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§1. Pai cuong vé dudng thang va mat phang

1. Gid st (P) 12 mot mat phiang va a 12 mét dudng thing sao cho a khéng nim

trén (P). N&€u (P) va a ¢6 it nhit hai di€ém chung phan biét thi theo dinh i
mat phiang (P) s& chita @ (trdi véi gia thiét).

2. Giasul=AB mp(P),J=BC mp(P).

Hinh 50
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Truong hop ba diém A, B, C khong thang hang (h.50)
Xét mp(ABC) va dudng thang IJ ta ¢6 IJ < (ABC). Theo gia thiét A, B nim
khac phia déi véi duong thang IJ va B, C ciing nam khdc phia déi véi
dudng thing IJ. Viy A, C nim vé mot phia cia duong thing 1/, nghia la
doan thing AC khong cat mp(P).

Truong hop ba diém A, B, C thang hang (h.51)
Khi d6, diém J tring v6i diém [ ; hai diém A, C
nam vé mot phia doi véi diém J trén dudng
thang qua A, B, C, nghia 1a A v C nam vé mot

phia d&i véi mp(P). Vay doan thang AC khong \
- = 2 =7
cat mat phang (P). o \

Gia st c6 ba diém A, B, C cha n diém di cho

thang hang. Khi dé bén diém A, B, C, D nio B

ciing dong phang (méu thudn véi gia thiét). Tu Hinh 51

do6 suy ra diéu phai ching minh.

Gid sit Ay, Ay, .... A, 1a n diém da cho.

Néu chiing thing hang thi ré ring chiing déng phing.

Néu ching khong thang hing thi tén tai ba diém khong thing hang (ching
han A, A5, A3). Qua ba diém do6 ta c6 mp(A;A,A43). Khi d6 vi bon diém
ndo cla n diém da cho ciing déng phing nén cédc diém A, i = 4 déu nam

trong mp(A;A,A4;).
Gia sir ¢c6 mp(P) chita bon diém M, N, I, J. Khi dé
Me(P), Ne(P) =2 MNcCc(P)=Ae(P),Bel(P)
va le(P),JeP)=I]c(P)=C e (P),D e (P)
nén A, B, C, D déu thudc (P) (trdi gia thi€t). Suy ra diéu phai chiing minh.
(h.52)

A
Vi A vi B nim vé hai phia d6i vdi mp(P) [\
nén duong thang AB cit (P) tai mot diém 1. = =
Khi d6 7 ¢6 dinh. A )/
? s 5 ; : B \

Néu M niam trén dudng thing AB thi |
A sehi=d M

; . B
Néu M khong nam trén duong thang AB thi
co mp(MARB). Khi dé Hinh 52
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A'e AM, AM c mp(MAB) = A" € mp(MAB)
B'e BM, BM — mp(MAB) = B' € mp(MAB) (1)
I € AB, AB < mp(MAB) = I € mp(MAB).

Mat khic, cac diém A', B', I déu thuoc mp(P). (2)

Tir (1) va (2) suy ra ba diém A', B', I thang hang, tic 1a dudng thang A'B' di
qua diém c6 dinh /.

(h.53)
Hinh 53
BN  BP " :
a) Xét mp(BCD), ta co 2C * 2D Suy ra dudng thang NP cat dudng

thang CD tai mot diém 1. Diém I thuoe CD va ciing thuéc mp(MNP) nén [
chinh la giao diém cta CD va mp(MNP).

b) Goi E la giao diém cta duding thang MI vi AD. Khi dé, 10 rang E va P
12 hai diém chung ctia hai mat phang (MNP) va (ABD).

Vay (MNP) m(ABD) = EP.
(h.54)

a) Ta co (MBC) n (NAD) =MN.

b) Goi K l1a giao diém ctia MB véi ID
va H 1a giao diém ctia MC véi DJ thi
ro rang K va H 1a hai diém chung cuha
hai mat phang (MBC) va (I/D) nén

(MBC) m (1JD) = KH.

Hinh 54



9. Truong hop Ox, Oy, Oz khdng déng phdng (h.55)
Dé thidy M, N, I 1a ba diém chung ctia hai mat phiang phén biét (ABC) va
(A'B'C") nén ching thuoc giao tuyén cua hai mit phang dé. Viy ba diém
M, N, I thang hang.

