PHUONG TRINH PUONG THANG

1. Phuong trinh tham s6 va phuong trinh chinh tic clia dudng thing

Trong khong gian Oxyz, cho dudng thing d di

qua diém My(xg : Yo 3 Zg) va co vecto chi :

phuong u(a; b:c) (h.66). Vi u#0 nénta phai /5‘;/
6 a® +b% +c* >0. d 1M, "

Ta biét ring diéu kién cdn va di dé diém 0 y

M(x;y:z) nim tén dudng thang d la vecto  x

MyM ciing phuong véi vecto u, tic 1a c6 s6 Hinh 66
te R saocho MyM = tu.Chi § ring
MM =(x—Xxg:y—Y¥: z2—2)

nén diéu kién ndi trén tuong duong véi :

X = xg + at
y=yy+bt, te R. (1)
I=1Ipt

Hé phuong trinh (1) dugc goi 1a phuong trinh tham sé cia dudng thang d
v6i tham s6 1. Vi méi r € R, hé phuong trinh trén cho ta toa d6 (x ; y ; 2)
ctia mot diém nam trén d.

Nguoc lai, mbi hé phuong trinh dang (1) v6i @* + b” + ¢* > 0 déu la phuong
trinh tham sé cla dudng thing d di qua diém (x; : ¥y : zg) va c6 vecto chi
phuong la I-;(H s b=,

Tir nay, dé don gian, trong phuong trinh (1) ta khong viét t € R.
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1

Cho duang thang d c¢6 phuong trinh tham s8 :
x=1-2t
y=2+1
z=21

a) Hay tim toa d6 mét vecto chi phuong cla d.

b) Xac dinh toa d6 cha cac diém thudc o ing véigiatrit=0,1r=1,1=-2.

c) Trong cac diém A(3 ; 1 :-2), B(-3:4:2),C(0;2.5: 1), diém nao thudc d, diém
nao khong ?

Xét dudng thang d ¢6 phuong trinh tham sé (1),

Trong truong hop abe # 0, bang cich khir ¢ tir cac phuong trinh cta hé (1),
ta duoc :

{ 2T M ad "N Y , vai abe # 0. ] (2)
a b iy

Hé phuong trinh (2) dugce goi 1a phuwong trinh chinh tde cia dudng thing d.
Nguoc lai, méi hé phuong trinh nhu thé déu la phuong trinh chinh tic cia mot
dudng thang hoan toan xdc dinh, d6 1a dudng thing di qua diém (xq ; v ; Zo)
vil ¢6 mot vecto chi phuong 1a u(a ; b ; ¢).
2
Cho hai mat phang (@) va (&') cé phuong trinh :

(@):2x4+2y+:-4=0

(@'):2x=y=z+5=0.
a) Hay giai thich tai sao hai mat phéng (&) va (&') cat nhau.
b) Goi d la giao tuyén clia hai mat phang (&) va (e'). Hay tim toa d6 clia mot
diém thudc d va xac dinh toa dé clia mét vectd chi phuong cla d.
c) Viét phuong trinh tham s6 va chinh tic clia dudng thang d.

2. M6t s6 vi du
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Vi du 1. Viét phuong trinh tham sé cua dwong thang d di qua hai diém
phdn biét A(1 ;0;-2)vaA’'(2;1;1).

Giai

Vecto AA'=(1;1;3) Ia mot vecto chi phuong ctia d, ngoai ra d di qua diém A
nén d c6 phuong trinh tham s6 la



1 +1¢
t

X

y
z=-2+4+3 =

Vidu 2. Trong khéng gian toa dé Oxyz, cho e dién ABCD vdi
A=(0:;0:;2), B=(3:;0:5),C=(1:1;0), D=(4;1;2).

a) Viét phicong trinh tham s& cua dwong cao tit dién ABCD ha tir D.

b) Tim toa do hinh chiéu H ciia D trén mdt phdang (ABC).

Giai

a) Tacé IB’=(3;0;3), H’f=(l;l;—2).

Vi [Eﬁ} =(—3:9:3) nén mot vecto phdp tuyén ctia mat phing (ABC)

a n=(1;-3;-1).

