LOI GIAI BAI TAP ON CUOI NAM
(h.142) a) Phép tinh tién T;TP bién tam gidc APN thanh tam giic PBM.,
Phép tinh tién P bién tam giac APN thanh tam giic NMC.

Phép doi xding tim Dy, vdi J 1a trung diém cha PN, bién tam gidc APN
thanh tam giic MNP,

Hinh 142

b) Goi G 1a trong tam clia tam gidc ABC thi GM = —%ﬁ. GN = —-;n@,

GP = —-%{Ti: Viy phép vi tw tam G, ti 86 k = —% bién tam giic ABC
thanh tam gidac MNP,

c) Goi H,, H,, Hy lin luot la tryc tam cia cdc tam giac APN, PBM, NMC,
Phép tinh ti€én TIP bién tam giac APN thanh tam gidc PBM nén bién H, thanh
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H,, tic 1a H{H, = AP hay AH, = PH,. Tuong t ta ¢c6 H H; = AN hay

AH| bién tam gidc APN thanh tam gidc H H,H;.
Poi vai cdc truong hop khdc (trong tam, tim duong tron ngoai ti€p, tam
duding tron noi tiép), chitng minh hoan toan tuong .

(h.143)

a) Chi y rang vi MNPQ la hinh binh hanh
nén [ 1a trung diém cta MP va NQ.

Phép d6i xing tim D; bién diém M thanh
diém P, bién duong thing MM’ thanh dudng
thiing di qua P vi song song véi MM, tic 1a
vuong goc véi DC. Vay dudng thaing MM’
dugc bién thanh dwdng thang PO. Hoan toan
tuong tu : duong thang NN’ bién thinh dutng
thz%ng 00, dudng thﬁng"FP’ bién thinh dudng Hinh 143

thing MO, dudng thing QQ' bién thinh

dudng thang NO.

b) Vi bon dudng thing MO, NO, PO, QO déng quy tai O nén bén duding
thing MM’, NN', PP’, QQ’ ding quy tai diém O’ d6i xiing vdi diém O qua
diém /.

(h.144)
a) Taco

AB = AN, AQ = AC va gbc (AB, AN) = (AQ, AC) = -90°.
Vay phép quay tam A, gbc quay 0

¢ = -90" bién tam giic ABQ
thanh tam gidc ANC.

b} Vi doan thang BQ bién thanh
doan thang NC nén BQ = NC va
BQ L NC (xem nhdn xét sau bai
tip 12, chuong I, SGV)

¢) Theo ki hiéu trén hinh 144 thi

1
Ol /I NC, OI = ;;NC :

Hinh (44



0'1// OB, O'1 =%QB.

Viy tir céu b) ta suy ra tam gidc /OO’ vudng cén tai dinh [.

(h.145)

a) Ké duding thang qua P song song v&i CD ciat AC tai Q thi Q la giao diém
ca AC va mp(MNP). Dé thiy i gidc MNPQ la hinh thang (PO /| MN).

Chiiy. NNuP=AthiQ=A=P; néu
P=DthiQ=C.

b) Thudn. Gia sit [ 1a giao diém clia
OM va PN. Theo dinh li vé giao tuyén
cua ba mat phﬁng (ABC), (ABD),
(MNPQ) thi diém [ thuoc dudng
thing AB.

Vi P thay déi trén doan thang AD nén
dé thiay 7/ chi nam trén phéin cna
dudng thang AB trir di cic diém trong
ctia doan AB.

Pdo. Liy mot diém I bt ki thudc
dutmg thang AB nhung khong nam
gitta A va B. Goi P, Q lan luot la cdc Hinh 145

giao diém cna IN véi AD, cua IM véi

AC. Khi d6 rd ring mp(MNP) cit AC tai Q va giao diém cia OM va PN
lal.

Két ludn. Quy tich giao diém 7 cia OM va PN la dudng thang AB trir di céc
diém trong ctia doan AB.

¢) Twong tu nhu ciu b), ta ¢6 quy tich giao diém J cia ON vi PM 1a
doan thing AQ (O la giao diém ctia DM
va CN).

(h.146)

a) Cach 1.

AM CN AM MDD  AD
_ s _ _

MD NC'~ CN NC' CC
Theo dinh li Ta-lét dio thi MN song
song voi mp(P), & do (P) song song vdi
AC va DC’. Mat khic DC’ /f AB'. Vay
MN [ (ACB"). Hinh 146
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Cach 2. Ké MK song song vii AC cat CD tai K. Dé thily KN // DC’, do dé
KN [/ AB". Tt d6 suy ra (MKN) /| (ACB"). Viy MN [/ (ACB").

b) Kée MK //AC (K€ CD):ké NI [/CB' (e C'B"); ke IJ [ A'C' (J € A'B') ;
ké JE // AB' (E € AA"). Thiét dién 1a luc gidc MKNIJE.

