TiCH VO HUONG CUA HAI VECTO

I - MUC TIEU

— Hoc sinh nim duge dinh nghia tich vo huéng, ¥ nghia vat Ii cia tich vo
huéng va biéu thife toa do cia no.,

— Hoc sinh sir dung dugce céc tinh chdt cua tich vo hudng trong tinh todn,
biét chimg minh hai vecto vuéng goc bing cich dung tich vo hudng, biét
stt dung binh phuong v6 hudng cia mot vecto.

11 — NHUNG PIEM CAN LUU Y
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Ta biét ring khong gian vecto trén trudmg s6 thuc la mot tip hop V (ma
moi phéin tr duge goi 1a mot vecto), trén do di xdc dinh phép cong hai
vecta va phép nhan vecto véi mot s6 thue thoa man hé tién dé quen thudc.
Khong gian vecto V trd thanh khong gian vecto O-clit néu trén d6 da xidc
dinh mot dang song tuyén tinh déi ximg xdc dinh duong, tdc 1a véi moi ciap
vecta @ vi b déu xdc dinh mot so thue d.b sao cho céc tién dé sau day
dugc thoa man :

i) ab=bhd (doi xing) ;
i) E.(mf} +nc) = md.bh + na.c (song tuyén tinh) ;

iii) @.d = 0, ddu "=" xdy ra khi va chi khi @ = 0.

Khi dé a.b con dugc goi la tich vo huong cua hai vecto @ va b . Dung tich vo
huéng, ta c6 thé dinh nghia do dai vecto cling nhu s6 do goc giita hai vecto.



Muén cho tap hop cdc vecto trong mat phang hinh hoc (déng nhit cic vecto
bing nhau) tré thanh mot khong gian vecto O-clit thi ta phai dinh nghia phép
cong hai vecto, phép nhan vecto vdi mot s6 va tich vo hudng cua hai vecto sao
cho cic tién dé cta khong gian vecto O-clit déu dugc thod min.

Cd6 nhién nhitng diéu trén khong thé mang ra néi véi hoc sinh dugc.
C6 thé din dat hoc sinh dén khdi niém tich vé hudng cua hai vecto bang
cdach nhic lai khai niém trong Vat Ii 14 cong sinh ra boi mot luc.

Sau khi dwa ra dinh nghia tich vé6 hudng cua hai vecto, cin phai dua ra
nhiéu vi du hodc bai tap dé lam cho hoc sinh biét cdch tinh todn. Cén chi ¥

ki hiéu tich vo huéng @.b nhét thiét phai cé ddu "." giita hai vecta.

Cé6 nhiéu cdch dinh nghia tich vo huéng cua hai vecto. Ngoai cach dinh
nghia di néu trong SGK, con ¢6 cac ciach dinh nghia tvong duong sau :

W) 3.5 = %[1&12 5Pl - 2P) -

i s 2
by d.h = %UE +h|7 —laf® - |8l ] ;
& af - g(m e |

Cdc cdch néi trén c6 wu diém 12 trong dinh nghia chi ding do dai cla vecto
ma khong ding dén goc.

Ap dung dinh nghia a) vao tam gidc ABC (h. 13), A
ta co :
e I [--—-—t 2 —gi e - 2) F h
AB.AC = - |aB|” +|acl” -|aB - ac
. ST H a &
Hinh 13

Trong phin bai tap on tap chuong II ¢6 dua vao cdc cong thie a) va ¢) xem
nhu cdc tinh chdt cua tich vo hudng.

Cong thiic hinh chiéu dugc dua ra trong SGK., nd cé thé duoc dp dung trong
cde bai todn va duoc ding dé chiing minh tinh phan phéi cia tich vo hudng :

(b + &) =db +ac. (*)
Tuy nhién, chitng minh nay kha phic tap nén khong duge trinh bay trong
SGK. Ching minh d6 nhu sau :
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Cé nhién, néu @ = 0 thi cong thic (*) ding, nén ta chi xét truong hop a # 0.
— Xét trudng hop ca ba vecto @, b, ¢ cing phuong. Khi dé ta cé céc s6 k
valsaocho b = kd, va ¢ = ld. Béi vay

d.(b +7) = a.(kd + 1d) = a.(k + ha = (k + ha-.
Mat khac ta c6

ab +dé = dkd +ald = ka® + la> = (k + 1)a*.
Viy d(b+¢&)=db+ac.

