B - LOI GIAI - HUGNG DAN - PAP SO

§1. Vecto trong khong gian. Su dong phang cua cac vecto
1. (h.133). Cach 1

Tacé IJ = IA+ AM + MJ (1)
IJ = ID + DN + NJ. (2)
Tir (2) ta ¢6
kIJ = kID + kDN + kNJ
hay  kIJ = IA + kDN + MJ. (3)

Tu (1), (3) taco

Hinh 133
(1-Kk)IJ = AM — kDN
st 1 k
hay [IJ = TAM — —DN
Chitng minh tuong tu nhu trén, ta cé
oy I | —
Mit khic MA = —2'5473' ND = —-2NC
== 2 == A
nén I —'ITIMB—ITENC
Tix d6, ta ¢6 IJ =2JK.
Vay ba diém /, J, K thang hang.
Cach 2
Vi MA = —2MB
L A ’?_.
san O A OB O = 22T 208,
TasnEt o = 0 T . OO RO . DURO0
: 3 1-£k 1 -k
—  OM - kON
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Tir do, ta cé OJ = —— - —(OA + 20B - kOD — 2k0C)

._.
I
=
| =

1 1., = OR
= 7= *3((1= k)0l +2(1 ~ KOK]

(0 +20K) = 01 + 0K .

Mk i 5 = =1

3
Vay ba diém I, J, K thang hang.

2
3

(h.134)
Xac dinh m :

B' = b, BC = ¢ thi
B ':&'+5+E’.

Do R = mm nén

— BC-mBA ¢ -ma
BM = T = T Hinh 134

Tuong tu, ta co

ﬁzBD—mBC =a+c'—m{b+c]
1 —m l1—m

| m -
a-— bh+r¢c.
1 —m 1 —m

Tuedé MN = BN - BM

_l+ma. m - m
|l —m I —m 1l —m

Do AC, BD' chéo nhau va DC'. BD' chéo nhau nén

c.

MN /| BD' < MN = kBD'

& MN = ki + kb + k€ .
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Miit khdc @, b, ¢ khong déng phing nén diéu 4y xay ra khi va chi khi

1+ m

—=Fk
1 —m
Lo B
| —m
B
1 -m
Suy ra 1+m=-m<:>m=—%-
Ttrdc’r,tacék=?
]
Vaymz—z thi MN [/ BD'.
Tinh MN :
s —_ ] o=
Khi ay MNZE(a+b+('}
o=l I,.,,z -2 -] — R — - o=
do do MN zﬁ(a +b +c¢°+2ab+2ac +2b.c)
hay Mszg{a2+b2+c2+ab+ac+bc]
] 5
tue la MN=E\{az+b2+f“+ab+b{'+m.
3. (h.135)
Pat AA' =ad AB=h, AC =¢.
Ta co
E=%(E+E‘}
bbb
=—=(b+a+b
2( a+b)
1 &
= —(d + 2b) : 1
2(a 3} (1)
§=%(H+El
=%(a+a+a Hinh 135
L
= E(Za F& ) (2)
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% _ AC' +2AB
3
A+ +2a+b)
2 3
33 +2b+¢
s (3)
Tir (1), (2), (3) ta c6 ;T=%(E+E).

—_— — —

Vay Al, AJ, AK déng phing, tic 1a cdc diém A, 1, J, K cing thudc mot

mit phing.

Chii y. C6 thé ching minh cdc diém A, /1, J, K thudc mot mit phing bing

cach chitng minh A/ vi JK cit nhau tai M (xem hinh 135).

(h.136)

Vi ABCD la hinh binh hanh nén
SA +SC = SB + SD

hay SD = SA + SC — SB.

Dat  SA =aSA, , SB = bSB,,

(véia, b, ¢, dla cic s6 16n hon 1).

