§3. MOT SO DANG PHUONG TRINH LUONG GIAC PON GIAN
(4 tiet)

I - MUC TIEU
o Vé kién thicc
Gitp hoc sinh nim ving cich gidi mot s6 dang phuong trinh luong gidc
don gian :
— Dang phuong trinh bic nhat va bic hai doi véi mot ham so luong gidce ;
— Dang phuong trinh bac nhat doi véi sinx va cosx ;
— Dang phuong trinh thuén nhat bac hai d6i véi sinx va cosx ;
— Mot vai phuong trinh ¢é thé dé dang quy vé cdc dang trén (co thé doi hoi
mot vai diéu kién don gian).
o Vé ki nang

Giup hoc sinh nhén bi€t va giai thanh thao cdc dang phuong trinh néu trong bai.

I1 - NHONG DIEU CAN LUU ¥

« Bai nay chi dé cip ba dang phuong trinh luong gidc don giin la phuong trinh
bac nhit va bac hai d6i véi mot ham s6 lugng gidc, phuong trinh bac nhit doi
v sinx va cos x va phuong trinh thudn nhit bic hai doi véi sinx va cos x. Dé
gidi cdc phuong trinh lugng giic ¢é dang nhu thé, ta thuong ding phuong
phédp dat 4n phu vi phuong phép sir dung cdc cong thic bién doi lugng gidc dé
dua vé cdc dang di biét. D6 1a hai phuong phap khd tiéu biéu thuong dugc
dung dé giai cdc phuong trinh luong gidc.
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o Phuong phap dat an phu thuong dung dé dai s6 hod mot phuong trinh luong
gidc ; nghia 1a sau khi dat an phu, ta dugc mot phuong trinh dai s6 déi véi an
phu dé. Do dé, phuong phdp nay khong chi duge diing dé giai phuong trinh
bac nhat hay bac hai déi v6i mot him s6 lugng gidc ma con duge ding dé giai
nhiéu phuong trinh dang khic nita (ching han, phuong trinh d6i xdng doi véi
sinx va cos x, nhung dang nay khong duoe néu trong chuong trinh). Khi gidi
phuong trinh béc nhét va bac hai déi véi mot him s luong gidce, viée dat an
phu la qué hién nhién va don gian dén mic khong cin phai néu ki hiéu dn
phu. Tuy nhién, budc diu dé gitp hoc sinh dé lam quen véi viéc nhan dang
phuong trinh, gido vién vén nén dua ra ki hiéu dn phu (xem vi du 2) ; khi da
quen, c6 thé khong cin lam nhu vay (xem vi du 3).

« V¢ cach giai phuong trinh bic nhét déi vai siny va cosx, hoc sinh duge hoc
cdch bién doi biéu thiic dang asin x + bcos x thanh dang Csin(x + ).

SGK trinh bay mot cich dua biéu thiic asinx + hcosx {a2 +b° % 0) vé

dang Csin(x + @), véi C = \f:rz + p? , @ la so thoa man cosa = i

\l'az + b ‘
b

sing = ﬁ Dé dé hinh dung s6 & nay, sdch ¢6 néu cich dung diém
2 2
a +bh

P(a ; b) trong mat phang toa do gin vdi dudmg tron luong gidc (truc OA 1 truc
{ﬁ’:‘ =+a +b.

Ciing nén dé ¥ ring néu biéu thic asinx + bcosx (a° + b° # 0) dua duoe vé
dang Csin (x + @) va vé dang C'sin(x + &) (C, ¢, C', &' la nhitng hang s6)
thihoac C'=C, a¢'=a+k2n, ke Z:hoicC'=-C, a'=a+ 2k + )m,

hoanh) : Khi dé ¢ la s6 do cua goc luong gidc (OA ; OP) va

ke Z.

Ta con co thé trinh bay cdch gidi phuong trinh asiny + bcosx = ¢ theo huéng
trén nhu sau :

Néu a # 0 thi ta chia hai v€ cho a va chon fsao cho tan f= 2 . Khi do ta co
a

g : sin f7
dasimnxy + JFJCDSI =¢ &= dlsny + Cosy | =
cos
L& 4 L&
—cos 1 & sin(x + ) = —cosff
[ a

& cos fsinx + sin fcosx =

(hoac néu b # 0 thi ta chia hai v€ cho b va chon ysao cho cot y = fE )
f)



Thuc chit hai cich 1am trén 14 nhu nhau, nhung ¢é thé din dén cdc nghiém cé
hinh thitc khdc nhau. Gido vién cAn chd ¥ dic diém nay dé tranh sai sét ding
ti€c néu chi nhin vao hinh thiic bai lam.