Viy phuong trinh tham s6 cua dudng cao d ha tir D cta ut dién la

x=4+1
d:qy=1-3¢
=2~

b) Mat phing (A4BC) c6 vecto phép tuyén n = (1;=3;-1) va di qua
A(0;0:2) nén ¢6 phuong trinh la

I(x-0)-3(y-0)-1(z-2)=0
hay x—=3y—z+2=0.
Hinh chi€u H cua D trén mat phing (ABC) 1a giao diém ctia dudng thang d
véi mat phang (ABC). Dé tim toa do diém H, ta giai hé gém céc phuong
trinh ctia dudng thing d va mp(ABC) :

x=4+1
y=1-3
z=2-t

x=3y—z+2=0.
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Thay cdc gid tri cia x,y.z trong ba phuong trinh dau vao phuong trinh

cudi, tac6 4 +1—3(1-31) = (2-1)+2=0. T désuyra t = - Do d

11
x—1+%—ij]—'
:—2-1-1]—1 %
Vay Hz[%:%;%). u

Vi du 3. Cho hai mdt phang (@) va (&") ldn lwot c6 phiong trinh
xX+2y—z+1=0 va x+y+2z4+3=0.

Ching to rang hai mat phang dé cdt nhau va viét phwong trinh tham sé cia

giao tuyén hai mdt phdng dé.

Giai

Hai mat phang di cho cit nhau vi bo ba s6 (1 ; 2 ; —1) khong ti 1€ véi bd ba

.86(1;1:2).

Goi d 1a dudng thing giao tuyén cla ching. Puong thang d gém cdc diém
M(x; y; z) vira thude (@) vira thude (@) nén toa do cia M la nghiém cua hé :
xX+2y—-z+1=0
i (1)
x+y+2z+3=0

Biy gid ta c¢6 thé viét phuong trinh tham s cua d bang mot trong cdc cich
sau day :

Cdach 1. Tim toa do mét diém A thuée d va mot vecto chi phwong cua no roi
viét phuong trinh tham sé ciia d.

Cu thé 1a. trong hé (1) cho z =0 réi tim x va y, tadugc x = -5,y = 2.

Vay diém A(-5:2:0) thudc d.

Goi ny = (1;2;-1) la vecto phdp tuyén ctia mat phang (&), ny =(1:1:2)

la vecto phdp tuyén cua mat phang (@'). Pudng thang d vuong goc véi hai

vecto n; va n, nén nd cé vecto chi phuong la u = [n], "z} = r=3 s =1).



Vay, phuong trinh tham s6 cta duong thang d 1a

Cdch 2. Tim toa do hai diém phdn biét A va A’ thuée d réi viét phuong
trinh dwong thang di qua hai diém do.

Cu thé 1a : Trong hé (1) cho z = 0, ta tim dugc x = -5, v =2. Vay diém
A(=5:2,;0) thudc d.

Laichoz=1, tadugc x=-10,y=5. Vay A'(-10; 5 ; 1) ctung thudc d.

Vecto chi phuong cua d la AA' =(=5:3;1) néndco phuong trinh tham s6 1a :

x=-10-5¢
y=5+3t
z=1+1r

Cdch 3. Trong hé (1) cho z =t roi tim x va y theo t, ta dugc

x==5-5¢
y=2+3t
z=1.

D6 ciing 1a phuong trinh tham s6 clia dudng thang d. =

Vi du 4. Cho hai duong thing d; va d, ldn lugt ¢6 phicong trinh la

[x=r
. } o— - 3
:f,:1_1==—1~4r yd diyimdet Bt

27 -5
z=6+ 6t

Viét phiong trinh chinh tdc ciia diwomg thang dy di qua diém M(1 ; -1 ; 2),
vuéng géc voi ca dy va d,.

Giai

Cic dudng thing d, va d, lan lugt ¢6 vecto chi phuong 1a

u(1;-4:6) va (2 :1:-5).
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Duong thang dy vuong goc véi ca d; va d, nén mot vecto chi phuong clia
dy la E = [E ;ﬂ Ta tinh duoc ;}' = (14;17:9) va do dé, d3 c6 phuong
trinh chinh tic la

x—1_y+1_z-2
14 17 9

3. Vi tri twong déi giita hai dudng thang
Trong khong gian, cho dudng thing d di qua diém M, c6 vecto chi phuong
ii va dudng thang d' di qua diém M|}, c6 vecto chi phuong u'. Dua vio ba

vecto u, u' va MyMy , ta c6 thé biét duge vi tri tuong déi gitta hai dudng
thing d va d".

