§2. CUC TRI CUA HAM SO (2 tiét)

1- MUC TIEU
Kién thirc
Gitp hoc sinh hiéu rd
— Dinh nghia cuc dai va cuce tiéu cua ham sé.

— Piéu kién cin va di dé ham sé dat cuc dai hoac cue tiéu, tir dé hiéu ducc hai
quy tic 1 v 2 dé tim cyc tri cia ham so.

Ki ndng

Rén luyén cho hoc sinh van dung thanh thao hai quy tac 1 va 2 dé tim cuc tri
cua ham so.
I - NHONG PIEU CAN LUU Y

1. Khi gidi thiéu dinh nghia cuc tri ciia ham s6, c¢in luu ¥ cho hoc sinh ring diém
cue tri phai 12 mot diém trong cha tap hop 9. N6i mét cdch khéc, diéu kién
cin dé x; € Y 1a mot di€m cuc tri cta ham s6 f 12 49 chifa mét 1an can cua
diém x; (tdc la mot khoang chia diem . ).

Chang han, xét him s6 f(x) = Jx xidc dinh trén [0 ; +0).
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Ta cd f(x) > f(0) véi moi x > 0 nhung v = 0 khong phai la mot diém cuc
tiéu cta ham s& vi tap hop [0 ; +w0) khong chiita bit ki mot lan cian nao coa
diém 0.

Trong dinh Ii 2 khong thé bo qua gia thiét "ham s6 [ lién tuc tai diém x;,".
Vi du sau diy cho ta thiy diéu do.

Vi du. Ham s6

£00) l—xvoix<0
I:
xvaix >0,

xdc dinh trén E va ¢6 dao ham trén céc khoang (= ; 0) va (0 ; +0) ;

fx)==1voimoix<Ova f'(x)=1 véimoix>0.
Tuy nhién diém x = 0 khong phai 12 diém cuc tri cia ham s6 f. Khong thé dp
dung dinh 1i 2 cho truéng hop niay vi him s6 f khong lién tuc tai diém x = 0.
Ta biét ring diéu kién cén dé ham s6 f dat cuc tri tai diém x; 13 ham s6 ¢6
dao ham triét tiéu tai x,; hodc ham so khong c¢6 dao ham tai x, . Trong bude 2
ctia quy tac 1 tim cye tri cia ham s6, 6 néu :
Tim cdc diém x; (i = 1, 2, ...) tai d6 dao ham cla him s6 bing 0 hodc ham s
lién tuc nhung khong c6 dao ham.
Tuy nhién, theo dinh 1i 2, néu him s6 f lién tuc tai diém x,, 6 dao ham trén
cdc khodang (a ; xg), (xg : b) vanéu f'(x) doi dau khi x qua diém x; thi x
la mot diém cyc tri cta haim s6 f. Vi viy, trong thuc hanh, muon ching to x,
la mot diém cuc tri cua ham s6, ta chi cin xét diu ciia f'(x) trén hai khoing
(a; xy) va (xy:b) ma khong cin xét xem tai diém x; ham sd f c6 hay
khong cé dao ham.
Chang han, khi giai vi du 2 : "Ap dung quy tic 1 tim cuc tri ctia ham s6
f(x) =|x|", khong cin chiing minh rang him s6 f khong c6 dao ham tai diém
Xl
Mot vi du khéc :

Vi du. Tim cuc tri cua ham sO
f) = x| (x - 3).
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Giai

Dé thiy ham s6 lién tuc trén R va

i {v”—_x(x -PHviix<0

Jr(x=3) véi x =0,
i J: > 0.

’%[ x—1)
J_ odx
Fix=90 &x=11,
Bang bién thién
X —o 0 1 40

F'(x) + — 0 +

F(x) /ﬂ\‘ _2/

Ham s6 dat cuc dai tai diém x = 0 ; Gid tri cuc dai 13 f(0) = 0. Ham s6 dat
cuc tiéu tai diém x = 1 ; Gid tri cuc tiéu a f(1) = -2.

Vai x<0, f'(x) =

zJ_

Véi x>0, £'(x) =

C6 thé chimg minh duoc riing ham s6 f khong ¢6 dao ham tai diém x = 0. Tuy
nhién khong can phai trinh bay diéu nay trong bai giai.

Trong Giai tich 12, sach chinh If hop nhat nam 2000, mot diéu kién di dé ham
s dat cuc tri duge néu trong dinh 17 2, trang 58 :

"Ddu hiéu II

DINH LI 2. Gid sit ham 56 y = f(x) cé dao ham lién tuc dén cdp hai tai x
va f'(xg) =0, f"(xq) #0thi xq la mot diém cue tri cia ham sé. Hon nita,
1) Néu f"(xy) > 0 thi x, la diém cuc tiéu,

2) Néu f"(xy) < 0 thi xy la diém cue dai."