Ngoii ra con c6 cach giai khic la dua phuong trinh vé phuong trinh béc hai
d6i vai tan % hay cot % nhung vi khong mudn di sau vao cdc thu thudt giai

phueong trinh luong gidc, SGK da khong trinh bay cach nay.

« D6i v6i cdc phuong trinh chita dn & méu, chi yéu cdu hoc sinh giai duogce cic
phuong trinh doi hoi nhimg diéu kién rit don gian ciia an ; khong yéu cdu hoc
sinh giai cdc phuong trinh chita ham s6 lugng gidce trong diu cin va cic
phuong trinh lugng gidc ¢6 tham sd. Noi chung SGK khoéng yéu ciu hoc sinh
gidi nhig phuong trinh lugng gidce phic tap.

[11 - GOI Y VE DAY HOC

* Duw kién phan phoi thoi gian

Bai ndy duoc thuc hién trong 4 ti€t. Hai tiét ddu day hai muc 1 va 2 ; con lai

danh cho hai tiét sau. Xen k&, gido vién nén chita bai tap trén 16p dé Kip thoi

cung co kién thite,

* Goi y vé cdc hoat dong trén lop

E Muc dich. Luyén Ki nang nhan dang phuong trinh bac hai déi véi cos.x
(chi ¥ rang c6 thé sir dung dinh Ii Vi-ét dé nhim nghiém cta phuong
trinh bac hai).

Gidi
|
CoRXE = 5
4{:03“}{—2(1 + ﬁ){:usx+ Ji =1 &
2
COSX = —
2
= i% + k2n
e
t=12 4 k2n
4

@ Muc dich. Nang cao moét budc ki nang nhin dang phuong trinh bac hai
doi vai mot ham so lugng gidc.
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Giai ’

PKXD : siny # 0 vi cosy 2 0 (cling c6 thé =gz

viét sinycosy # 0 hay sin2xy # 0).

Véi diéu kién do ta ¢6 tanxy # 0 va
Sany = 2cotx—=3=0

& Stanx -2 -3=0 "

tan x

T Hinh .15
tanx= 1 v =—+kn
' 4

&5 Stan’y - 3tan v — 2 =0 & 5y D

. o)
Lo 5 X = arctan (_E] + kTt

Hién nhién cdc gid tri tim duge cia x thod man DKXD nén déu la
nghiém ctia phuong trinh. Biéu dién cdc nghiém trén dudng tron luong
gidc ta duoc cdc diém C, C', D, D' (h.1.15).

[H3] Muc dich. Chudn bi cho trinh bay cdch gii phuong trinh
asinx + bcosx=c.

Gidgi. sinx+cosxy=1& w.E sin[x+EJ =]

x = k2m,
= 5in{x+£]=~I——=sin|-tII = o
4) 2 4 _r=5+k2ﬂ.

Mue dich. Pua ra mét Gng dung clha viéc bién doi biéu thie
asin x + bcos x vé dang Csin(x + ), tir d6 thdy duoc tap gid tri cua ham sé
y=asinx + bcosx 1a [-m : m] véi m = va© +b* .

Trdloi. Do 4 +5 =3 nén |m| < 3.

[H5] Muyc dich. Luyén ki nang gidi phuong trinh thuin nhat bac hai déi véi
Sin.Y va cos x.

Giai
Cic gid tri cia x ma sinx = 0 (tic 14 x = k) khong nghiém ding phuong

trinh. Do d6 chia ca hai v& cua (3) cho s.inzx, ta duoc
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coty = !
(3) < —6cot’x — Scoty +4=0 :

coty = ——
3
1
X = arccot— + kT,
2
4
X = arccot —5 + kT

Cdch 1. Ta c6

3 ; 2
sin"x — \Esm,r cosxy+2cosx =1
i X 2 w2 2
& sinfx - V’Emnx COSX+ 2CO8 X =SIn"x+cosx

. 2 ;
< —+3sinxcosx + cos’x =0 & cosx (cosx— \-‘rismszﬁ.

