HE THUC LUONG TRONG TAM GIAC

[ - MUC TIEU

— Kién thitc co ban ma hoc sinh ¢in nam dugc 1a :

Pinh Ii cosin, dinh Ii sin trong tam gidc va cic hé qua.

Céc cong thic tinh do dai trung tuyén va dién tich tam gidc.
— Hoc sinh van dung dugc cdc dinh 1i va cong thic trén dé giai cdc bai todn
ching minh va tinh todn cé lién quan dén do dai trung tuyén, dién tich,
chiéu cao cia tam gidc ; dong thai biét cdch tinh cdc goc, cic canh chua
biét cua tam gidc khi di biét ba canh, hoic hai canh va géc xen giita, hodc
mot canh va hai goc ké.
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O cip THCS, hoc sinh di dugc hoc cic hé thiic luong trong tam gidc vuong.
Chuong nay bo sung thém cdc hé thirc luong trong tam gidc bat ki.

Ching ta déu biét dinh I césin la m& rong cua dinh Ii Py-ta-go. Chiing ta
khong muén dp dit dinh 1i d6 cho hoc sinh rdi bit ho ching minh ma
muén ho ¢ thé "tim" ra cong thie dé vai su gidp dd cia thdy gido.

Dai vdi dinh If sin, SGK mudn gidp hoc sinh tim dugc két qua bang cich
suy dodn : Tir két qua ding cho trudng hop tam gidc vuodng, ta cd thé dat
ciu hoi : Liéu két qua do co ding vai moi tam gidc hay khong ? Do la cich
suy nghi thuong gip trong Todn hoc.

Tuy nhién, ta lvu ¥ rang ching minh dinh i sin trong SGK khong ding dén
tich vo hudng. Nhung vi dinh Ii c6sin va dinh Ii sin thuong dugc trinh bay



gan két véi nhau khi néi vé cdc hé thic lugng trong tam gidc, nén ta ciing
trinh bay dinh 1i sin ¢ day.

Néu biét do dai ba canh cia tam gidc thi co thé tinh duge do dai cdc duong
trung tuyén cua tam gidc d6 boi cong thiic kha don gian (so vdi cong thic
tinh duong cao hay duong phin giic). Ngoai ra cong thirc dudng trung
tuyén con lién quan dén viéc tinh tdng binh phuong hai canh cla tam gidc
vi bai todn tim tap hop diém ¢6 tong binh phuong cdc khoidng céch tdi hai
diém c6 dinh bing mot s6 khong déi.

Vé cich tinh dién tich tam gidc thi hoc sinh da biét cong thic (1) ¢ 16p
dudi. Cac hoat dong 7, 8 vd 9 s€ gidp hoc sinh chiing minh cdc cong thic
(2), (3) va (4).

Ngoai mot s6 cong thic cin nhd, muc nay gitp hoc sinh luyén tap tinh
todn, va day la dip t6t dé gidp cdc em sit dung mdy tinh bo tii (MTBT) néu
¢6 diéu kién. O nhitng noi khong ¢6 MTBT thi ¢6 thé sir dung bang s6. Néu
tham chi khong ¢6 ca bang s6 thi gido vién nén thay thé cdc dir liéu cua bai
toin dé hoc sinh khong cin diing bang s6. Chang han, & Vi du 2 ¢é thé
thay ba canh cua tam gidc ABC la : a = ZJZ_I, b = 10, c = 8, dé dugc

cos A :% vidods A = 60°.

Méi bii todn hoic vi du trong tiét nay xem nhur 1a mot hoat dong. Ba Vi du
5, 6, 7 tuong ing vai ba trudmg hop : Giai tam gidc khi biét mét canh va
hai gbc ké cua tam gidc, bi€t hai canh va gbéc xen giira, biét ba canh.

Hai Vi du 8, 9 ¢6 néi dung thuc t€ dua vé giai tam gidc. Néu bo tri dugc
tiet do dac ngoai troi (két hop trong budi di ngoai) thi cang tot.

Néu co diéu kién, gido vién nén huéng din hoc sinh sir dung MTBT loai CASIO
fx-220, hoac fx-500A hodc fx-500MS (hoc sinh da duoc hoc cach sir dung &
cip THCS). Dé tinh cdc biéu thic ¢6 nhiéu phép tinh, nén huéng din cho
hoc sinh cdch dn phim lién tiép dé tinh chi mot 14n. Lam nhu vay sé dugc
két qua chinh xdc hon.