(h.147)

Cdch 1. Gia sit Ay, Ay, Az lan lugt 1a
ba duting phan gidic ngoai cua cic
goc xOy, y0z, zOx. Néu trén cdc tia
Ox, Oy, Oz lan luot ldy cdc diém A,
B, C sao cho OA = OB = OC thi dé
thdy A, // AB, A, J{ BC, As [/ CA.
Viy Ay, Ay, Ay dong phing.

Cdch 2. Lay cdc diém A, B, C nhu

cich 1 va dat OA=a, OB =b,

OC = Z. Khi d6, cdc vecto vy =d —b, ¥y =b — ¢, 73 = —a lin luot 1

vecto chi phuong cha cdc dudng thing Ay, A, As.

Vi ¥} + V5 + ¥y =0 nén ba vecto V|, V,, V3 déng phang, suy ra ba duding
thang A, A,, Ay déng phang.

(h.148)

Hinh 148

a) Goi / va J 1dn luot 1a trung diém cta SB vi AC thi dé thdy cic diém
K, I, N, J cung thuéc mat phiang song song vdi AB va SC. Vay ciu a)
duge chitng minh.

b) Néu M 1a trung diém clia SC thi thiét dién cla hinh chép S.ABC khi ciit
b&i mp(MKN) 1a hinh binh hanh MKPN, trong dé P la trung diém cla



AB. Khi d6 KN chia hinh binh hanh MKPN thanh hai phan c6 dién tich
bang nhau.

Néu M khong la trung diém cta SC. Goi Q la giao diém cua KM va AC, P
la giao diém clia ON va AB. Khi do thiét dién cta hinh chép S.ABC cit boi
mp(MKN) la it giac MKPN.

Dé ching minh KN chia t¢ gidc MKPN thanh hai phidn ¢6 dién tich bing
nhau, trudc hét ta c6 nhan xét sau :

Ki hiéu () 1a mit phing qua K, song song vdi AB va SC ; goi O 1a giao
diém cta doan thing MP v6i mp(a). Khi d6

diM; () =d(P; (&) &= OM = OP (h.149) (ban doc tu chiing minh),

v P

Hinh 149 Hinh 150

Bay gid ta chitng minh ti gidc MKPN bi KN chia thanh hai phan cé dién
tich biang nhau, tic 1a

Surn =Spxny = dM: KN)=d(P; KN) < OM = OP,
¢ do O la giao diém cua MP va KN, ciing chinh la giao diém clia MP voi
mp( ) (h.150).

Mat khic SC // mp(e), AB /[ mp(a) nén

diM: (@) =d(P; (@) dS; (a)=dA; (a).
Diéing thifc cudi cling niy luén ding vi SA ciit mp(e) tai trung diém K clia SA.
Nhu viy ta luon co Syey = Sprw-

Chii y. Cé thé chimg minh KN chia ti gidc MKPN thanh hai phin cé dién

tich bang nhau theo cdch sau :

Goi (@) 1a mat phang qua K, song song véi ca AB va SC ; (/) la mat phing

qua AB va song song véi SC ; () 1a mét phiang qua SC va song song vdi AB.
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Khi d6, ba mat phang (), (), () doi mot song song. Goi O 1a giao diém
cia MP va KN thi O la giao diém ciua MP véi mp(e). Cic mat phang
song song (), (), (» lian luot cit SA tai K, A, S va cat MP tai O, P, M.
Theo dinh 1i Ta-1ét, ta ¢6 O 1a trung diém cua MP. Tir d6 suy ra diéu phai
chimg minh.

(h.151) Goi H 1a giao diém ctia AC va BD.
Do S.ABCD 1a hinh chép déu nén SH
vuong goc val mat day (ABCD).

a) Khoang céich tir S dén mp(ABCD) la SH.

S

SAC la tam gidc déu canh av2 nén
SH = a2 § = g

b) Goi E, F lin luot Ia trung diém ctia AB A
via CD. Ta cé Hinh 151

d(AB; (SCD)) =d(E; (SCD)) = EK

(EK la dudng cao cua tam gidc SEF).

a6

_EFSH _ "5 a6 _ava2

SF \fﬁ 2 2 J7 7

EK

4 4
¢) Vi AB va SC chéo nhau, AB // mp(5CD) nén

d(AB: SC) = d(AB: (SCD)) =

a42
-

d) Goi C; 1a trung diém cta SC, do SAC la tam gidc déu nén AC; L SC.
Mat khic BD L SC, nén (P) chinh la mat phang chita ACy va song song
vai BD.