Gid thiét "ham s6 f ¢6 dao ham c¢ap hai lién tue tai diém x," 1a khong cin

e

thiét. Chad ¥ ring trong dinh 1i 3 ctia bai nay (§2, Giai tich 12 néng cao) khong



¢6 gia thiét do. Pinh 1i 3 s& duge chiing minh trong phan V. B sung kién thic
trong bai nay.
C6 thé ding yep, Yer dé chi gid tri cuc dai, cuc tiéu ciia ham s6 y = flx).

[l - GOI Y VE DAY HOC
* Du kién vé phan phoi thoi gian
Béi nay thuc hién trong 2 tiét véi ndi dung giang day cua timg tiét nhu sau :
Tiét 1. Tir ddu dén hét dinh 17 2.
Tiét 2. Phan con lai cua bai.
* Goi ¥ vé cdc hoat dong trén lop

’EI Giai tuong tu nhu vi du 1.

Gidi
. 4 -4 .
fiix)=1-—-= 5— VOi moi x#£0; f{x)=0&<x=12.
X X
Bang bién thién
X —o0 -2 0 2 400

Fix) + 0 == - 0 +

f(x) ® e

. r / \ l /
Ham s6 dat cuc dai tai diém x = -2, gid tri cyc dai cha him s6 la
f(=2) = =7. Ham s6 dat cuc tiéu tai diém x = 2, gid tri cuc tiéu cla ham s6

la f(2) = 1.
@ Muc dich ctia hoat déng niy 1a gitp hoc sinh vin dung quy tac 2 dé tim cuc
tri ctia ham s6.
Giai
Taco

F(x)=4cos2x; fllx) =0 cos2x=0& x = % + ﬁ:g, k e Z.
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f(x) = —8sin2x ;
—8 vai k=2n
FlE+uZ|=-8sin| S+ km|=4 .
4 2 2 Bvoik=2n+1, ne Z.
Vay ham s6 f dat cuc dai tai cdc diém x = g TR
4 T ; n Z - & i .
f (1 + n:rr} = 25;1112[1 + mr;) — 3 = —1 va dat cuc tiéu tai cac diém

x=%+(2n+l}g‘if[E*L{Eﬂ‘FUgJ:—i”EE*

IV — GOI Y TRA LOI CAU HOI VA BAI TAP

11.
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a) Ham s& dat cuc dai tai diém x = -3 ; f(=3) = —1 va dat cuc tiéu tai diém
7
x==1; f-)=——.
Fi=L 3

b) Ham s6 dong bién trén [&, khong cé cuc tri.
¢) Ham so dat cuc dai tai diém x = -1, f(=1) = =2 va dat cuc tiéu tai diém
x=1; f)=2.

d) Ham so6 f lién tuc trén .

—x(x +2)vdi x <0

ﬂﬂ={

x(x +2) v6i x 2 0.

Véi x <0, f{(x)==2x-2; f(x)=0 @x=-1
Véi x >0, flix)=2x+2>0.

Bang bién thién

X —a0 -1 0 +1

F'i(x) + 0 - +

f(x) H#ffffﬁlﬁhhmxhﬁﬂffffffﬁ




12.

Ham s@ dat cyc dai tai diémx =—1: f(=1) = 1 vadat cyc tiéu tai di€émx =0 ;
F(0) =0.
e) Fli=x' =2 = =1 ; £1(x) =0 < x=0hoiic x=+1.

Bang bién thién

X —a —1 0 1 +a0
fi(x) + 0 L 0 = 0 +
2

f(x) 2\'% /

Ham sé dat cuc dai tai diém x = —1; f(=1) = 2% va dat cuc tiéu tai diém

=1 £ =112
x=1, fl)y =172,

f) Ham s6 dat cuc dai tai dieém x =0; f(0) = =3 va dat cuc tiéu tai diém x =2 ;
f@2)y=1.

a) Ham s6 xdc dinh va lién tuc trén doan [-2 ; 2].

T ,

V' == vbimoixe(-2:;2); y=0& _\'=i\E.

A4 - X
Bang bién thién

X =2 —\E \E 2

¥ - 0 + 0 -

0 2
; R _2 /”/ \ D

Ham s6 dat cuc tiéu tai diém x = —2 ; v(—J2) = =2 va dat cuc dai tai diém
x=+2 1 yW2)=2.

b) Ham s6 dat cuc dai tai diém x=0; y(0) = 22.
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¢) Ap dung quy tic 2.

y=1=-2¢c082x ; y' =0 cos2x=— > x=t—+kn, ke Z;

B | =
=l

y" = 4sin2ux.

. v"[—%+ kn:] = 4sin[—g] = —2-\,@ <0,

o

Do d6 him s6 dat cuc dai tai cdc diém x = —g +kn, ke Z:
}=[—E+knJ=—E+kn+£+2.
6 6 2

: y"[g—+ knj = 4sing =23 >0.

