta ctling chimg minh duogc S'(0) =0, §'(1) = 1.

Do dé, S(x) la mot nguyén ham cia ham s6 f(x) = v trén doan [0 ; 1].
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Mat khic trén doan do6, F(x) = —';—3— ciing 1a mét nguyén ham cia f(x) = > nén

%
S(x) = ‘T +C,CeR

Tir gia thiét S(0) = 0. suy ra C =0, Vay

3
X

S(x) = —.
(x) 3

Thay x = | vao dang thifc trén, ta cé dién tich ctia hinh cdn tim 12 S(1) = %

Bay gi0, ta x€ét bai toan tim dién tich hinh thang cong bat Ki.

Cho hinh thang cong gi6i han bdi cdc dudng thing x = a. x = b (a < b).

truc hoanh va duong cong v = f{x), trong dé flx) ia ham so lién tuc, khong

am trén doan |a ; b].

VGi mbi x € [a; b], ki hiéu S(x) 14 dién tich

cua phan hinh thang cong d6 nam giita hai y =¥

duong thang vuoéng goc vai Ox ldn luot tai a /
I

S(x

¥4

va x (H.50).

) 17
Ta cing ching minh duge S(x) 1& mot /M .
nguyén ham cua fix) trén doan [a ; b]. ol ¢ * X

Gia su F(x) cling 13 mot nguyén ham cua flx) thi

c6 mot hiing s6 C sao cho S(x) = F(x) + C. eIt

Vi S(a) =0 nén F(a) + C =0 hay C = —F(a).

Vay S(x) = F(x) - Fla).

Thay x = b vao déing thic trén, ta ¢é dién tich cta hinh thang cdn tim 1a
S(h) = F(b) — F(a).

Binh nghia tich phan

2

Gia s fix) la ham s& lién tuc trén doan [« : b]. F(x) va G(x) 14 hai nguyén ham cla
fix). Chitng minh réng F(b) - Fla) = G(b) — G(a). (tdc 12 hiéu s6 F(b) — F(a) khéng
phu thudc viéc chon nguyén ham).



Cho f(x) la ham s6 lién tuc trén doan [a ; b]. Gia sit F(x) la
mot nguyén ham cua f(x) trén doan [a ; b].

Hiéu s6 F(b) — F(a) dugc goi la tich phan tir @ dén b (hay tich
phan xdc dinh irén doan [a : b]) cia ham s6 f(x), ki hi¢u Ia

b

[F(x)dx.

o

Ta con ding ki hicu F(x)|” dé chi hicu s6 F(b) — F(a).

b
Vay | [fde = FO|, = Fb) - Fa.
il
h
Ta goi [ 1a ddu tich phan, a 1a cdn dui, b 1& cdn trén, fix)dx

o
la hiéu thite dwai ddau tich phdan va fix) 1a ham sé duoi dau
tich phan.
CHU Y
Trong trudong hop a = b hoidc a > b, ta quy udc

a b ¢
jf(.\'}d.r =0; [f(x)dx=- jf(_nd_r,
a a b

€ ] e
2) [~dr =Intf; =Ine~In1=1-0=1.
t
!
NHAN XET
b
a) Tich phan clia ham s6 f tir @ dén b ¢6 thé ki hiéu boi ff(.r)d.r
o
b
hay fﬂr)dr. Tich phan dé chi phu thudc vao fva cic can a, b
o

ma khong phu thudc vao bién so x hay 1.
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b) ¥ nghia hinh hoc ciia tich phan. Néu ham sé f(x) lién tuc va
b

khong am trén doan [a ; b], thi tich phan _[f(.r}d.t la dién tich
a

S cua hinh thang cong gigi han bai doé thi cua f(x), truc Ox va

hai duéing thang x = a, v = b (H.47a). Vay

b
S = I f(x)dx.

il

Il — TINH CHAT CUA TIiCH PHAN

a

106

TINH CHAT 1

[

h b
[kfody = & [£eody (k 12 hing s6).

I [

TINH CHAT 2

b h h
Jiro + goldx = If(.r}dr + [eCodx.

[ [

3

Hay chimg minh cac tinh chat 1 va 2.

4
Vi du 3. Tinh _[ (% + 3x)d.

Giai. Ta co

4

1

4 4 |1

j{xz + 'i\fT Ydx = j.t‘zd\' + 3 I.‘.’Ed‘[

4 3 _
:43 L2023 —1) = 35.