— Xét trudng hop tong quat (h. 14) : Gia st
BC=b va CD =¢. Khi d6 BD = b +¢.
Goi B, C’, D' lan luot 1a hinh chiéu cua
cdc diém B, C, D trén duong thing chira
vectd @. Khi do theo cong thite hinh chiéu

ta co

=

Z=aCD, al

=l
L= |
I
=3
= H|
™
=1
i

Nhur vy

a(b+&)=adBD =a(BC +CD)=adBC +aCD =adb +ac.
5. Binh phuong vé huéng 1a mét truomg hop dac biét cua tich vo hudng. Binh
phuong vo huéng @.d duoc ki hiéu theo thuomg 1¢ 1a (@)* va dé don gian
hon, ta cé thé ki hiéu 1a @ (chi khong phai 1a @”). Ta chi ¥ rang
3% = |a:i|2 (binh phiwong vé hiedng cua maot vecto bang binh phuong dé dai

—u
clia vecto dé). Tir d6 véi hai diém bat ki A va Btacé AB = AB”.

11T — TRA LOI [7] VA HUGNG DAN HOAT PONG

Goc gilta hai vecto bang 0° khi hai vecto ciing huéng, bang 180° khi hai
vecto nguoc hudng.
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1

(BA, BC)=50°; (AB, BC)=130":
(CA.CB)=40": (AC.BC)=40":
(AC, CB) = 140°; (AC, BA)=90°.

[22] Tich vo huéng cia hai vecto bing 0 khi hai vecto dé vuéng géc.

Ca, suy tir dinh nghia tich vo hudng ciia hai vecto va (a, ) (b a]
2 Chimng minh (1) :

g “ 4 - - - =2
(@+b)" =(@+b)G+b) =a*+ab+ba+b =a* +2db+b
Chimg minh (2) : Tuong tu.
3 H —'2 —
Dang thic @.b)* =a*.b néi chung khéng ding, chi ding khi @ va b
ciing phuong.

Viét nhu sau méi ding : (@. b)* = (|al.[bl.cos (a. I;-'))2 b el by
3

Phat biéu : Tich vo hudng cha hai vecto @ va b bang tich vé hudng ciia @
vo1 hinh chiéu cua b trén gid cua a.

b) @.b=(xT +y )X T+y))

uf +w: ;+xy;r+:,:, 12 xx’ + yy'.

—2

&y d” = a8 =X Fy.

a5 o + 3y

allsl J2 2 i ay?

d) cos(a, 5) =

ﬁﬁ

a)aJ_b@ah 0 -1+2m=0=m=

b) lal = \J'I'_lb| \I'I+m $

[éf|=|§|¢>€= l+m* &om? =4 m=12,

r«.:l-—-
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IV - TRA LOI CAU HOI VA GIAI BAI TAP

4.

-+ =

Tich vo hudng ib co gid tri duong khi hai vecto @, b khic 0 va goc
(@, b) bé hon 90° ; ¢6 gid tri am khi hai vecto @, b khdc 0 vi géc (d@, b)
16n hon 90° ; bang O khi hai vecto @ va b vuong goc.

360°.

1+~ﬁ1 b}2+J§
2 5

Véi diém O nao dé ta cé :

a)

mﬁ + D_B'ﬁ 13 D_C:E =
= (OA — OD).(OC — OB) + (OB — OD).{OA — OC) + (OC — OD).(OB — OA).

Diing tinh phan phdéi cla tich vo hudng dé phd cic dau ngoic, ta dé dang di
dén két qua bang 0.

Heé qua : "Ba dwong cao trong mot tam gidc dong quy".

That vay, tir ding thic trén ta suy ra : néu DA.BC =0 va DB.CA =0 thi

]

DC.AB = 0, hay néi cich khic : néu AD | BC va BD 1 AC thi CD 1 AB.

biéu d6 ching to ring néu hai dudng cao vé tir A va B cha tam gidc ABC

ciit nhau tai D thi CD ciing 1a duong cao cta tam gidc do.
L R T

Trong tam gidc ABC ta ¢6 : BA.BC = BA(BA + AC)= BA + BA.AC. Bdi

vy tam gidc ABC vuéng tai A khi va chi khi BA.AC = 0 hay khi v chi khi

o Gt il

BA.BC = BA" +0 = AB”,

Chi v t6i gia thiét AD, BE, CF la cdc trung tuyén (ching han khi dé

2AD = AB 4 TC} taco:

BC.AD + CA.BE + AB.CF
) E{AS;AC]{PE‘[BA;BCJJFE{ A B]

e — e — —————s —— —— ey e —t

- %(E.E + BC.AC + CA.BA + CA.BC + AB.CA + AB.CB) = 0.



10.

11.