Dé thiy cosx=0 & x= % + kTt

Vi COSX — xﬁsinxzﬁ & cotx = ﬁ e = g + km
nén cic nghiém cua phuong trinh da cho la
X=Ztknvdx=_+kn.
2 6

Cach 2. Do 2::(:-52.1; =1+ cos 2x, Zsinzx =] —-cos2x
v 25inXxcosy = sin2y nén

e i 2
5in°x — \Emn_r cosxy+2cosx =1

] 5
= ;(I —cnst}—w-iwsmzx+l+mst =1

-

et icusl‘.r - —351n?_r =- l
2 2 2

T T S T
& Ccos— Ccos2y —sin—sin 2y = cos—
3 3 3
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Ta thiy ngay hai ho x = g + AT vax= -g + km la nhu nhau. Do do hai

cdch giai cho cing mot két qua.

e T i

.4'=D 4_ =_+k F =_+-|EC_1:

{6}@ |:Cﬂ12.1 : - X > T o ¥ 3 1
Sl 2x = k2 ¥ =k

PKXD : sin 2x # 0 vi sin(r + g) £0.
Vai diéu kién do, ta co
c012x=cm(,r+ﬂ) Sl=r+Er ko x= &+ kn
2 2 2
Dé thiy cdc gid tri ndy cia x khong thoa man diéu kién sin 2x # 0 nén
bi loai.
Vay phuong trinh da cho vo nghiém.
IV — GOI Y TRA LOI CAU HOI VA BAI TAP
27. a)x=+2 +k2m.
6
) ges " - kE.
9 3

C}I=—E+k2ﬂ ; x=i£+kn.
2 8

28, a)x=K2m ; ,s:zig+k2m

2 : s i2 : : ;
b)cosx+sinx+1=0& —sinx+sinx+2=0 & sinx =-1 (loai
ginx-=2};

Viy phuang trinh ¢6 cdc nghiém la x = —% + k2m.

tanx=1 x=§+.l::n:,

C)ﬁ[anz.t'—“'i- Ijtany+ 1 =0 & | <
tanx= — m
ﬁ XZE""A,TE.
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29. a) 3cos2x+ 10sinx+ 1 =0 & —6sin°x + 10sinx+4 =0 & sinx= -% (da

loai sinx = 2). Trén khoang (—g - %J , phuong trinh nay ¢6 nghiém gin ding

la x = =0,34. D6 ciing la nghiém gin ding cia phuong trinh di cho.

b) Ta thiy 0 < x < g & 0<2v<m. Véi diéu kién do, ta co
3 o
decos2x+3=0 < ms?x:—z e hi=a & I:E'

- a a -~ 3 & a
trong do « la so thuc thude khoang (0 ; 1) thod min cos = — e Diing bang
s0 hoac mdy tinh, ta tim dugc a = 2,42. Tir d6 nghiém gin ding cua phuong
rnhlax = < =121,

2
Chii y. Khong trinh bay bai gidi mét cdch "ngan gon" nhur sau :
4cos2x+3=0 < c051r=—§ &y =242 & =121,
bai vi dau "«" thit hai trong dong trén diy 1a khong chinh xdc.
¢)x =020 ; x=2,68.

B xe | =L e gve | -1 2| v g kit 46, ta 6
£ E 2'32 :

g
3

5-3tan3x=0 < tan 3.1'=§ s ivelay x=

5 i
— ; bang

ad

trong dé £ 1a so thue thuoe khoing (—g - %j thoa min tanf =

0 hoac mdy tinh cho ta f= 1,03. Viy nghiém gin diing ctia phuong trinh la
x =034,

Chi y. Khong trinh bay bai giai mot cach "ngan gon" nhu sau :

5=3tan 3x=0 & tan 3x= g = Arv=103 @ ry=0734.
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30.

31.

32

a) x=m+ a + k2 (hayx = a+ 2k + )m),

S s s : F—
trong do ¢ la s6 thoa man cos = — vasin =

" : T |
b) 2sin2x — 2cos 2x = \E & sin| 2y —-— | = —
: [ 4) 2 _13n

¢) 5sin 2y — 6cosx = 13 & Ssin2x—3(1 +cos2x) =13

&y 5sin2x — 3cos2x = 16.

i RN A R wlBh il iyt e e

TR o7

5N (a3
Do [—J + (—J = | nén ta chon duoc 6 @ sao cho

Via) \\34
5

COs (¥ = visin g =
A 34

e
lad
e

|
&l‘m
e

Vay  5sin 2x— 6cos’x = 13 Sin(Ex =4 ﬁ:)—-

'h. ‘

s g 2 16
Dé thiy phuong trinh nay vo nghiém vi >
34
Trudic hét, ta bién doi

5 4
Ssin 6t — 4cos 61 = 41 [—sin-ﬁf ——cosﬁr] = /41 sin(6f — ).
N4l 41 ( )

. 5 . .
trong do s6 & duoc chon sao cho cosé = —— vasing = ——.
Ja1 Va1
St dung bang s6 hoac mdy tinh bo i, ta chon duge a = 0,675.
a) Vat & vi tri cin bang khi d = 0, nghia la sin(67 — @) = 0, hay
=%+ k2 (voike Z).
6 6

