§2. TONG VA HIEU CUA HAI VECTO

CAC KIEN THUC CAN NHO

1. Dinh nghia tong cua hai vecto va quy tdc tim tong

e Cho hai vecto tuy ¥ @ va b. Lay diém A wy ¥, dung AB=a, BC =b.
Khi d6 a+b=AC (h.1.7).

e Vi ba diém M, N va P tuy y ta ludn c6 :

E . T T

MN + NP = MP (quy tac ba diém)
e Tit gidc ABCD la hinh binh hanh, ta ¢6 (h.1.8) :

_— ——  ——

AB+ AD = AC (quy tic hinh binh hanh).

B B c
b
a
a+b
A c A D
Hinh 1.7 Hinh 1.8
2. Dinh nghia vecto doi

e Vecto b la vecto déi cia vecto a néu |h| = |a[ va a, b 1a hai vecto nguoc
hudng. Ki hiéu b =—a.

e Néu a la vecto doi cua b thi b la vecto déi cua @ hay —(—a ) = a.

e Moi vecta déu co vecto doi. Vecto déi cua AB 1a BA. Vectodéi caa 0 1a 0.

3. Dinh nghia hiéu cua hai vecto va quy tac tim hiéu
L E—B=E+(—B) :

e Taco: OB—0A = AB v6i ba diém O, A, B bat ki (quy tac trir).

13



4. Tinh chdt cua phép cong cdc vecto

Véi ba vecto a, b, ¢ batkitacd

¢ a+b=h+a (tinh chét giao hodn) ;

o (a+b)+c=a+(b+c) (tinh chit két hop) ;

¢ a+0=0+a=a (tinh chit cua vecto - khong) ;

—h

* E§+(—E)=-E+a=ﬁ.

B. DANG TOAN CO BAN

igi; Van di 1

1 o o i ., ¥ : S
Tim tong cla hai vecto va tong cla nhidu vecto

1. Phuong phap

Ding dinh nghia téng cta hai vecto, quy tic ba diém, quy tic hinh binh
hanh va cic tinh chét cta téng cic vecto.

2. Cac vidu

Vi du 1. Cho hinh binh hanh ABCD. Hai diém M va N lan lugt 1a trung diém
cla BC va AD.

a) Tim t8ng clia hai vects NC va MC : AM va CD : AD va NC.

b) Ching minh AM + AN = AB + AD.

GIAI
(Xem h.1.9)
B M 9 E

Hinh 1.9
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a) Vi FC=E ta co

NC+MC=NC+ AN
— AN+ NC = AC.

— e e

Vi C'D BA tacé AM+CD=AM+BA = BA+AM = BM

— | — e e —

Vi NC' AM tacdé AD+NC =AD + AM = AE, véi E la dinh cta hinh binh
hanh AMED.

[P R —

b) Vi tir gidc AMCN la hinh binh hanh nén ta c6 AM + AN = AC.

—_— —  —

Vi ut gide ABCD la hinh binh hanh nén AB+ AD = AC.

Viy AM + AN = AB + AD.

Vi du 2. Cho luc giac déu ABCDEF tam O.
Chimg minh OA + OB + OC +OD + OE + OF =0.

GIAI
Tam O cua luc gidc déu la tam doi o i——
xiing cua luc gidc (h.1.10).

Tacod (_)3+55 =ﬁ, 5§+EE=6,

— - A = D
OC+0OF =0,

Do dé6 :

OA+OB+0C +0D +OE +OF = ——

= (OA+0D)+ (0B +OE)+(OC +OF) =O. Hinh 1.10

Vidu 3. Cho a, b la cac vecto khac 0 va a=zb. Chimg minh cac khing
dinh sau :

a) Néu a va b cling phuong thi a + b ciing phuong véi a
b) Néu avab cung hudng thi a+b cung hudng vdi a.
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GIAI
Gié sit a = AB, b=BC, a+b=AC.
a) Néu avab cung phm:mg thi ba diém A, B, C cung thuoéc mét dudong thing.

Hai vecto a+b=AC va a=AB c6 cung gid, viy ching cung phuong,

b) Néu avah cting huéng, thi ba diém A, B, C cung thuéc mot duding thang
va B, C nam vé mot phia cua A. Vay a+b=AC va a=AB cung hudng.

Vi du 4. Cho ngii giac déu ABCDE tam O.
a) Chimg minh réng hai vectd OA+OB va OC+OE déu clng phuong
véi OD.
b) Ching minh hai vecto AB va EC cung phugng.
GIAI
(Xem h.1.11) M

E P O
N

D

Hinh 1.11

a) Goi d la dm:mg thﬁng chita OD thi d la mot truc doi xing cia ngii gidc
déu. Ta ¢c6 OA+O0B=0M, trong do M la dinh cta hinh thoi OAMB va

thudc d. Ciing nhu vay, OC +0OE =0ON, trong do N thudc d. Vay OA+OB
vi OC +OF déu cung phuong voi OD vi cung ¢6 chung gid d.

b) AB va EC cung vudng goc vai d nén AB // EC, suy ra AB cung phuong EC.



i!i: Van di 2

Tim vecto doi va hiéu cla hai vecto

1. Phuong phap
e Theo dinh nghia, dé tim hiéu a- 3 ta lam hai budc sau :
— Tim vecto ddi ctia b :

— Tinh téng a+(=b).

e Vin dung quy tac OA—OB = BA v6i ba di€m O, A, B bit ki.

