UUNG DUNG CUA TiCH PHAN
TRONG HINH HOC

"R Tinh dién tich hinh thang vuéng dugdc giéi han bdi cac dudng thdng y = -2v - 1.y =0,
x=1vax=35.

So sanh vdi dién tich hinh thang vudng trong%1 cla §2.

1. Hinh phang gidi han bdi mét dudng cong va truc hoanh
& Gid st ham s6 y = f{x) lién tuc, nhan gid tri
khong 4m trén doan [a ; b]. Ta da biét hinh
thang cong giGi han bai d6 thi cia flx), truc
hoanh va hai dudng thang x = a, x = b ¢o
dién tich S duoc tinh theo cong thitc
b
§= J.f[.\'}ch'. (1)
[
Trudng hop fix) < 0 trén doan [a ; b], ta ¢6
—flx) = 0 va dién tich hinh thang cong
aABb biang dién tich hinh thang cong
aA'B'b 14 hinh d6i xing cta hinh thang da

Hinh 51 cho qua truc hoanh (H.51). Do d6
b
S = Saapp = Saagp = [(=f(0)dx. 2)
da
Téng qudt, dién tich S ciia hinh et
phing gidi han bdi do thi cua i
ham sé f{x) lién tuc, truc hoanh o i

(H.52) duoc tinh theo cong thiic

h i X
S = [lfolde | (3) = < ®\7 :
a

Hinh 52

vi hai duong thing x = a, x = b g
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Vi du 1. Tinh dién tich hinh phiing duoc gii han béi dé thi ciia ham s6 y = x°,
truc hoanh va hai duong thing x = -1, x = 2 (H.53).

}r.i
Gidi. Ta ¢6 x> <0 trén doan [-1 ; 0] va

x® >0 trén doan [0 ; 2). Ap dung cong thitc
(3),taco:

2 0 2
5= I|.1'3|d.r = J‘[-_r‘;}d.r + I_tad.r
-1 -1 0

~1

.1:4‘2 17
+—£—U = —.

4

2 - i ; 5
2. Hinh phing gidi han bdi hai duéng cong e

Cho hai ham s6 y = f(x) va y = f5(x) lién tuc v
trén doan [a ; b] . Goi D 1a hinh phing gi6i
han boi d6 thi hai ham s6 dé va cédc duong
thang x = a, x = b (H.54).

Xét truong hop fi(x) 2 fo(x) v6i moi
x€la;b]l. Goi §,5 ladién tich cta hai
hinh thang cong giGi han bdi truc hoanh. hai 0
dudng thang x = a, x = b va cic dudng cong

¥ =f1(x), y = f>(x) tuong tmg. Khi d6, dién tich

S cua hinh D 1a

Bl

Hinh 54

b
$=5 -5 = [(A0) ~fHrx)dv.
a

Trong trudng hop téng qudt, ngudi ta chitng minh dioc cong thie

b
8= ﬂf](.r) - fr(x)|d. (4)

CHU Y
Khi dp dung cong thiic (4), cdn khir ddu gid tri tuyét doi cla
ham s6 dudi ddu tich phan. Mu6n viy, ta gidi phuong trinh
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fi(x) = fo(x) =0 trén doan [a : b]. Gia sir phuong trinh c6 hai
nghiém ¢, d (¢ < d). Khi dé, fj(x) — f>(x) khong d6i ddu trén

cdc doan [a ; c], [c ; d), [d ; b]. Trén méi doan do. ching han
trén doan [a ; ¢], tacod

[[AG) - f01dx

a

p
| - fro|dx =

Vi du 2. Tinh dién tich hinh phing gi¢i han boi hai dudng thing x=0,x=n
va d6 thi cia hai ham s6 y = cosx, y = sinx (H.55).