I11 - TRA LOI [7] VA HUGNG DAN HOAT PONG

21] Vi géc A vuong nén AC.AB =0,
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Tacb: BC ={AC—AB)2=AC' + AB -2AB.AC

= AC? + AB® - 2AB.AC.cos(AB, AC)

hay a? = b* +¢? - 2be.cosA.

A T S i o .
Dinh 1i ¢6 thé phat biéu nhu sau : Trong mot tam gidc, binh phuong mot
canh bing téng cédc binh phwong cha hai canh kia trir di hai ldn tich cua
ching vai cosin cua goc xen giira hai canh do.

Khi ABC la tam gidc vuong, dinh Ii cosin tr thanh dinh Ii Py-ta-go quen

thudc vira noi trén.

L dinh 1i cosin dé dang viét duge cic cong thire tinh gid tri cos A, cos B,
cosC theo ba canh cua tam gidc nhu SGK di trinh bay.

4
Trudng hgp goéc A nhon (h. 18), ta co BAC = BA'C (cung chin cung BC).

A

=
o

B o BY f":
v A
Hinh 18 Hinh 19
Trudmg hop géc A ti (h. 19), ta c6 BAC + BA'C = 180° (ut gidc ABA'C 1
(i gidc noi tiép).
Viy trong ca hai truong hop ta déu c6 : sin BAC = sin BA'C.
Tam gidc A'BC vuong tai C, nén
a=BC =BA"sinA’ = 2RsinA.

Tuong tu, ta ciing co6 b =2RsinB ; ¢ = 2RsinC.
Nhur vay, var moi tam giac ABC, cong thic (1) luén ding.
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Néu m = % thi tam gidc ABC vudng tai A, nén

AB® + AE2 = BC? =4,
5 (h. 20)
Tacod

) 3 —i —aP
AB™ + AC™ = AB + AC
(Al + IB)? + (Al + IC)?

2AI% + IB* + IC? + 2A1 .(IB + IC). Hinh 20

2
Vay AB® + AC? =2m? + %

}@&a(h.zn
2

2
Tir MI* = i e suy ra
2 4

2 2
~ Khi ;‘? - “T = 0, tap hop cdc diém M 1a dudmg

tron tim [/, ban kinh

R= % 2w — a2, Hinh 21

5 T
~ Khi % - GT = 0, tap hop cdn fim 1a diém /.

%
— Khi AT - % < 0, tp hop cén tim 12 tap rong.

-

7
Trong ca hai trrong hop nhu hinh vé & SGK, tam gidc AHB c6

B,=csinB =»85= %ﬂhﬂ = %ac'sin B.
N
Thay sinC = ﬁ vao cong thice § = %ahsin C. ta dugc

S= lﬂh_i & abe

2"""ap 4R’
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. 1 1 1
5= S{)RC oz *SGC.". + SGAB =—ar+ —br+ —cr=pr.
2 2 2
10
Tam gidc c6 ba canh 3, 4, 5 ¢6 dién tich § = 6.
Tam gidc c6 ba canh 13, 14, 15 co dién tich § = 84.
Tam gidc co ba canh 51, 52, 53 ¢6 dién tich § = 1170.

IV — TRA LOI CAU HOI VA GIAI BAI TAP

bV +el-at 137 +15°-12° _ 25
2bc 2.13.15 39

15. cosA = Suyra A = 50°,

16. a°=b° +¢* — 2bccosA =8> + 5% — 2.8.5.c0s60° =49. Vay a=7.

Két qua b) ding.
17. BC* = AB*> + AC* - 2.AB.AC.cos120° =32 + 42 —2.3.4.c0s120° = 37.

Suyra:BC = J37 = 6,1 km. Vay Cudng du dodn sit thuc (€ nhat.
18. a) Trong tam gidc ABC, goc A nhon khi va chi khi cosA > 0.