TINH CHAT 3

b g b
If[.l‘]d.r = I flx)dy + J._f[.l‘}dr (a<c¢<bh).
¥} o C

Chimg minh. Gia st F(x) la mot nguyén ham cua fix) trén doan [a ; b]. Khi
d6, F(x) cing 1a mot nguyén ham cua flx) trén méi doan [a : ¢] va [c: b]. Do
do, ta co

b

jf(.r}ch- 4 If(.r}d.t = (F(c) - F(a)) + (F(b) — F(¢))
il [ &
b
= F(b) - F(a) = J' Flx)dx. »

o
2n
Vi du 4. Tinh J' V1= cos2xdx.
0

Giai. Ta c6

27

2n
IJI —cos2xdy = \.1'2.~'~;in2 xdir= \E IISiH.\'|d.':’.
i}

0

t3
S

siny, nfu<x <

=

Vi lsinx| = {

—sinx,nfunt < x<2n

nén

2n L 2
J.\H — cos2xdx = \E[ﬂsin.\'dr & I|sin,r| dr]
{0

{ n

T 2n
=2 _[sin xdy - J'sin.rcl\'
0 i

]

\/E[(‘*COSI]‘: + (Cos X) i“] = 4\5.
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1T - PHUONG PHAP TiNH TIiCH PHAN

1. Phuong phap déi bién sé

|
Cho tich phan I = J'(zﬁ 1% d.
0
1. Tinh / b&ng cach khai trién (2x+1)°.
2. Dat «=2x+1. Bién ddi biéu thirc (2x+1)>dx thanh gu)du.

w1

3. Tinh I g(u)du va so sanh két qua véi / trong céu 1.
()

Twong tu phuong phip déi bién s6 trong viéc tinh nguyén ham, ta ¢é dinh Ii
sau day.

DINH Li

/_h{) ham s6 fix) lién tuc trén doan [¢ , b]. Gia sir ham sﬁ\
x = ¢(t)cé dao ham lién tuc trén doan [a : f ]l " sao cho

oa)=a@e(f)=>b va a<e(t)<bh v6i moi e|a; Bl
Khi dé
b

[foydx = _[f(gu(r))gﬂ(r)dr
= : /

Vidu 5. Tmh

.J.'+
I+i.

Giai. bat x = tant, —— T <t<Z. Tacé x'(r) =
2 2 cos™ I
Khix=0thiz=0 khix=1thir= =

Cic gia thiét cua dinh Ii trén (Ium: thoa méan. Do dé

=

[}I+\

15

4 4

- | - Ju
| + tan ! cmz {

0 0

(*) Néu f <e , taxétdoan |f:al.
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CHU Y

Trong nhiéu trudng hop ta con st dung phép doi bién s6 &
dang sau :
h

Cho ham s6 f{x) lién tuc trén doan [a ; b]. D€ tinh If{-r}dr.
doi khi ta chon ham s6 u = u(x) lam bién s6 mdi, tmnii_z do trén
doan [a ; b}, u(x) c6 dao ham lién tuc va u(x) € [a ; f].
Gia sir c6 thé viét

f(x) = gu(x)u'(x),x € [a;b],
v6i g(u) lién tuc trén doan [« : f.

Khi d6. ta co
uih)

[
]f(-"]d-‘-' = ‘[ glu)du.

ie)

i
Vidy 6. Tinh [sin”xcos xdx.

Giai. Dit u = sinx. Ta cou' = cos.x.

. . : -, T 4
Khi x =0 thi u(0) =0, khi x = E thi u(—z—] = 1.
Vay

: 1

jsm xcosxdx = juzdu = 5;;3 =
0

0 3

0

Vidu 7. Tinh j—~—¢r.
o+ x )

Gidi. Pat u =1+ x>, tacé u' = 2x,u(0) =1, u(1) =2 nén
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2. Phudng phap tinh tich phan tirng phéan
2 5
a) Hay tinh f{.w— le'dv bang phuang phap tinh nguyén ham timg phan.

i
b) Tir d6 tinh _[[.l;+ De'dy.
i

Tuong tr phuong phép tinh nguyén ham timg phén, ta ¢6 dinh If sau day.

DINH Li

/Né'u u = u(x) va v =v(x) la hai ham s6 c6 dao ham lién tuh
trén doan [« : b] thi

h h

Iu(t}\ [de-(u(t)m(t))l ju{\)l(\)dt
o [y

b b

hay J'ndr = m-m - Ird::.

o : J

T
2

Vidu 8. Tinh J.\'Siﬂ xdx.
{0

Giai. Dat u = x vi dv = sinxdx, ta c6 du = dx va v = —cosx. Do d6

i Ton
2 2 2
j_rsin xdxy = (—xcosx) o F J-cos.rdr
] 0
T T
2 2
=(—xcos.x) 0 + (s1n.x) 0= O0+1=1.

]I‘H
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o : I ; | : 1 s
Giai. Dat u = Inx vadv = —-dx, tacé du = —dvr vav = ——. Do dé
- X X

BAN CO BIET

NIU-TON (I.NEWTON)

Niu-ton la nha toan hoc, vat li hoc, ca hoc va thién van hoc
vi dai ngudi Anh.