Ki hiéu H,; la giao diém cua AC; va SH. Khi d6 (P) n (SBD) = B,D,,
trong d6 B;D; di qua H, va song song v&i BD. Vay thiét dién cua S.ABCD
cat bai (P) la ti gidae AB,C,D; (h.152).



Ta c6 BD L (SAC), B,D, // BD nén B,D; L (SAC), suy ra
By 1. A,
Tir d6

; e
Sagc,p; = 5 ACH-BD;-

mf_ 2

2 T3

(vi Hj la trong tim tam gidc SAC).

Vi vy

1 a6 2

SaB D, = 35 3¢ a2 = Hinh 152

e) Cach 1. Trong mp(SAC), ké HI song song véi CCy cat AC; tai [ thi
HI L (P)viSC L (P).

Ta ldy diém J sao cho BHIJ 1a hinh binh hanh thi BJ L (P), tir d6 BAJ la
goc gita BA va mp(P) (h.152).

1 1 1

- S =8¢ =a2

sinBay=2 _HL_2 1 _37 3™ 42
BA BA  BA  BA a 4

. . . _ 2
Vay goc gitta BA va mp(P) la e ma sina = g 0" < e < 90°,

Cdch 2. Vi AB |/ CD nén géc e giita dudong thang AB va (P) bing géc
gitta dudmg thing CD va (P). Mat khdc SC 1 (P), nén goéc a vh géc SCD
phu nhau.

Viy

1
20 V2
a2 4"

1
—CD

sing = CGSSEEI o 0° < @< 90°.
SC

9. Tacé
AC? =34%, AB? =242, AC? =3a® + m?, BC'? = 4% + (m - a)?.
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a) « Tam gidc AB'C" vuong & A khi va chi khi
5a2 +m* —2ma = 2a* +3a* + m*.
Viy tam giac AB'C’ vuong & A khi va chi khi m =0,
« Tam gidic AB'C’ vuong & C’ khi va chi khi
2{:2 = 3a2 + m2 - 4{:2 +(m— a}z,
Piéu nay khong xay ra.
« Tam gidc AB'C' vuong & B’ khi va chi khi
2a% +4a* + (m — a)g ¥

=3a® + m?
& m=2a.
Vay tam gidc AB'C" vuong ¢ B’
khi va chi khi m = 2a (h.153).
b) * Gia s tam giic AB'C’
vudng o B', tic la m = 2a.

iAH L BC nén
BH.BC = AB* = &
d Hinh 153
= BH = —,
2
tir do
2 2
w2 g s a2t
2 4 4
2 2
C'H? = 9_¢J_+ 4a® = 2 . BC2 = 542,
4 4
Nhu vay

BH? + BC* = C'H?,
tirc 1a tam gidc B'C'H vuodng tai B".



* Tinh goc gitta mp(ABC) va mp(AB'C’) khi m = 2a.
Xét phép chiéu lén mp(ABC). Ta cé tam gidc ABC la hinh chiéu cua tam
gidc AB'C". Goi ¢ la goc gitta mp(ABC) vi mp(AB'C”) thi

S.n"lﬂf = SAB’C' Cos .

Taco
5
| a"u’g
Ay =—ABAC = :
ABC 2 5
2
1 a“+10
Sapr ==AB' B'C' = 1
ABC 7 3
T do

N T

Cos@ = = ;
a* 10 10

: - , . . ” 30
Vay goc gita mp(ABC) va mp(AB'C”) la ¢ dugc tinh boi cosg = 0

0° < ¢ < 90°.
Chii y. C6 thé tinh goc @ gita mp(ABC) va mp(AB'C”) nhu sau :
Goi [ 14 giao diém cua B'C’ va BC. Do BB’ // CC', BB’ = a, CC' = 2a nén
BC =Bl B'C'=8'1.
Taco
Al = mp(ABC) m mp(AB'C").
Ké CK vuong goc véi Al. Vi C'C L mp(ABC) nén C'K L Al

—

Viy C’KC = ¢ (h.153).

K
Mat khiac CK.Af = IC.AH, suy ra

Tacod tang =

CK = !C,AH‘
Al
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Ta lai co
A - 2 AP
Al“ = AC* + IC* - 2AC.IC.cos ACI

B

= 3(.*2 + Il.‘fna.r2 - 20«5.40.—2'- =Ta"

nén Af = axﬁ.
Vay
4.9,& B
cx < ICAH _ 2 _2aV3
Al a7 7
V21

Tt do tang = T
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