SA  SC
Khi do —t——=a+c
S4A;  SC, Hinh 136
SB SD
LA L
sg, "sp, U7
sop A oam L =d B
v SD, = —-8D = —(8A + 5C — 5B)
d d
= }%(HSAI + (1SC| - bSBi)
= %-SA] +§-SC, o
Miit khdc, céc diém A,, B, C,, D, thuoc mit phang, nén tir dang thiic do suy ra
d d d "

ticla a+c=bh+d.
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Nhu va —
AR % 50, B 30
5. (h.137)
L L P
ePiat AA'=a, AB=bh, AD=7¢
oL = |
Tacdé ab=bc =¢ a=5m
2 A B
vi a=b =%=n". Wl <
[ ,’: C e
Goi M la trung diém cua BB' thi #N
L= e = e ;’.‘j-'l S T
MP = MB + BA + AP Lt B
. D' =
Do AP=D'A=-d-7¢
nén '—P=—£—E—Ei—?
2 0
) 3& H . Hinh 137
= h —¢

Matkhic MQ=MB' +B'C'+C'Q

= MB'+B'C'+ DC'

Nhu vay MP = —@, tifc 1a ba diém P, M, Q thang hang hay dudng thang
PQ di qua trung diém cta canh BB',

]

eTacé PQ*= PQ =4MP

=4

=4[ :
3

= 4-Tm2 = 33m> = PQ = m33.

gl e _.2 0 5 22 5 55 iy iy
a+b+c| =4 Za +b +c¢° +3ab+3ac+2bc

v ko w

2 3 3
m* +m> +m° +§mr2 + Zm* +m2]

4 2
3
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6.

(h.138) D,
Cdch I. Dat AA' =d, AB = b,
AD =¢.

Tir gia thi€t, ta c6

BD'+ BD, = 2BA = —2b

—

ma BD'=G—b +¢.
Vay BD, =-d-b —¢.

Lip luidn tuong tu nhu trén,

—

tacé BD,=a+b-C

D4

-

va BD; =—-a+b+c. Hinh 138

Vay BD, + BD, + BD; + BD' = 0.

biéu nay chimng to B la trong tam cua ti dién D, D,D3D".

Cach 2.

Goi I 1a giao diém ctia BD' va mp(AB'C) thi D'I = 2IB.

Goi J la giao diém cua BD' v6i mp(D,D,D5), do D, D,, D5 la cic diém

déi xtng cua D' lan luot qua A, B', C nén IJ = ID" hay D'B = %D'J.

Mait khdc [ Ia trong tim tam gidc AB'C nén J la trong tam tam gidc
DD,D5. Tir d6 B 1a trong tam cua ti dién D, D-,DyD".
(h.139)

a)Dit AA'=d, AB=b, AD =¢

. A' B
Khi d6, ta c6 /:\\\
=i = - I)' : ‘\:\\ L_“
a.b=be =¢c.a=10 T 1 MR
7 =32 2 ‘a \ \1. \x\
vii. @ =b =7, T. 5
S — M’t,\; \ ‘x\
Vi MA = kMD' ,-:.Lf,-’. \ 5
3 ¥ S TR ‘T:::::
nén MA = k(MA + AD"). f’:———"\*ﬁ?ﬂ g
VB AW = T o G
d = a+c).
1y k—1 Hinh 139
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Tuong tu nhu trén, ta co

——  AD — kAB Eow  § o
AN = ———— = - b+ .
Tir d6 MN = AN — AM
14k, k . =
_l—k(+1—k{a_b)
hay m=}+ffﬂ_ﬁ+%.€4—.’.

Nhu vay ba vecto MN, BC, BA' déng phang.

Mat khac AD', DB cat mp(A'BCD') ; ciac diém M, N lan lugt thuoc AD', DB
vai k=0, k # 1 nén MN khong thudc mp(A'BC). Vay MN song song voi
mp(A'BC).

b) Ta co A'C=-d+b+¢ :AC., AD' chéo nhau ; A'C, BD chéo nhau ma
M e AD', N € DB. Do dé, dudng thaing MN song song v6i dudng thing
A'C khi va chi khi MN = mA'C, tic la

k . & 2 1+k,

a— h+l ¢ =—md + mb + mc .