W
q Mo u
d My
a)
d b)
I
7 >
u' =z 10
d My d .
1
c) d)

Hinh 67
Cu thé 1a :

a) d va d’ trang nhau khi va chi khi ba vecto w,u' va MMy doéi mot cling
phuong (h.67a).
b) d // d' khi va chi khi u va u' cung phuong nhung khong cung phuong véi
MM, (h.67b).
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¢) d vi d’ cit nhau khi va chi khi @ va u' khong cung phuong, déng thoi

ba vecto u, u' va MyM{, dong phiing (h.67c).
d) d va d’ chéo nhau khi va chi khi d. d’ khong dong phang, hay khi va chi
khi ba vecto u, u' va MyM{, khong déng phing (h.67d).

Viy taco :

A‘a d’trang nhau & , &' VA MgM,, doi mot cing phuong \

u, u] [u MﬁMﬂ]

u va ' cling phuon uu'|=0
di/d & <. ep ¢ = [q :| .
u va MﬂMﬂ' khong ciing phuong [u, MM, ] = 0.
: va u " khong cung phuon
d va d’ cit nhau & R § Pk .
u, u' va MnMn déng phang
ii)ed
¢> [ =+ —
'] My
d va d’ chéo nhau & u, u' vd MyM, khong déng phing
o ). 7477 . /

| 2 | Khi nao hai duong thang d va d' néi trén vuong géc véi nhau ?

Vi du 5. Trong khéong gian Oxyz, xét cap duong thang d,,, d',, cé phiong
trinh la

x=14nmt x=m-2t'
dy : 4y=m+2t dy:y=mt
z=1-m-3t z=1l=-m+t'.

Xdc dinh vi tri twong déi giita hai diong thdng dé tud theo gid tri ciia m.

7- HINH HOC 12 (NC)- A 97



Giai

Puong thang d,, di qua diém M(1 ; m ; 1 — m) va c6é vecto chi phuong 1a
ii =(m;2;-3). Pudng thang d',, di qua diém M'(m ; 0 ; 1 — m) va c6 vecto chi
phuong la u' = (=2 ;m;1). Tacé MM = (m —1;—m:0).

Tir d6 ta tinh duogce

L] . MM = 4m? —Tm -2 = 4(m —Zj(m +41J.
Viy : |

- ] o)
Néum=#2vam# —E thi hai dudng thang da cho chéo nhau ;

Néum=2thi ii=(2;2;-3) vd u =(=2;2:1) khong cing phuong,
suy ra hai dudmg thang da cho cit nhau ;

Néu m e thi u :(—l; 2 ;-3) va u' =(—2;—l : 1] cing khoéng
-+ - 4
cing phucong, suy ra hai duong thang da cho cit nhau. =

F chuy

Néu biét phuong trinh cua hai dudng thang d va d’ thi ta ciing c¢6

thé xét vi tri tuong d6i gilta chiing bing cédch giai hé gém céc

phuong trinh xdc dinh d va d’ dé tim giao diém.

Néu hé phuong trinh ¢6 nghiém duy nhét thi d va d’ cit nhau.

Néu hé phuong trinh c6 vo s6 nghiém thi d va d’ tring nhau.

Néu hé phuong trinh vé nghiém thi d va d’ song song hodc chéo

nhau, song song néu hai vecto chi phuong cua ching cung

phuong, chéo nhau néu hai vecto d6 khong cling phuong.

Vi du 6. Cho duéng thang d la giao tuyén cia hai mdat phdng
(@):x+y=0 va (@'):2x-y+z-15=0

va duong thang d’ cé phuong trinh
x=1-t
y=2+2t

Xdc dinh vi tri twong doi gitta hai duomg thang d va d.
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Giai

Cdch 1 )

Trong hé gém hai phuong trinh cta hai mat phing (@) va (&'), ta cho
x=0thiy=0vaz=15 Vay diém M(0; 0 15) nim trén d. _

Lai chox=1thiy=-1 vaz=12. Vay diém N(1 ; =1 ; 12) nim trén 4.