12.

a) Ta chi ¥ ring hinh chiéu cua vecto AB i
trén dudmng thing Al la vecto E, boi vay M
theo cong thirc hinh chiéu ta c6 (h. 15) :

AM . Al = AB.AI

A B
Tuong tu : BN .BI = BA.BI.
b) AM.Al + BN.BI = AB.Al + BA.BI 0
— AB.(AI + IB) = AB.AB = AB* = 4R, Hinh 15

Goi C va D’ 1a cic giao diém cta dudng tron tim O qua ba diém A, B, C véi
dudng thing b (h. 16). Ta cé MA.MB = MC.MD'. Két hop véi gia thiét da
cho ta dugc

suy ra MC.(MD -MD')=10

hay MC.D'D =0. Hinh 16

Do MC va D'D cuing phuong, MC #0 nén D'D =0. Vay D’ triing vai D,
ta dugc diéu phai chimg minh.

Goi O la trung diém doan thing AB (h. 17). Ta ¢6

S

2
MA? - MB® = MA~ - MB~ = (MA + MB).(MA - MB)

= 2MO.BA = 40M .OB.

M
Goi H 1a hinh chiéu ctua diem M trén dudng
thang OB, ta cd
OM.OB = OH .0B,
suy ra MA> — MB* = 40H .OB. .
A 0 H B

Do dé MAZ — MB? = i* Hinkh 17

< 40H .OB = k* = 40H.0B = k°.



14.
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Tir d6 suy ra H 14 diém c¢é dinh trén dudng thing AB, khong phu thuoc vi

tri cua M.

Vay tap hop cic diém M 1a duong thang vudng géc véi OB tai H.

LA LV @%k+(—5}.[—4)=ﬂ<:>k=—4ﬂ.

V| =vk? +16.

b) |ii| = ‘/Z+25_ LN T

Tirds | 7| =|i| w'lkz+]6=%\.r‘lﬂl @k1+lﬁ=£}
2_37 V37
4

S hk=t+t——.
2

a) Taco:

AB= @ +42 +(4-1) =35 =35 ;
AC= @ +42 +(2-17 =35 =35 ;

BC =22 + (-2 - 47 =36 =6.
Vay chu vi tam gidc ABC 13 6 + 6+/5 = 6(1 +/5) .

Do AB = AC nén tam gidc ABC cén tai A. Goi H 1a trung diém cua BC thi

AH L BCvaH=(2:1). Dodo

AH = \/(2+4}2+(1—1)3 =6
Vay dién tich § cha tam gidc ABC la :

S = iBC.J‘tH = l.{i.ﬁ = 18.
2 2

L v. D6i vGi hoc sinh khd, gioi, GV ¢6 thé gidi thiéu cong thiic

] 'r-liz —--—t P ——: 2
= AB .AC -(AB.AC)". i |
Ching minh (*) nhu sau :

Taco h) =%AB,AC.sinA,



— D
Do dé 45° = AB*AC”sin2 A = AB~ AC (1 — cos® A)

B AC” - (48| JAClcos( 2B, AC))’

—_— 2
- AB AC - (AB.AC)" . Tir d6 suy ra (+).

b) Trong tim cua tam gidc ABC la 6(44_3 2 . ]+i_2] hay G(0 ; 1).
AH L BC _|AH.BC=0 (1

— H 1a truc tim tam gidc ABC < { == L S 2
BH 1 AC BH . AC = 0. (2)

Goitoaddocua Hla(x;y), tacd:

AH=(x+4;y-1), BC =(0;-6), BH =(x-2;y-4), AC =(6;-3).

Khi do :
Ne-6(-1)=0y=1;
(2)=6(x-2)-3(y-4)=0=2(x-2)—y+4=0.

Doy=1, ta duogc x = —E+2 =l.1-’::i}' H =(l;1].
’ ’ 2 4 ’ 2

— I 1a tam dudng tron ngoai ti€p tam gidc ABC khi va chi khi

IA = IB
iB = IC

Goi f = (x; y) thi hé (3), (4) twong duong vdi :

x+82 +(y-17 = (x =22 + (y — 4)?
(x=2% +(y—4)? = (x - 22+ (y + 2)?

Tu(4')suyray—-4=—y—-2hayy=1.

(3)
(4)

(3"
(4")

|
Thay v = 1 vao (3') dugc (x + 4}2 =(x— 2}2 + 9, giai ra ta duge x = e

1
Vivi=|-=:1].
4 [4 )
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— Taco ﬁ=(l;{}], §=[—l;ﬂ).
2 4

Viy hai vecto GH, GI ciing phuong (do ciing phuong véi 1 ), do dé G, I,
H thang hing.