2 7 )

b* +e° —a” 2 3 2

cnsA}U@T}O@a <bhb +¢".
il

Chimg minh tuong tu cho ciu b) va c).

b ; b.sin A 4.5in60°
19 L -2 - L =20 ZTRF o409
sinA  sinB  sinC sin B sin45°
. P D
e .’:r.:j‘.mC _ 4.sin75 ~55.
sinB sin45°
20. R= —< & 4%

" 2sinA 2.5in60°

I N
i sl =i Pionslt e Sowi L W T —C
2R 2R 2ab

Z 2 2 2
ea =a +h - = b=r.
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22.

23.

24,

C =180 = @2® + 8 =31"

) s o
e B e B on ity RBIING. oo i
sinAd  sinB  sinC gin31"
p 0
BC =220 BET o on i),
sin31°

Goi R, R, R4, Ry lin lugt 1a ban kinh cdc duong tron ngoai ti€p cic tam
gidc ABC, HBC, HCA, HAB. Theo h¢ qua cua dinh Ii sin, trong tam gidc ABC
ta co :

_ )

T 2.sinA

i) f)

Hinh 22

Trong ca hai truong hop : Goc A la géc nhon (h. 22a), 1a goc ta (h. 22b), ta
déu co

EHF + BAC = 180°

Do dé6 sin EHF = sin BAC. Theo hé qua cha dinh Ii sin, trong tam giic HBC
ta co

B a _ a _ a _
'" 5 GnBHC  2.sinEHF  2.sinA

Tuong tu ta cing ¢cO R, = R, Ry = R.

2,2 2 g2.g2 2
2 _bHe” o 8467 T oo
4 2 4

Suy ram, = 6,1.

71



25.

26.

27.

28.
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Tam gidc ABD ¢6 AC la trung tuyén
(h. 23) nén

2 AB® + AD* BD*
2 4

AC

Hinh 23

Suy ra:
2 1 2 2 2. 1 2 2 2
AD =5(4AC + BD —EAB}=§{4.4 A0 =2 STy =13,

Vay AD = 8.,5.

Goi O la giao diém cia AC va BD thi AO 1a trung A D
tuyén cua tam giic ABD (h. 24). Ta ¢6 :

0
2 2 2
AOE= AB® + AD _BD
2 4 5
B C
3 2
47 +5 7 Hinh 24

- — =825,
2 4

Suyra: AQ =29 va AC = 2A0 = 5,8.

Xét hinh binh hanh ABCD. Goi O la giao diém cua AC va BD thi AO la
trung tuyén cua tam gidc ABD (h. 25). Ta co :
10 AB*+AD®  BD® B 2
2 4 0
- ACc*  AB*+4AD*  BD?
* 4 2 4 ¥ D
2 2 2 2
Suyra AC™+BD” =2(AB™ + AD"). Hinh 25
Bi¢n déi dang thiic can ching minh :

2 -+

2 2 2z 2 2 2 2 2 2
5nr3=m%+m3‘<:>5{h +i il ] a” +c h +a +h
o 52 26 = S = U + ) - B+ A+ B = &

< 9 +9¢* = 94°

2 2 2
S h 4+ e =a

<> AABC vudng & A.



29, §= %fx:sinﬂ - % 6.12.5.35.5in84° ~ 16.3.

30. (h. 26) Trong tam gidc ABD ta c6

31.

.
AB? + AD? = 2aN* + 22 b

Trong tam gidac CBD ta co N

BD? B ¢
Hinh 26

CcB® +CcD* =2CN* +

Cong hai diing thifc trén ta duge
2 2 2 2 2 2 2
AB® + BC? + CD* + DA® = 2(AN? + CN%) + BD (1)
Vi M la trung diém ctia AC nén

2
NA® + NC* = 2NM* + %.

Thay vao (1), ta dugc

AC2

AB® + BC? + C€D? + DA% = 2[2MN2 + ] + BD?

2 2 2
=AC™+ BD™ + 4MN".

abe _ 2Rsin A2Rsin B2RsinC
4R 4R

S =

= ZR1 sin A.sin B.sinC.

. Xét ti gide ABCD. Goi O la giao diém cia AC va A

BD. Gia sit géc AOB 1a goc nho nhit trong bén D
gd6c tao bai hai dudng chéo cua ti gidc (h. 27).

Got Sy, S5, 83, 54 1an lugt 1a dién tich cidc tam gidc

OAB, OBC, OCD, ODA. Khi do6 dién tich nr gidc

ABCD bing B C
Hinh 27

S| +52+53+S4.