Nhu vay d 12 dudng thang di qua M va ¢é vecto chi phuong

w=MN=(;-1;-3).
DPudng thang d’ di qua M'(1 ; 2 ; 3) va ¢6 vecto chi phuong
| W'=(=1;2;0).
Tacé MM'=(1;2;-12).
Dé thdy ring MM' = 4u+3u', tic 1a ba vecto u,u', MM' déng phing.
Ngoai ra hai vecto 1-.: u' khong ciing phuong.
Tir d6 suy ra hai dudng thang d va d’ cit nhau.
Cdch 2
Mat phang (@) c6 vecto phip tuyén la n_.|(1 1210
Mat phing (&) c6 vecto phap tuyén 1a %{2 =131).
Do d6, vecto chi phuong clia d 13 u = [a E] =(1;-1;=3).
Pudmng thing d’ cé vectd chi phuong 13 u' = (-1;2;0).

Ta ¢ [E.;}=(6;3;1}¢a.

Mat khéc, diém M, (0;0:15) € d, diém My(1:2;:3)e d,

M{]Mb 2(1;2;-~12).

- —

Ta suy ra [u. u'].MGM.}] =0.
Vay hai duting thing d va d’ cat nhau.
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Cach 3

Dé tim toa do giao diém cha d va &', ta gidi hé phuong trinh sau day :
(x+y=0

2x—-y+z-15=0

sx=1-1

y=2+2t

[z =3.

Bing cach thay cdc gid tri cta x, y, z & ba phuong trinh cudi vao hai phuong
trinh diu c_fxa hé. ta duoc

20-D-2+200+3-15=0

{t -t+2+2t =0

{-cn -12=0

&t = =3,
t+3=0

Khidox=4,y=-4,2=3.
Vay hai dudng thang d va d’ cat nhau tai diém (4;-4;3). =

4. Mot sé bai toan vé tinh khoang cach

Bai toan 1. Tinh khoang cdach h tr mor 24
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Ta di c6 cic cong thirc dé -Iinh khoang céch giita hai diém va khoang cach
tir mot diém t6i mot mat phang. Bay gid, ta xét khoang cédch tir mot diém
t6i mot dudng thing va khoang céch giira hai dudng théng chéo nhau.

diém M dén dwong thang d di qua diém
My va cé vecto chi phiong u .

Cdch giai

Goi U 1a diém sao cho MU = u (h.68). V M

Néu M e d thi dién tich S cua hinh binh ) X

hanh ¢6 hai canh MM va MyU la
Hinh 68



s = MM, MU' ]| = (Mo, ]|

Vi khoang cdch h can tim la chiéu cao cua hinh binh hanh ing véi canh
MU nén ta co

_ [g%. 2]

lii

Néu M e d thi hién nhién i = 0 va cong thiic ndi trén van diing. =

3
ﬁ Tinh khoang céch tir diém M (4 :—3:2) dén dudng thang d c6 phuang trinh
x+2 Y42z

3 2 -1
Bai toan 2. Tinh khodng cdch h giita hai duomg thang chéo nhau d, va d,,

biét dy di qua diém M va cé vecto chi phicong uy 3 dy di qua diém M, va

c6 vecto chi phiiong u .

L&

Cach giai (h.69)
Ldy cdc diém U, va U, sao cho
MUy = 1y ; MyUy = up . Xét hinh hop

c6 ba canh la MU, M,U,, M|\M,. Ta
biét ring thé tich V ctia hinh hop do la

V= ‘[MIUI* MZUZ] - M1M11

= M:ul. uzj ; M]M2|. g

Hinh 69

Néu ta xem MM, la canh bén cua hinh hop d6 thi dién tich mat ddy cua
hinh hop 1 8 = [, 3 |

va d, chinh la chiéu cao cta hinh hop. Vay ta ¢ :
\[E uy } - M\M;

|[u1. uz:”

. Khi d6, khoang cdch h giita hai dudng thing d,

h=
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N
Hay tinh khoang céach gilta hai dudng thdng chéo nhau d,,d, cé phuong trinh
nhu sau : .
x=1+1

x y=-1 z-6
’ va d, : =—2+t
2 27

d] P —=—=
1 3
z=3—1.