Ta can tim & nguyén duong saocho 0 <r <1,

o 6b—a

gcrigd a0 plal e B g
6 6 s T




32,

Véi a= 0,675, ta thu dugc -0,215 <k < 1.7, nghiala k€ {0; 1}. Vay trong
khoang 1 gidy ddu tién, c6 hai thoi diém vat & vi tri cin bing la

o ) o T .
t=— =0,11(gidy) va t= — +— = 0,64 (giay).
- (g1dy) P (giay)

b) Vit & xa vi tri céin bang nhét khi va chi khi | d | nhin gid tri 16n nhat. Piéu
d6 xdy ra néu sin(6r - ) =+ 1. Taco

sin(6f —or) =+ 1 & cos(6r—a) =0 & t= $ el pp
&) 12 §)
Ta tim & nguyén duong saocho0 <t < 1.
e 0224 8 43l e e F_Lepe T 1
6 12 f T 2 T 2

Véi a= 0,675, ta thu dugc — 0,715 < k< 1,2;nghiala ke {0; 1}, Vay
trong khodng 1 giay ddu tién, c6 hai thoi diém vét & Xa vi tri cin biing nhat 1a

(94 T o T "
t=—+— =037 (gidy) vi t=—+—+— = 0,90 (giay).
=tz (gidy) =TT (gidy)

a) Viét asinx + beosx = Csin(x + @) trong d6 € =va” +b* . Gid tri 16n nhit

va gid tri nho nhat cia ham s6 y = sin(x + @) theo thit tu 13 1 va —1 nén gid tri

16n nhat va gid tri nho nhit cua asinx + becosx theo thi ty 1a a’ +b* va
7

—\Ilﬂ'2 +bH° .
3 ; I =

b) Ta cd Slnz,t + SN X cosx + 3c¢}52 x= E sin2y + cos2x + 2.

" . 2 P a -
Viy Sin"x + sinx cos x + 3cos x dat gid tri 16n nhit 1a

2
[%) |2+2=§+2 v gid tri nho nhat la_“’gu.

: : l1—cos?2 < 1 S2X

C) Asin’x + Bsinx cosx + Ccos x =A.% + ;.sm 2x + C.$
C—-A C+A

cos2x+

= —sin2x+
2
= asin 2x + bcos 2x + ¢,

trong do ﬂ=§,h= (,-,a‘;$€= £+A.
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Vay Asin’x + Bsin x cos x + Ccos” x dat gid tri I6n nhat 1a

2 2
\/a2+h2+r=\/ﬂ ”‘: ) +C;’A=%Jﬂz+{c-ml+cgﬂﬁ

va gid tri nhé nhat 1 —%JEE rCc-ap + & Z A

a) Cic gid tri cia x mé cosx = () déu khong nghiém ding phuong trinh. Do dé
2sinx + 3 \E Sinx cosx — cos-x =4
= Zsinzx +3 sﬁ SiNx cosy — coszx £ 4{5in2.t — cc:-sz,\:}
= —Esinzr 4 3\5 5inx cosx — 5(:052,1' =)

= Etaﬂzx -3 \E tany+ 5=0.
Phuong trinh cudi vo nghiém nén phuong trinh da cho vo nghiém.
b) Céc gid tri ctia x ma cosx = 0 déu khong nghiém ding phuong trinh.
Do do
3sin” x + 4sin 2v + {Sxﬁ— Q}r:mz x=10

anxy = _\’E,

= 3tan2x+8tm1r+8-\ﬁ-9=ﬂ<:> g
lanx = —E +‘J§.

. tan.:;:—-\E & tan x = tan (-g] k= —g + KL,

. l;-m.r=-%+ 3 & x=arctan [—§+J§J+kﬂ.

-

Viy phuong trinh c6 cic nghiém la
Y= —% 4+ km vaA x =arctan [—% - ﬁ] + k.

¢) Cic gid tri cia x ma cosx = 0 déu khong nghiém ding phuong trinh.
Do do

LA . 2 I
sin“x+sin2y—2cosy = E

. ; 2 . 2 2
= 2sin "y +4dsinxycosy —4cos Ty =sin x +cosx
. 3 3 2
& sinrx+4dsinxycosxy—Scosx =0
T
2 tanx = 1 X =—+knm,
& tanx+Manx-5=0 < = 4

tanx = =5
x = arctan(=5) + k.



3. a)cosxcosSy=cos2xcosdy & cosOy+cosdy =cosOx + cos 2x

Ay = 2x+ k2m i
&» cosdr=cos 2x & & T
4x=-2x+2n r= k?.