1 -k 1 -k k

Do @, b, ¢ 1a ba vecto khong déng phing nén ding thiic trén xdy ra khi va
chi khi

£ e "
-x
__k__
=%
l+k_m
-k
1
Suy ra —k=|+ﬁ:«=>ﬁ:=—5-
Vay khi k = —% thi MN song song vai A'C.
Khids  MN = —~@-b -2).

3
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e =2
MN,DB=—%{—.F3 +c

Piéu nay khang dinh MN vuéng goc véi AD' va DB.

(h.140)
pat AD =d, AB =b, AC =¢. A
Khi do, ta co

.5 =B 52 B M

2
i N 2 D

va a=b =c°=m". B
a) ViM, N la trung diém cua AB via CD nén N

MN = %{Aﬂ + BC) c

Hinh 140

) I — — —
hay MN =E(a+rx—h)+

1

—'2 5 -2 — =3
Vay MN? = MN =G>+ +b +2dc -2db-2b0)

4
2
=Z(ml+r.'12+ﬂ"12+s'ﬂ2 —mz—mz)=2—T;--
Tic 1a MN = ’”f-
b) Ta co
ME AR == Eed=Dd

Viy goc giita hai dudng thaing MN va AB bang 90°.
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Vay goc giita hai duding thing MN va CD bang 90°,

Ta co
g ]- - - Py T =4
N.BC = E(a +¢ =b)-b+c)

Lo cpill B RE . .3, B
= 5(—&'..’1 —bc+b +ac+c” —-bco)
Mmooy oy o
2l 2 2 2 2
.
= 2m i

—— = == = ]
Tic I [N [BClcos(MN, BE) = Zm?.
2
m
. e et N . )
Tir do cos(MN, BC) = = "
o 2 2
g
Viy géc giita hai duong thing MN va BC biang 45°.
9. (h.141)
Vi MA = k,MC
—  JA-kIC
nén IM = Ll

Tuong tu, ta cd

5 _IB—kID _—IA—kID
-, 1— &,

Hinh 141
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10.

—

Mat khac I} = —{IC + ID]
D¢ cic diém I, J, M, N thuoc mot mat phang, diéu kién cin va du la ba
vecto IM, IN, IJ déng phang. R6 rang la IN va IJ khoéng cung phuong
nén diéu khang dinh IM, IN, 1] ddéng phang tuong duong véi

IM = pIN + qlJ

Hakle e azm q =
Ik = Ik

1 P\ [k pky ¢l _z
@('—h+l—k2Jm [—fc; ]fC [ e LA

—_— — —

Do IA, IC, ID khong déng phing nén ding thic trén tuong duong véi

hay 2(C + ID)

1—Ik,+1—p;czzﬂ
41‘{;& % 0
iiiz'g‘_”

K 1?;\-,:_1{221?&1

hay ky =k,
Lay E,, E,, E; lan luot thudc cic tia Ox, Oy, Oz sao cho OF| = OF, = OF;,
bat OE, = ¢, OE, = &, OF; =&,
a) Do ba tia Ox, Oy, Oz khong déng phing nén
(e; + &, + 33)1 > 0,
Wcld & +&7 + 67 + 2.8 + 6.8 + 6.6 > 0

= 30.&“,2 + 2015712 (cosa + cosf+ cosy) > 0.

3
Vay COS@ + COSf3+ cosy> == -
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11.

12.

146

b) Dé thiy OE, + OE, [/ Ox,
OE, + OE /| Oy,
(3-E;+5E;HOZ,.
Ox, L Oy, & (OE, + OE,)(OE, + OE;) = 0

hay OE, + OF,.OF, + OF,.OF, + OE,.OF, = 0.

Ta co

(OF, + OE, )(OE, + OF,) = OF, + OF,.OE, + OE,.OF, + OE,.OF; = 0.
Vay Ox, L Oz,.

Tuong tu, ta cting c6 Oy, L Oz,.
a) @, b, déng phing.
b) m* + n’ -Ih..r;'2 > 0.
Theo gia thiét, ta co
OI = AA;, OJ = BB,, OK = CC,.