Yi
Giai. Dat f)(x) = cosx, fo(x) = sinux. j
Tacé fi(x) - f(x) =0

< cosx—-sinx =0

n
X =— I ]
> X 45[ e

Vay dién tich ctia hinh phang da cho 12 Hinh 55
T
L9 & T
5= ﬂmsx —sinxldy = I|cos x — sinx|dx + _[|casx —sinxldx =
0 0 i
4
FLY
4 n
= j(casx — sin x)dx| + I(cﬂs X — sinx)dx
0 i
4
™
4 x
= |(sin.x + cosx) 0 +|(sinx + cosx)| |= Z\E.
n
&

Vi du 3. Tinh dién tich hinh phing gi6i han béi hai dudng cong y = x° — x Vi
y=x- o
Giai. Ta c6

[ -H@ = -0 -(x-x%)=x +x* -2x.
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Phuong trinh fj(x) = f5(x) = 0 ¢6 ba nghiém x; = -2, x, =0, x3 = 1.

Vay dién tich hinh phing da cho la

0 1
§= Jlr + x —2x|ch'= I(A'3+x2—2.r)dr+

-2

4 . 1
5o
4 3

0

8 5
—+
of 3

II - TINH THE TiCcH

Rz

Hay nhéc lai cong thirc tinh thé tich khéi lang tru c6 dién tich day béng B va chiéu

1.

cao bang h.

Thé tich clia vat thé

j'(x3 +x2 = 2x)dx

12

37

E.

Cit mot vat thé 0 boi hai mat phiang (P) va (Q) vudng gée véi truc Ox l4n luot
tai x = @, x = b (a < b). Mot mit phing tuy ¥ vudng géc véi Ox tai diém x
(a < x < b) cit 0 theo thiét dién c6 dién tich 12 S(x) (H.56). Gia sit S(x) lién tuc

trén doan [a ; b].

Hinh 56

i
]
(]
——

Ngudi ta chitng minh duge ring thé tich V clia phdn vat thé U giéi han bai

hai mét phing (P) va (Q) dugc tinh bdi cong thic :

b
V= J'S(.t)dx.

]

(5)
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Vi du 4. Tinh thé tich khoi lang tru, biét
dién tich ddy bang B va chiéu cao bang h.

&7

Giai. Chon truc Ox song song v6i duomg
cao cua khoi lang try, con hai diy nim
trong hai mat phang vuong géc véi Ox
taix=0vax=h (H.S57).

Hién nhién, mot mét phing tuy ¥ vuong géc  x
vGi truc Ox, cit ling tru theo thiét dién cé
dién tich khong d6i S(x) = B (0 < x < h).

Ap dung cong thirc (5), ta c6

O ............
h h I A B
1
V= [S(dx = [Bdx = By|; = Bh.
0 0 Hinh 57
2. Thé tich khéi chép va khai chép cut 0

a) Cho khéi chép ¢6 chiéu cao bang h va

dién tich ddy bang B. a
Chon truc Ox vuong géc véi mat phing S(x) oty 1|
ddy tai diém [ sao cho goc O trung véi L rry

dinh cta khoi chop va ¢é hudng xdc dinh

bdi vecto OF . Khi d6 Of = h. Mot mat h
phing (@) vubng gbéc v6i Ox tai x
(0 < x < h) cit khéi chop theo thiét dién
c6 dién tich 1a S(x) (H.58). Ta co
R A i
S(x) = B=- ;
h* l
Khi d6, thé tich V ciia khéi chop 1a Hinh58
h 2 ERTL
V = B%d\'=—%[3—J =B—;
o I W\3Jlo 3

b) Cho khéi choép cut tao bai khoi chop dinh § ¢6 dién tich hai day lan lugt
la B, B' va chiéu cao bang h.
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Chon truc Ox trung véi duong cao cua

khoi chép va gbe O tring voi dinh S. f;f!
Hai mat phang ddy cia khéi chép cut 4
cit Ox tai I va I' (H.59). Pat Of = b, Nt
OI' = a (a < b). Goi V 1a thé tich cha 4 B;{?%q
khéi chop cut. Ta co
h L)
V= [Bdv = B % -d%
b~ 3h°

il

9 1
b—a a +ab+b"
= "

3 b“

=B

]

a” = =
— vah=b—anén
h~

V.= %(B +«BB' + B').