Cau haoi va bai tép

24. Viét phuong trinh tham s6 va chinh tic (néu c6) cia cic dudng thing
sau day :
a) Cic truc toa dd Ox, Oy va Oz ;
b) Cic dudng thang di qua diém My(x, ; g ; 2o) (Vi xg.¥g.29 # 0) va song
song véi moi truc toa do ;
c¢) Pudng thing di qua M(2; 0; —1) va ¢é vecto chi phuong ii(—-1:3 ; 5) ;
d) Pudng thang di qua N(=2 ; 1 ; 2) va ¢6 vecto chi phuong i#(0;0; - 3) ;
e) Pudng thang di qua N(3; 2 ; 1) va vudng géc vdi mat phing

2x—-5y+4=0;

g) Dudng thing di qua hai diém P(2;3;-1)vaQ(1:2: 4).

25. Viét phuong trinh tham s, chinh tic (néu ¢6) cla céc dudng thang sau day :

a) Pudng thang di qua diém (4 ; 3 ; 1) va song song véi dudng thing ¢6
phuong trinh :

x=1+ 2t
y==3t
z=3+21

b) Puong thang di qua diém (-2 ; 3 ; 1) va song song véi dudng thing c6
phuong trinh :

x=2 _y+1 _z+42

2 I -3
26. Viét phuong trinh hinh chiéu vuéng géc cla dudng thing
=1 ¥l =3
diig=="3—=

trén moi mat phang toa do.
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27.

28.

29.

30.

31.

=1

Cho dudng thing d: {y = 8 + 4t vamat phing (P):x+y+z-T7=0
z=3+2t

a) Tim mot vecto chi phuong clia d vA mot diém nam trén d.

b) Viét phuong trinh mat phang di qua d va vuong goc véi mp(P).

c) Viét phuong trinh hinh chi€u vuong goéc cla d trén mp(P).

Xéc dinh vi tri twong d&i giita cdc cap dudng thing d va d’ cho boi

phuong trinh :

. x=1 _z-3 x-3_y+1 _z+2

My S s TS =3 "
el d’1a giao tuyén cia hai mat phing :
b)d: sy=-3-4 (@) :x+y—-2z=0,
z=-3-3t (@):2x—y+2z=0.

Viét phuong trinh duong thang di qua A(1 : =1 ; 1) va céat cd hai dudng
thing sau day :

x=1+2t x=t
driy=it d:qy=-1-2¢
z=3-1; z=2+1".

Viét phuong trinh duong thing song song véi dudng thing d; va cat ca hai
dudng thing d, va d,, biét phuong trinh ca d,, d, vad; la :

=1 x=-4+5r
d: y=—2.+4r;d2:xﬂ1=y+2=z_2;da_: y=-7+9
1 - 3 )
z=1-1t z=1
Cho hai dudng thing :
x=8+1
d:qy=5+2t va d2:3—x:y—l=z-l.

7 2 3
z=8-1

a) Chimg to ring hai duong thing dé chéo nhau.
b) Viét phuong trinh mat phang di qua géc toa do O, song song Vvéi ca d, va ds.
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¢) Tinh khoang céch gitra hai dudng thing d, va d,.
d) Viét phuong trinh dudng vuéng géc chung ctia hai dudng thing dé.
32. Cho dudng thang d va mat phang (@) ¢6 phuong trinh :

x—2 _y+1_z-1"

di === 5

(@):2x+y+z-8=0.

a) Tim goc gita d va ().
b) Tim toa do giao diém cia d va ().
¢) Viét phuong trinh hinh chi€u vuéng géc cta d trén (@).

33. Cho dudng thang A vi mp(P) c¢6 phuong trinh :

Lx=1_y=-2 z-3 ;TR
A: T T (P):2x+z-5=0.

a) Xdc dinh toa do giao diém A cua A va (P).
b) Viét phuong trinh dudng thing di qua A, nam trong (P) va vuéng géc véi A.
34. a) Tinh khodng cdch tir diém M(2 ; 3 ; 1) dén dudng thing A ¢ phuong trinh :

x+2 _y-1
1

z+1
L

2
b) Tinh Khoang cdch tir diém N(2 : 3 : —1) dén duong thang A di qua diém

Mﬂ(—é 10 —%) va ¢6 vecta chi phuong ;(-—4 ;25-1).

35. Tim khoang cdch giita hai dudng thing sau :

x=1+t x=2-3
a)d: y=-1-1¢ va d:sy==-2+3r
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