K&t qua trén co thé viét gon thanh mdt ho nghiém x = k g

bjx=kE vax= — 4 kE,
2 14 7

¢) sin 2x + sin4x = sinbx < 2sin 3x cosx = 2sin 3x cos 3x

x= kE,
i =0 3
& sin3x (cosx—cos3x) =0 & [ &S | =k,
COSX = COS3X
Tt
x=k—.
)
Chii . Két qua trén c6 thé viét gon thanh hai ho nghiém x = kg‘- vix= ;:3;..
e
6 3

35. a) sin“4x + sin”3x = sin”2x + sin’x
] ] ] ]
& — (1 —cosBx)+ — (1 —cosb6x)= — (1l —cosdx)+ — (1 —cos2x
> ( v) > ( ) > ( v) > ( )

ScosBy+cecosbr=cosdr+cos2y & cos TxCcosSxy=cCcos3xXcosy

x = E+km
2
cosx =0 s A
= ) & |x=k=, C6 thé thu gon thanh
cos7x = cos3x 2 .
v = k2
i 5
T
Bx= =+ k2, 4= S+ kE vax=2 4 n.
10 5 4 2 2

36. a) PDKXD: -::05-;; # 0 va cosx # 0. Vai diéu kién do, ta cé

tan%:tan_r = % =Y+ Akt = x=—-k2m.

h—-

=
b3 a3
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Dé thdy cdc gid tri tim dugce cla x thoa man PKXD. Viy cic nghiém cla
phuong trinh 1a x = k27 (ciing ¢6 thé viét 1a k2m).

b) PKXD : cos(2x + 10”) # 0 va sin x # 0. Véi diéu kién d6, ta co
tan(2x + 10”) + cot x =0 < tan(2x + 10”) = tan(90” + x)
& 20+ 10°=90° + x + k180° & x =80° + k180",
Hién nhién x = 80” + k180" thoa man PKXPD. Vay phuong trinh di cho cé
cdc nghiém 1a x = 80° + k180°.
¢) Pat r = tanx, vdi diéu kién cosx 20,

o moas 2tan x 2t
Dé thiy sin2x = = 5
L+mn~x% 1+¢

N2
Dodé 1 +sin2v=1+—— = L0
1+ l + ¢
Viy ta co phuong trinh
2
(1 -1 “"”i SLEE, (1
1+

1) e 0-01+0*=0+01+7) & 2501 +H=0

& t=0hoic t=-1.

x =km,
sorsia, 2 tanx =0
Tirdé (1 —tanx)(1 +sin2x) =1 + tanx < = T
tanx = —1 X =——+ km.
4
d) DPKXD : cosx # 0 va cos 2x # 0. Vai dicu kién do, ta co
) sin3x .
tan v+ tan 2y =sin3xcosy & — = SIN3VCOSY
cosxycos2y
sin3x = (),
o 1
= COSX.

COS X COS2x



s sin3x=0 < ,r=.l'cg‘

1 >
e ————=cosx = cosxcos2x=1 & (l+4+cos2x)cos2y=2
COSXCOS2X

& cos’2r+cos2x—2=0 & cos2r=1¢& x=km
Két lugn. Phuong trinh ¢ ciac nghiém x = k% vi x = km (chii ¥ rang hai ho
b o el \ . T
nghiém nay co thé thu gon thanh mét ho x = k; ).

e) DPKXD : cosx # 0, sin2x # 0 va sin4x # 0. Tuy nhién, chi cin sindx # 0
la du (vi sindx = 2sin2vcos 2y = 4sinxcosxcos2x). Vai diéu kién dé
ta co

sinx cos2x 2cosdx
tan x + cot 2y = Zcot 4y <= + =

cosxy  sin2x sindx
sinxsin2x + cosxcos2y  2cosdx s cos(2x — x)  cosdux
cosxsin2x 2sin2xcos2x Cos X cos2x
x=kn
b1
< cosdr=cos2xy & dx=22x+k2n & n S x=k—.
v = k— 3
3

Dé 13 nghiém, cdc gid tri nay con phai thoa min diéu kién sin 4x # 0. Ta ¢6

— Néu k chia hét cho 3, tiic la k= 3m (m € Z) thi sindx =sindmmn=0.

— Néu k khong chiahétcho 3, tic lak=3m = 1 (m € Z) thi

V3

sindx = :-;in(iE + 4:??1:} = .~;in.E =+— (.
3 3 2

Viay nghiém cua phuong trinh la x = kg vai k nguyén va khong chia hét

cho 3.
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