Vi B'=8

Hinh 59

111 — THE TICH KHOI TRON XOAY

Nghé nhan lang gom Bdt Trang
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Bai todan

Gia sir mot hinh thang cong giGi han
boi d6 thi ham s6 y = f(x), truc Ox va
hai duong thing x =avax=bh (a < b)
quay xung quanh truc Ox tao thanh
mot khéi tron xoay (H.60). Hiy tinh thé
tich V cia no.

Giai. Thiét dién cha khéi tron xoay trén

tao boi mat phing vuéng géc véi truc Ox

tai x € [@ ; b] 1a hinh tron ¢6 bdn kinh
bing |f(x)|. Do dé, dién tich cta thiét

dién 1a S(x) =T;f2(.1‘]. Vay theo cong
thire (5) ta c6

b
Ve[ | ©)

Vi du 5. Cho hinh phang gi6i han boi
duong cong y = sinx, truc hoanh va
hai dudng thang x =0, x = © (H.61).

Tinh thé tich khéi tron xoay thu duoc
khi quay hinh nay xung quanh truc Owx,

Gidi. Ap dung cong thiic (6), ta c6
n ” T m
V= nIsin'.rdx =— I(I — cos2x)dx
0 2 0

2

14 | o Toon
=-—[.t — —sin Z,KJI[} = —.
2 2 2

Vi du 6. Tinh thé tich hinh ciu bén kinh R.

Giai. Hinh ciu ban kinh R 1a khéi tron
xoay thu dugce khi quay nira hinh tron

gi6i han boi  duong y=\;‘R2—.1‘2

(—R < x < R) va dudng thang y = 0 xung
quanh truc Ox (H.62).

Y4

S,

o
3

Hinh 60

ViR
s

Hinh 62



Lad

R 2
Vay V:nj’[ R2 = 2) dx

R
=n [(R? - xP)dx = E[sz - “—J ol
3/)|-r 3
-R
Bai tép

Tinh dién tich hinh phéng gidi han b&i cdc dudng :

a)_v:.rz,y=.r+2: b)y=]inx|,y=l; c)_v={x—6}2,y=6x—,t?'.
Tinh dién tich hinh phing giGi han b&i dudng cong y = x* + 1, tiép tuyén
véi dudong nay tai diém M(2 ; 5) va truc Oy.

r2

Parabol y = —5- chia hinh tron ¢é tam tai gbéc toa do, ban kinh 242
thanh hai phan. Tim ti s6 dién tich cta chiing.

Tinh thé tich khoi tron xoay do hinh phing gi6i han béi cic dudong sau
quay quanh truc Ox :

a)y=1 —.tz,_\l:D;

b)y=cosx, y=0,x=0,x=x;

c)y=tanx, y=0,x=0,x= -}

Cho tam gidc vuong OPM c6 canh OP nam trén truc Ox. Dat

POM = a, OM = R (05.&5%,!?}0).

Goi 7 1a khoi tron xoay thu duge khi quay tam v
gidc dé xung quanh truc Ox (H.63).

a) Tinh thé tich ctia "theo « va R.

b) Tim e sao cho thé tich ctia 7716n nhit.

Hinh 63
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BAN CO BIET

LICH SU PHEP TIiINH TIiCH PHAN

Phép tinh tich phan da dudc cac nha bac hoc sit dung tir trude thé ki XVIII. Dén thé
ki XIX, Cé-si (Cauchy, 1789 — 1857) va Ri-man (Riemann, 1826 - 1866) mdi xay
dung dudc mét Ii thuyét chinh xac vé tich phan. Li thuyét nay vé sau dudc Lo-be-go
(Lebesgue, 1875 - 1941) va Dang-gioa (Denjoy, 1884 — 1974) hoan thién.

Dé dinh nghia tich phan, cac nha toén hoc & thé ki XVII va XVIIl khong ding dén
khai niém gi6i han. Thay vao d6, ho néi "tong clia mét s6 vé cling I16n nhiing s6
hang vé cung nhd". Chang han, dién tich cla hinh thang cong 1a téng cliia mét sé
v6 cung l6n nhitmg dién tich cla nhing hinh chit nhat vé cling nho. Dua trén cd sd
nay, Ké-ple (Kepler, 1571 — 1630) da tinh mét cach chinh xac nhiéu dién tich va
thé tich. Cac nghién cltu nay dudc Ca-va-li-o-ri (Cavalierie,1598 — 1647) tiép tuc
phat trién.