Do (@), (), () song song véi nhau, hai duong thang A, A, cit ching ldn
luot tai A, B, C va A, B}, C| nén theo dinh Ii Ta-1ét, ta ¢6

BA = kBC va B/A, = kB,C,.

T BA = kBC nén véi diém O, ta c6

. 0A - kOC

B=——.

5 1-%
Tuong tu, ta cling c6

. Gk i

OB, = =i

——  —  —  AA | —
Tir do BB, = OB, — OB = L CC,

1-k 1-k

—t | — Fo—

LﬁyOtrﬁngvﬂH,tacéE-":—%k-E.

Nhu vay ba diém 1, J, K thiang hang.



13.

14.

(h.142)
Trudc hét, ta chitng minh
AC* + BD* + BC* + AD* = AB* + CD* + 4lJ".
Pat DA =d, DB =b,DC =¢.Tacé
IJ =1IA + AD + DJ

—_

A . = DO _

= -5 tAD+ - Hinh 142
i, o = w [EY —8-btE

= —E(—G+h)+[—ﬂ}+[§] = —2'—

—2 =2 =2 4 5 = _a
AB +CD +4ll =(b—-a)  + +@+b-0)
=2 fottt
=2 +2&d +26% 237 —2bi.

AC +BD +BC +AD =(c—-a) +b +(c—-b) +a

2 =2 -2 =i 4
= 2a“+2b +2c¢° -2a.c -2bc.
Vay, ta ¢o

AC? + BD? + BC? + AD®* = AB? + CD* + 41J2
Tuong tu, ta ¢é

AC? + BD? + AB* + CD? = BC? + AD? + 4HK?

AB® + CD? + BC® + AD? = AC? + BD? + AEF?,
Tir dé
AB? + CD* + AC? + BD* + BC? + AD? = 4(IJ* + HK? + EF?).
(h.143)
Cdch 1

—

Tae AM =%E,m c6 BM =%ﬂ,

mit khiac BN = %E

nén MN || AC.

Néu ¢6 k dé cac diem M, N, P, Q thuoc
mot mat phang thi mp(MNQ) cit
mp(ACD) theo giao tuyén PO nén PQ // AC.

Hinh 143
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Mat khic AQ = %E

—_— | —

nén DP = %DC.

Vay k = —}11- thi cdc diém M, N, P, Q cing thuéc mot mat phang.

Cach 2

Dum=%ﬁ
i A~ @y g 118
i 3
_— = — = 2 = - 2
AN=AB+BN=h—a+§(v—b)z—a+5b+§c'

AP = AD $ DP =-F +4DC =8 + ki
|

E=—Er}:
Khi dé

— 2. 2.

MN__§H+§{

— 2. 1= .

MP——g —§IJ+kﬁ

MO = -~ - <b
Bl

Cic diém M, N, P, Q thuoc mot mat phang khi va chi khi ¢o s6 x, y sao cho
MP = xMN + yMQ

2 . 14 - 2 B L. Lo
— —§H—§b+k{' =—§xa +§I{'—E_}’ —g_}'b.
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5.

Do a, b, ¢ khong dong phing nén diéu dé tuong duong véi

2. o2
3 &° 3
o —
373
3 1
= y—],l—z,k—i‘
Vaykhikzé m
(h.144)

=

Pit AD=3d, AB=b, AA'=C. ViM

thude dudng thing AA' nén
AM = kAA' = iZ ;

N 1a diém thuoc dudmng thang BC nén
BN = la :

P 1a diém thuoc dudng thing C'D' nén
C'P = mb.

Vi k, I, m la nhitng s6 thuc.

Ta co

NM =NB+BA+AM = -l —b + k¢
NP =NB+BB'+BC'+C'P

=-la+c+d+mb
=(1-Da+mb+c¢.

Do NM = 2NP nén ta c6
~1=2(1-1
—1 = 2m
k=2
MA

VA = 2.

Hinh 144

1

::-kzZ,m:—E, I=2,
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