Hinh 55 Hinh 56
Truong hop Ox, Oy, Oz thuoc mét mp(P) (h.56)
Qua O ta dung moét duong thing A khong nam trén mp(P). Trén A 1dy céc
diém Oy, 0,. Goi A, la giao diém cla 0,4 v6i 0,A", B, la giao diém cla
0B v&i O,B'. Dé chiimg minh A B, A'B', AB déng quy tai /. Tuong tu, ta
dung diém C, la giao diém cta 0,C véi O,C'. Hai tam giac A,B,C, va ABC
khéng nam trong mot mat phang, nén theo céu a) ta duge ba diém M, N, [
thang hang,
10. (h.57)

Ta chon mot mat phiang chita /K va tim
giao tuyén cGa mat phang nay Vi
mp(ACD) thi giao di€ém cha giao tuyén
d6 voi IK chinh 1a diém J cén tim.
Xét mp(BIK), goi M, N lan lugt la céc
giao diém cta cdc cap dudng thang B/
vol CA va BK voi CD. Khi do

(BIK) m (ACD)=MN.

Tit d6 J chinh 13 giao diém cua dudng :
thing MN véi dudng thing K/. Hinh 57
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11.

12.
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(h.58)
a) Ta co
JN < mp(MNP),

IP < mp(MNP).

Vi CN=EG=DP=1

NA GA PA 2
nén trong mp(ACD) cac diém N, G,
P nam trén mot dudong thing song
song vdi CD. Tir d6 G thudéc NP,
suy ra MG < mp(MNP). Viy ba
dudng thing MG, JN, IP déu thuoc
mp(MNP).

Hinh 58

b) Vi H la giao diém ctua MG véi BE nén H thuoc mp(MNP) va mp(BCD).
Vi Kla giao diém cia GF v6i mp(BCD) nén K thudoc mp(BCD) va
mp(MNP). Mit khic mp(MNP) va mp(BCD) cat nhau theo giao tuyén /J.
Vay cdc diém H va K phai thudc duding thang 1/, tic 1a bon diém 1, J, H, K

thang hang.

(h.59)

a) Goi O la giao diém cia AC va
BD ; J la giao diém clia SO va AE.
Hai mit phang (SBD) va (ABE) co
hai diém chung 1a B va.J. Do dé
(SBD)  (ABE) = BJ.

Goi F la giao diém cua BJ va SD
thi F chinh la giao diém cula
duong thang SD v6i mp(ABE).

b) Goi I la giao diém cua AB vi
CD. Khi dé ba diém /, E, F clung
thuoc hai mat phang (ABE) va
(SCD) nén chiing thang hang.

Hinh 59



13.

14.

(h.60)
a) (P) m (SAB) = BM,
(P) M (SBC) = BN. S

Hinh 60

b) Xét mp(SAC), goi [ 1a giao diém cta SO va MN thi I la giao diém cia
SO va mp(P). Goi K 1a giao diém cha dudng thing Bl véi SD thi K la giao
diém ctia SD va (P).
c) (P) m (SAD) = MK,

(P) (D) =KN.
d) Trong mp(SAD) goi E la giao diém cla duong thing MK véi dudng
thang AD thi E 1a giao diém cua (P) va AD.
Tuong tu giao diém F ctia KN va DC la giao diém cua (P) va DC.
R& rang B, E, F 1a ba diém chung cta hai mat phang (P) vi mp(ABCD)
nén chiing phai thang hang.
a) (h.61)
Thiét dién la tam gidac MNI.

Hinh 6f Hinh 62
b) (h.62)
Kéo dai MI cit BD tai J. N6i J v6i N cat CD tai E. Thiét dién 1a td gidc
MIEN.
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16.
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¢) (h.63)

Kéo dai MI cat AC tai J. Néi J va N cit
CD tai E. Thiét dién 1a ti gidc MIEN.

a) (h.64)

Goi K 12 giao diém ctia AD va BC ; khi
d6 hai mat phang (SAD) va (SBC) c6 hai
diém chung S va K. Vay giao tuyén cua
ching 1a duong thang SK.

b) Goi M la giao diém cua IJ va SK. Khi
do (SAD) m (ALl) = AM. Goi E la giao
diém cua AM va SD thi E chinh la giao
diém cua SD véi mp(AL)).

c¢) Thiét dién caa hinh chép khi cat boi
mp(ALS) 1a tr giac ALJE.

a) (h.65)

Goi H, E, F lin luot 1a ciac giao diém
cia A v6i cic dudng thang AB, AC va
AD. Khi d6 ciac canh bén SB, SC, SD
cta hinh chép lin lugt cit cdc dudng
thing MH, ME va MF tai M|, M,, M.
Thiét dién cta hinh chép khi céit bai
mp(M, A) trong truong hop nay la ur
giac MM MM .

Hinh 65

b) (h.66)
Thiét dién 1a ti gide MM ,CM.

Hinh 64

Hinh 66
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¢) (h.67)
Thiét dién la ngi giac MM | LJM ;.

d) (h.68)
Thiét dién la tam gidc MI'J'".
a) (h.69)

Trong mp(ACD), kéo dai EF cat AD tai K. Khi d6 thiét dién can tim la tam
gidc BFK.