Dudi dang tritu tudng, tich phan da dugce Lai-bo-nit dinh nghia va dua vao ki hiéu | Tén
goi "tich phan" do Bec-nu-li (Jacob Bernoulli, 1654 — 1705), hoc trd cla Lai-ba-nit
dé xuat.

Nhu vay, tich phan da xuét hién doc lap vdi dao ham va nguyén ham. Do d6, viéc
thiét 1ap lién hé gilta tich phan va nguyén ham Ia mét phat minh vi dai clia Niu-ton
va Lai-bg-nit.

Khai niém hién dai vé tich phan, xem nhu gidi han cla cac t8ng tich phan, la cla
Cé-si va Ri-man.

u

BAI POC THEM

TINH DIEN TICH BANG GIOI HAN

1. Tinh dién tich hinh thang cong

Xét hinh thang cong.gidi han bdi cac duong x=a, x=h (a < bh), y =0 va y = fix).
trong dé fix) 1a ham sé lién tuc, khéng &m trén doan [a : b).

Dé xac dinh dién tich cla hinh thang cong trén. Ta dlng phép chia nho, xap xi
bd&i mét hinh bac thang va chuyén qua gidi han.

Ta chia doan [a ; b] thanh n phéan tuy y béi cac diém x,. x,. ..., x, sao cho

a=XxXy<x) <..<X, = h,



Tif cac diém chia, vé cac dudng thdng song song véi truc Oy, tuong (g chia hinh
thang cong thanh » hinh thang cong nhé (H.64a).

| y=Ax)
B M,-ﬂﬁil
%%y £k
7 |
o .
. 7
7 nZ
0 Xo=ag¥1% —lg;;_"'i x""ﬁ.,‘?z'rﬂ = %1 g A
a) b)
Hinh 64

Tai m6i hinh thang cong x, ,A.B.x,, ta dung mot hinh chif nhat cé day la doan
[x;_y3 x;] va chiéu cao bang f(&) véi & 18y tuy y trén doan [x_,:x] (H.64b).
Hinh chir nhat nhéan duge x,_ M.N,x. c6 dién tich bang

FEENx, —x,_4).
S6 nay xdp xi dién tich hinh thang cong x, A B.x,.
Ki hiéu S |a dién tich hinh thang cong aABb céan tim, ta co
S = f(&)x —x9)+ f(& Nxy = X))+ # (€, Nx, — X, ),

"
hay S fE Ny, —x,_,). (1)
i=1
X&p xi nay cang chinh xac néu tt ca cac hiéu s§ x, —x,_, cang nhd. Su kién nay ggi ¥

cho ta vé phép chuyén qua gidi han khi max (x; =x; ;) dén téi 0 dé thu duoc dién tich
=isn

hinh thang cong aABb.
Xét
lim Z_,r'(:r.}[xi. -x,_,) khi max (x,—x,_,)—>0. (2)

. I<i<n
i=l

Ngudi ta chimg minh dudc rang néu f(x) lién tuc trén doan [a : b] thi gidi han (2)
luén t6n tai khéng phu thudc cach chia doan [a ; b] va cach lay diém & elx_;ix1

i=1,2, .. n. Tacoigidi han ay la dién tich cla hinh thang cong da cho.
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n
Vay S=lim) f(£)(x;—x,_,) khi max (x; = x; ;) —>0. (3)
i=1 sisn

b

Gidi han nay chinh la jf(x)d.r.
o

2. Ap dung

Nho giéi han dang (3), ta c6 thé tinh dugc dién tich mét s hinh phing.