2. Cac vidu

Vi du 1. Chitng minh —~(a + b) = -a + (~b).
GIAI

Gidstt a=AB, b=BC thi a+b=AC. Tacé —a=BA, —b=CB.

Do d6 —a+(~b)= BA+CB = CA =-AC =—(a +b).

Vi du 2.
a) Chimg minh ring néu a Ia vecto déi ciia b thi a+ b =0.
b) Chitng minh rang diém 7 & trung diém clia doan thang AB khi va chi khi

— e

TA=—-IB.
GIAI

a) Gid sit b= AB thi a=BA. Do d6 a+b=BA+AB=BB =0,

b) Néu [ 1a trung diém ctia doan thing AB thi IA = IB va hai vecto IA, IB
nguoc hudng. Vay IA = —IB.

Nguoc lai, néu JA=—IB thi IA = IB va hai vecto H, IB ngugc hudng. Do
d6 A, 1, B thing hang. Vay I 1 trung diém cta doan thang AB.

Vi du 3. Cho tam giac ABC. Cac diém M, N va P 1an lugt 1a trung diém cla
AB, AC va BC.
a) Tim hiéu AM — AN, MN —NC, MN — PN, BP — CP.

b) Phan tich AM theo hai vects MN va MP.
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GIAI

(Xem h.1.12)

— o

a) AM—-AN=NM ;

—_—

—— e e ——h

MN -NC=MN-MP=PN
(vi EEZW);

MN — PN = MN + NP = MP
(vi —ﬁ:FP];

e ]

i v e e

b) AM =

NP = MP - MN.

iZI; Van di 3

= —r — —
Tinh d6 dai cua a+ b, a— b
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1. Phuwong phap

Fl
Hinh 1.12

Déu tién tinh a+b=AB, a—b=CD. Sau dé tinh do dai cdc doan thing AB
va CD bing cich gin né vao cac da gidac ma ta c6 thé tinh duoc dé dai cic
canh ctia né hoic bing cdc phuong phép tinh truc tiép khéc.

2. Céc vi du
Vi du 1. Cho hinh thoi ABCD c6 BAD =60° va canh la a. Goi O la giao
|, IBA- B¢, [0B-DCl.

diém hai dudng chéo. Tinh |

Vi tir gidac ABCD la hinh thoi canh
a va BAD=60%nén AC = a\/g,

—_— —

AB + AD

GIAI

BD = a (h.1.13).

Taco:

—— e ——

AB+ AD = AC nén

[E+E =AC=a«.E ’

A

B

D
Hinh 1.13

<
~
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EE—B_E=EH nén [EE—B? =CA=av‘E :

OB-DC=D0O-DC=CO (vi OB=DO).

Dodé |OB—-DC =CQ=%~

Vi du 2. Chimg minh cac khang dinh sau :
a) Néu a va b cung huéng thi la+bl=al + ]
b) N&u a va b ngudc huéng va |bl >al thi [a+ 5l =[5l -4l
¢) la+ bl <lal + |b|. Kni nao xay ra ddu déng thic 2
GIAI
Gia sﬁ;=E§, b=BC thi a+b=AC.
a) Néu ava b ciing huéng thi ba diém A, B, C ciing thuoc mot dudng thing
vt B nam gitta A va C. Do d6 AB + BC = AC (h.1.14).

A a B b cC
- >

Hinh 1.14

Vay la+b| = AC = AB+BC =lal+ 5.

b) Néu avab ngucoc hudng va |B| = |:r| thi ba diém A, B, C cung thudéc mot
duong thang va A nam giita B va C. Do d6 AC = BC — AB (h.1.15).

—

)
= - -
Cc A B

Hinh 1.15

Vay la+bl = AC = BC - AB=p|-]dl.

¢) Tur cac ching minh trén suy ra rang néu a vi b cung phuong thi
|E;:+5| =[5|+|5] hoic |E+3|{|E|+|§]

Xét truong hop a vab khong cung phuong. Khi dé A, B, C khéng thang hang.
Trong tam gidc ABC ta c6 hé thiic AC < AB + BC. Do d6

a+bl <lal+[5.
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Viy trong moi truong hop ta déu co
la+ bl <lal+5l.

Piéng thifc xay ra khi @ va b ciing huéng.