Hinh 69 Hinh 70

b) (h.70)

Trong mp(ACD), kéo dai EF cat AD va DC lan luot tai K va J. Khi do thiét
dién céin tim la tam giac BK/J.

75



18.

19.
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¢) (h.71)

Goi [ 1a giao diém cua BD'
va AC (I la trung diém cla
AC). Xét mp(BDI) ta co
dudng thing BF cit DI tai
mot diém J. Khi d6 J la
diém chung cha hai mat
phang (BEF) va (DAC). Viy
(BEF) cat (DAC) theo
duong thing EJ. Dudng
thang nay cat AD va DC tai M
va N. Viy thiét dién can tim
la tam gidc BMN.

(h.72)

Goi E la trung diém cua BD.
Trong mp(ABCD), tir E ke
dudng thing EF song song
vGi AC. Puong thing nay
cdt mot trong hai canh CB
hoic CD. Ching han cit
canh BC tai F. Tam gidc
SAF chinh la thiét dién
cin tim.

Trong truong hop E trung
vGi giao diém I cia AC va
BD thi EF trung véi IC. Dé
ching minh riang dudng
thang AF chia tir gidc ABCD
thanh hai phéin cé dién tich
bing nhau.

(h.73)

a) N6i 1 va J cat AC tai N.
N6i I va K cit AB tai M.
Tam giac IMN la thiét dién
cén tim,

Hinh 71
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b) Dé thay M la trong tam tam gidac ADK, N la trong tam tam gidc ADJ.
Tir do, tacod

2 2
AN = SAC, AM = S4B,
2 . 2 74
Suy raAN =AM = Ta vaMN // CB. Do d6 MN = SCB hay MN = Za

Xét tam giac AIM. Ta co
IM? = AI* + AM? — 2A1.AM.cos60°
a- 4 - a 2a 1 E o

e
6

ey

6

Viy theo cong thic Hé-rong, ta co
S — a\/ﬁ_t_ga .Ea.ga. (IJE _Ea —ﬁ
R 6 6 )6 6 6 6 | 6
(h.74)

Vi bon dinh cioa ti dién khong dong
phang nén bon duong thang (lan luot di
qua moi dinh cia ti dién va tam duong
tron ndi ti€p cua mat doi dién) clng
khong déng phang. DPé chitng minh bén
duong thang d6 déng quy ta chi cén
chimg minh chiing d6i mot cit nhau.

= M =

Tuong tu, taco IN =

Goi A', B' lan luot la tam dudng tron ndi
ti€p cha tam gidac BCD va tam giac ACD.
Goi E la giao diém clia BA' v6i CD. Theo

tinh chat duong phan gidc, ta cé Hinh 74
EC _ BC
ED  BD

BC AC _EC AC

Tir gia thiét AC.BD = AD.BC = 5D = AD :}ED =15
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Suy ra AE la duong phéan gidc cua goc CAD, do do6 tam B' cua dudng tron
noi tiép tam gidc ACD phai thuoéc AE. Hai duong thang AA' va BB' nim
trong mp(ABE), dé thdy ching khong song song nén ching cit nhau.
Ching minh twong tu, hai dudng thang bat ki trong bén dudng thiang néi
trén cat nhau. Vay bon duong thang dé khong dong phang va doi mot cat
nhau, nén ching dong quy.
(h.75)
a) Goi K 1a giao diém cia MN
va BC thi K c¢6 dinh va K la
mot diém chung cua mp(P) voi
mp(BCD). Mat khac
mp(P) m mp(BCD) = EF.

B
Vay K phai thuéc EF, nén EF
luén qua diém c6 dinh K.
b) Ta c6 I 1a giao diém cia ME
va NF. Vay
I e ME,ME — (MCD)=1 < (MCD)
vi I € NF, NF < (NBD) = Hinh 75
I € (NBD). !
Tir d6, suy ra I thude giao tuyén OD cua (MCD) va (NBD).
Khi E chay dén C thi F chay dén B va I chay dén O.
Khi E chay dén D thi F chay dén D va [ ciing chay dén D.
Vay tap hop cdc diém [ 1a doan thang OD.

Hoc sinh tir chitng minh phén dao.

¢) J la giao diém cua MF va NE. Tir do dé thdy J thudc ca hai mat phang
(ABD) va (ACD). Vay J phai thuoc giao tuyén AD cua hai mat phang
(ABD) va (ACD).

Li luan tuong tu nhu cdu a) ta thdy tap hop cdc diém J 1a duong thing AD
trir cdc diém trong clia doan AD.