Vi du 1. Tinh dién tich hinh thang cong ¥,

gidi han bdi cac dudng
y=.x2._v=0,.r=0vé x=1.
Gidi. Ta tién hanh theo phuong pt;ép térén
nhung chia doan [a ; b] thanh n phan bang ==
nhau, titc l1a d6 dai cac doan [x_:x] by g
—
&
bang l Diém & duge chon la mat trai 3 ";ﬁg
n
. L - ..a—""';',/
cua doan [x, ,;x], & =x_,. Khidé f/"ﬁ%:’/"’/
com Ppiz 2 .
i-1Y O X1 X Imx, X
f(é,-;t:(—J Li=1,2, ... n (H.65).
p | Hinh 65
Ta lap téng dang (1)
< 1i( 1 B 2 ; n—1 :
S“Eﬂ“‘ﬁ"“}"f—"? H H ! [ " ]
=-%—(1+22 PR Tl i
n 6n°
_ (n—=1)}2n-1)
6n°
N . (n=-D2n-1) 1
= I L, fe— X = — e
P Sl L = B

1

(vi chia déu doan [a ; b] nén max(x, —x, ,) >0 n— +x).
I<i=n

Vidu 2. Tinh dién tich hinh tron ban kinh R.

Giai. Vi dién tich hinh tron khéng phu thuéc vi tri cdia né trong mat phdng Oxy
nén dé xac dinh, ta gid s tdm hinh tron triing vdi g6c toa d6. Hinh trén déi xiing
qua tam, nén ta chi can tinh dién tich cla phan nam & géc phan tu thir nhat cla

mat phdng toa do.

Hinh trén dugdc gidi han bdi dudng tron cé phuang trinh 13 1 +y* = R, Ta c6 thé

viét phudng trinh nay & dang tham sé
x = Rcost, y=Rsint, 0<1<2n.



Ta tinh dién tich phéan tu hinh tron dudc gidi han bdi cung tron x = Rcost, y = Rsinrs

[Gs:sg} va haitructoaddx=0vay=0.

Ta chia doan [0 ; R] trén truc hoanh v
thanh » phan bdi cac diém x; (i=0, .., n) a M
sao cho cac diém M; (i=0, ... n) tuong ? iy Mi(xi:yi)

(g chia cung tron thanh » phén bang Yi
nhau. Khi d6, s6 do cac cung nho

déu bang 21 Piém & dugc chon

n
tring véi x, (mut phai doan [x,_,: x;])

=
,////
(H.66). Ta c6 Y é
%
=

X = Rmb[E-ri]
2 il

(i=12,..,n). 0 o
= Rsin [E—rlJ
2 2n Hinh 66
X0 =0, ¥ =R
Lap téng dang (1), ta dugc

3 - (5ol ) (5002

i=1 =]

T

L,

!

=
]
=
=Y

—"RQZSm[n :)— sin(2n — 2;+l}— sm—
par 2n 4n

=2R? sin-i [sin(n - lll.sinﬂn =1) £+
4n 2n 4n

+ sin(n — 2)1sin(2n —3}i+ .+ smlsm—}
2n 4n 2n

= R?sin 1[[::05—5——(:05{4:1 —3)1] [cosi—cns{f#n - ?,‘l_]
4 4 4n

4n n n
s n
+... +(cos—— Cos S—H
4n 4n

=R? cosl.[n - ])5ini~
4n 4n

- f\r?2 sini[cuss‘n—+cus 9-54- e+ cos(dn— 3}3:].
4n 4n 4n 4n

4n -
Vi cos5x+C0o89x +... + cos(dn—3)x _ sin(4n—1)x - sm?b.'
2sin2x
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nén téng trén viét thanh

; m . 3n
n . X " o . 51n(4n—1)£—;}é—51na
Zf(é’,- X, —x,_)=R cnsz;.{n— I)smauﬂ‘ 5‘“5; T
i=1 2sin—
dn
o sin(4n—1)-~ —sin 3~
= R* cos—.(n—1)sin—— R>. 4an an
4n dn T
4cos—
4n
Chuyén qua gidi han d&ng thifc trén khi n — 4o (vi max(x —x._ )20 < n— +x),
1<i<n :

ta dugc

A=

§= lim .Zf{;.)(.ri. ~%,,)=
i=l

: sin — sin(4n — l)i—sin in 5
= lim Rz CDS—E—.E[I _l) 4n _RZ 4n 4dn L R ;
340 4n 4 n/ ®™ 4cos o 4

4n 4n

Vay dién tich hinh tron bang nR”,