Sinh ra thiéu thang, Niu-ton la mét dia tré yéu 6t. Ldn
Ién Niu-ton ciing khéng phai la mét cau bé khoé manh. Cau
thudng phai tranh nhing trd choi hiéu déng clia dam ban bé
cung Iifa tudi. Thay vao dé, cau tu sang ché ra nhimng trd
chai cho riéng minh, qua dé ciing thdy dugc tai nang thuc
nghiém cta Niu-ton sdm dugc bdc 16. Khi thi céu lam ra
nhilng dd choi ca hoc, nhu chiéc déng hé béng gd chay
duac, khi thi cau sang ché ra chiéc cdi xay gi6, bén trong dé
mét con chudt dong vai trd ngudi tho xay. C6 1an vao ban I. Newton

dém Niu-ton da tha chiéc diéu mang dén 16ng chiéu sang, (1643 - 1727)
khi€n cho dan lang hoang sd. Va ngay tif ltic nho, Niu-ton da rét chiu kho doc sach va
ghi chép cén than nhimg diéu Ii thG ma cau doc dudc trong sach.

Nam 1661, 18 tudi, Niu-ton vao hoc tai trudng Dai hoc Cam-brit (Cambridge). Tir dé
Niu-tan thuc su quan tdm dén khoa hoc. Thay day toan cla Niu-ton thita nhan
cau sinh vién xudt sdc da vugt minh va nam 1669 éng nhudng chifc vu gido su
cho ngudi hoc tré 16i lac dy. Niu-ton gilf chifc nay cho dén nam 1701.

Céng hién 1dn lao cha Niu-ton déi véi toan hoc 1a déng thdi va doc 1ap véi Lai-bo-nit
(G. Leibniz), 6ng da sang lap ra pheép tinh vi phan va tich phan. Ngay tif nhimg nam
1665 — 1666, luc 22, 23 tudi, Niu-ton da xay dung co sd clia phép tinh nay ma
éng goi 1a "phuong phap théng Iudng”, va éng da ap dung phuong phap dé6 dé
gidi nhiing bai toan vé Co hoc.

Niu-ton va Lai-bo-nit déu phat hién ra méi-lién hé sau sac gilta tich phan va
nguyén ham. Lich sif Toan hoc cho thdy khai niém tich phan da xuat hién déc lap
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vGi dao ham va nguyén ham. Do dé, viéc thiét lap mai lién hé gilta tich phan vdi
nguyén ham [a mét phat minh clia Niu-tdn va Lai-bo-nit.

Niu-ton da cé nhiing phat minh co ban vé day vé han. Bac biét, éng md rong
dinh i, nay goi la "dinh Ii nhi thifc Niu-ton" cho trudng hop s6 ma la mot sé thuc
tuy v.

Niu-ton cén cé nhimg céng hién ién lao trong céc linh virc Pai 8, Hinh hoc, Co
hoc va Vat li. Ong da phat minh ra dinh luét vi dai vé van vat hap dan.

1. Tinh cdc tich phéan sau :

T
2 T

\3,‘(1 - ,\')Ecir; b) Isin [—— - .r)dr;
0

b | =

|

<
e
b | o —

2 2
c) I—l—_dx d) I.'C[.l‘ +1)%dx;

I x(x+1)

1 0

2

T

%=y 2
e) J_—"jdr: g) I sin3xcos Sxdy.

1 {.‘.' + ]}b T

2 2

2. Tinh cdc tich phan sau :

1.
= 2
) .ﬂ] — xldx: b) Isinz.x'd.r;
0 0
In2 2x+1 1t
¢) .{ E v - ld"; d) [sin2vcos>xdx.
0 ¢ 5
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3. Sirdung phuong phdp déi bién s, hay tinh :

3 ¥2
a)]’ dx (datu=x+1) :

l:-J|..n

(1+,\)

|
b) I\H ~ x2 dx (dat x = sinr) ;
0

c) "—{!—‘}dx (dat u =1+ xe*) ;
0 1 + xe”
%I
d) d1 (a > 0) (dat x = asinr).
Vﬂ'

4. Sirdung phuong phap tinh tich phan timg phdn, hay tinh :

n

2 e
a) J(.r + 1)sin xdx; b) J"rz In xdx :
0
1
c) Iln(l + x)dx; d) J'(A.E D= The ¥k
0

5. Tinh céc tich phén sau :

|
1 3 2.3 2
a) I{I +3x)2dx: b) .[Iz = dx ; c) jde
0 0 X -1 Z

|
6. Tinh [x(1-xYdx bang hai phuong phép :
0

a) Doibiéns6u=1-x:
b) Tinh tich phéan tirng phan.

8. Gidi tich 12.A
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