- " o v F . 12 . T[ .
Do d6 ham s6 dat cuc tiéu tai cac diém x = - +km ke Z;

y(E+kﬂ)=E+kn—£+2.

6 6 2

d) Ap dung quy tic 2.

y'=2sinx + 2sin2x = 2sinx(l + 2cosx) ;
sinx = 0, 5

= 1<:>,r=kfchﬁacx=i—n+2kn,keﬁ,
COsX = i 3

v" =2cosx + 4cos2x.

o v'(km) = 2coskm + dcos2km = 2coskm + 4 > 0 vai moi £ € Z. Do do ham
s0 di cho dat cuc tiéu tai cic diém x = kn ;
v(kn) =3 - 2coskm — cos2kn = 2 — 2coskn.

4 ;
. 1(iz—ﬂ + kzn) = Zcusz?n + dcosE = ﬁcusz‘g—n = -3 < 0. Do d6 ham s6

dat cuc dai tai diém x = iz?n +2kn, ke Z;



2 4 1
}r[i—n - k?n) =3- chsz—n g = e,
3 3 3 2

13. f(0) = 0 = d =0. Ham s6 dat cuc tiéu tai diém x=0nén f'(0) = 0.
Tuwdotacoc=0.
f(l)y=1=> a+ b =1. Ham s6 dat cuc dai tai diém x =1 nén f'(1) = 0.
Tirddotaco 3a +2b = 0.
Giai hé phuong trinh
a+b=1
{3&- +2b =0,

Kiém tralai: f(x) = -2x° + 3x°,

tadugc a=-2;h=13.

Fix)= —6x° + 6, f(x)==12x+6 ;
£"(0) = 6 > 0. Ham s6 dat cuc tiéu tai diém x = 0.
£"(1) = -6 < 0. Ham s6 dat cuc dai tai diém x = 1.
Pipst:a=-2,b=3,c=0,d=0.

14. a=3,b=0,c=-4.

15. Ta viét ham s6 dudi dang

X —m
2 2
, 1 x“=2mx+m" -1
y'=1- 5= = . XF m.
(x —m) (x —m)
y'=ﬂ<:~x2—2m,1'+m2—1=[]<:~x=m—l hodac x =m + 1.

Bang bién thién

X | —m m—1 m m+1 400

¥ + 0 - - 0 -

m* +m-—2
! / \- \‘—m2+m+2/
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Vi moi gid tri cia m, ham s6 dat cuc dai tai diém x = m — | va dat cuc tiéu
tai diem x = m + 1.

V — BO SUNG KIEN THUC
Chitng minh dinh li 3. Ta s& chi ra rang dinh Ii 3 1a mot hé qua cua dinh 1i 2.
Thét viy, gia sir ham s6 f thoa mén cdc gia thiét cia dinh Ii 3, tic 1a ham s6 f
¢6 dao ham trén khoang (a : b) chita diém x,, f'(xy) =0 va f"(xy) < 0.
Khi dé, theo dinh nghia dao ham cap hai, ta cé

lim fx) - Fiixg) _ lim f(x)

x—ray A= Xy I—rxp X — Xy

= f"(xp) < 0.

Do do, ton tai mot sé h > 0 sao cho [xy —h:xy +h]l < (a:bh) va

1)

X — X 0

<0 (1)

viimoix € (x5 = h:xg+h) N\ {xgl.
Vix—x; <0 vimoix e (xg —h;xy) néntir(l) suy ra
fF'(x)>0 véimoix e (xg—h;xy)
Vix—x;>0véimoixe (x5: x5+ h) néntix (1) suyra
fl(x) <0 véimoix e (xg; x5 + ).
Nhu vay, f'(x) doi ddu tir duong sang am khi x tang, qua di€ém x,. Do do,
theo dinh 1i 2, ham s6 f dat cuc dai tai diem x; .
Ching minh tuong tu : Néu f'(xy) =0 va f"(xy) > 0 thi ham s6 f dat cuc
tiéu tai x; .

Tir m6i quan hé vita néu gita hai dinh 1i 2 va 3 suy ra ring quy tic | manh hon
quy tic 2. Vi du sau cho thiy trong mot s6 trudng hop cé thé dp dung duoc
quy tac 1 nhumg khong dp dung duoc quy tic 2.

Vi du. Tim cuc tri ciia ham s6 f(x) = x*.

Taco f'i(x) = 4x3 voi moixeR; f'(x) =0 <x=0.

SN =12x" 5 F0y =0,



Ta khong dp dung duoc quy tic 2 va tra lai quy tac 1 : Vi f'(x) doi dau tir am
sang duong khi x ting, qua diém 0 nén ham sé f dat cuc tiéu tai diém x = 0.
(Hién nhién tir dinh nghia cuc tri ctia ham s6, ¢6 thé thiy ngay ring x = 0 Ia

diém cuc tiéu chia ham s f(x) = x*).