TacH: 5

%UA.UB. sin AEE:’
S, = %ac.oa, sin COB .
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33.
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Vi COB + AOB = 180° nén sin COB = sin AOB.
1 . —— 1 . —
Vay 51+ 8= = OB(AO + OC).sin AOB = 5 OB.AC.sin AOB.

Tuong tu: Ss+ S, = %UD.AC, sin AOD .

Lai co sinm = sin Eﬁ ,nén:
[URE S . %AC.{GB + OD)sin AOB = %Ac‘.ﬂﬂ.sinm j

a) Tacé C = 180°— (A + B) = 180° — (60° + 40°) = 80°.

i i)

Tix suy ra

sin A N SinB: sinC

csinB _ 14.sind0° o csind _ 14.sin60° o o

sinC sin 80° sinC sin 80"

h=

b) Tuong tu cdu a), ta duge B =175°

g bsinA _ 4,5.sin30"

e
sin B sin 75°

Do B = C nén tam gidc ABC cantai A, suyrac=h=4,5.
¢) B =20°.

c.sin A 3 35.sin40°
sinC sin120°

i 25 Lh}
- = “ij = 35.5m20 ~ 13.8.
sinC sin 120°

d) A =40°
" " D.
b a.iamB _ 137.5.5in83 <2123
sin A sin 40°
v o 5 = L4
Vi . a_%.mﬂ _ 137.5.5i0 57 ~ 179.4.
sin A sin 40"



34,

33,

a) A=B=(180°-C) :2= (180"~ 54°) : 2= 63"
Canh ¢ ¢6 thé tinh theo dinh i sin hodc cosin :

asinC  6,3.sin54°
= — =57
sin A sin 63"

hodc > = a° + b = 2ab.cosC = 6,3 + 6,3% - 2.6,3.6,3.c0s54° = 32,72.
Suy rac = 5.7.

b) a® = b> + ¢* - 2bc.cosA = 327 + 457 — 2.32.45.c0s87° ~ 289827, suy
raa=53.8.
bsinA _ 32sin87°

sinB = = = (1,5940.
a 53,8

R& rang gbc B nhon nén B ~36°, C =180° - (A+ B) ~57°.

)" =a +b° —2ab.cosC =7° +23° — 2.7.23.cos130° ~ 784,98, Suy ra
= 28.0.

asin(C N 7.sin130°

=~ (,1915.
C 28

sinA =

Vi géc A nhon nén A=11° B= 18'[]“—[;1+E‘} ~ 39°,

b+t —a® 187 4207 —14°
2be 2.18.20

a) cosA = 20,7333 = A ~43°

Tuong tu tinh duoe B ~ 61°.
Suyra C ~ 180° —43° - 61° = 76",
b) Tuong tu ciu a), ta tinh dugc :

- I . 2 2 2 N
cosA = i, i LI 40 6 = 0,5755.Suyra A = 557,
2bhe 2.7.34.8

Tuong ty tinh duge B ~ 85°, C ~ 180° — 55° —85° = 4(°.
¢) Tinh tuong tu ciu a).

Dipsé: A=~34° ) B=44° ; C ~ 180° - 34° — 44° = 102°.
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36. (h. 28) B C

2 2 2 5 3
AC  =AB + BC™ = 2.AB.BC.cos140 o

4
=04+16—2.3.4.c0s140° =4339, 4 8
Hinh 28

suy ra AC = 6,6.
Viy cuong do luc téng hop 1 6,6N.
37. AB> = AH” + HB® = 4° + 20° = 416, nén AB = 20.4.

sinAAB = 2B . 20 0.0804.
AB 20,4

Vi goc A nhon nén HAB ~79°. Ma ABC = HAB nén ABC =~ 79°.
Suy ra ACB =~ 56°. Trong tam gidc ABC ta co6 :

CB AB 20,4.sin 45"
= - = CB L e
sind45®  sinC sin 56"

Viy cay cao 17,4 m.
38. Tam gidc ABC c6 A =50°—40°=10°va B =90° - 50° = 40°,

~ 17,4 (m).

a.sinB _ 5.sin40°
sind - sin10°

AC=b= = 18,5.

CD=ACsind0° = 119=CH=11,9+7=189 (m).
Vay toa nha cao 18,9 m.