Vidu 3. Cho hinh vuéng ABCD canh a c6 O la giao diém clia hai duting chéo.
Hay tinh |5f\ —C_?EL |E§+D_E| [Eﬁ—ﬁﬂ

GIAI
Tacdé AC =BD = a\E

OA-CB=CO-CB=BO (h.1.16).
a2 o

Do d6 [ﬁ-ﬁ%’l=m=7.

|AB + DC|=|4B| +|DC| = 24
(vi AB va DC cung hudng), Hinh 1.16

— e e e

CD-DA=CD-CB=BD (vi DA = CB)

Dodé |CD-DAl=BD=a2.

EZE; Yan di 4

Chiing minh d.gang thic vecto

1. Phuong phdp

Méi vé cia mot dang thifc vecto gdm cic vecto dugc néi véi nhau boi cic
phép todn vecto. Ta diing quy tic tim téng, hiéu cta hai vecto, tim vecto doi
dé bién d6i vé& nay thanh vé kia cha ding thitc hodc bién ddi ca hai v& cla
dang thitc dé duoc hai v&€ bing nhau. Ta ciing ¢6 thé bién d6i ding thic
vecto cin chimg minh dé tuong duong véi mot dang thic vecto duge cong
nhan la ding.
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2. Cac vidu
Vi du 1. Chiing minh cac khang dinh sau :
a) a=be>a+c=b+c (vai ¢ batk;
b) a+c=bea=b-c.
GIAI

a) Néu a=b=AB va ¢ =BC thi ;+E=E, b+c=AC. Vay a+c=h+c.

Nguoc lai, néu a+c=b+c ta cén chiimg minh a=b. Gia st a=AB,
5=AB, c=BC.

Tt a+c=b+c suy ra AI_'C:R: Vay A = A hay a=b.

- - -

b) a+c=b<:>a+z+(—;)=B+(-E}<:>E=5—;.

Vi du 2. Cho sau diém A, B, C, D, E va F. Chiing minh rang

AD + BE + CF = AE + BF + CD. (1)

— e e e e — — e

Cdch 1. Tacé : (1) & AD—-AE+CF-CD=BF-BE < ED+DF =EF
& EF = EF. Vay ding thiic (1) duge chiing minh.
Cdch 2. Bién déi vé trii -

E+E‘E‘+§ E+E+E+E+ﬁ+ﬂ#’
- AE +BF +CD + ED + FE + DF
= E%—E-I—C_D'

—— ——t e —t —t ———— — —

(vi ED+FE+DF =FD+DF =FF =0).
Cédch 3. Bién doi vé phai :

AE+BF +CD = AD+DE + BE+EF +CF +FD
— AD+BE+CF+DE+EF +FD

—_—  — =

= AD+BE+CF

P e

(vi DE+EF+FD = {]}
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» Sau day la bai todn tuong tu :

——i | ey e etk

Cho bén diém A, B, C va D. Hay ching minh AB+CD = AD +CB theo ba
cach nhu vi du trén.

Vi du 3. Cho nam diém A, B, C, D va E. Chiing minh rang
AC +DE ~ DC - CE + CB = AB,

GIAI
Taco —HE=EE5, —&=EE nén :

—_— i o o

—_— — —s  —— ——

AC+DE-DC-CE+CB =AC+DE+CD+EC+CB
=(EE+E§}+((,—“5+5E}+EE

— e—— c— —

= AB+CE+ EC = AB,

Vi du 4. Cho tam giac ABC. Céac diém M, N va P Ian lugt 1 trung diém cac
canh AB, AC va BC. Chiing minh rang vdi diém O bat ki ta co

OA + OB + OC =OM + ON + OP.,

GIAT
Bién doi vé trdi (h.1.17) :

— — — | —

a+5§+(}f = OM+MA+OP+PB+ON +NC

—_ — @ — @ @— @ — @ —

=OM+ON+OP+MA+PB+NC

= OM +ON +OP + MA + NM + AN

— i ey

=0OM+ON+0OP
(vi PB=NM, NC = AN

va MA+NM+AN=NM+MA+AN=NN=5}. 2

Hinh 1.17



C. CAU HOI VA BAITAP

1.8.
1.9.
1.10.

1.11.
1.12,

1.13.

1.14.

1.15.

1.16.
1.17.

1.18.

1.19.

—_— @ — —

Cho nam diém A, B, C, D va E. Hay xéc dinh tong AB+ BC +CD + DE.

— ey g b

Cho bon diém A, B, C va D. Chiing minh AB—-CD = AC — BD.

— —

Cho hai vecto E;E vil .}; sao cho a+5 =,
a) Dung OA =a, OB =b. Chiing minh O 1a trung diém ciia AB.
b) Dung OA =a, AB=b. Chiing minh O = B.

—_— — —

Goi O la tam cta tam gidc déu ABC. Ching minh ring OA+O0B+0C = 0.
Goi O 1a giao diém hai duting chéo ctia hinh binh hiainh ABCD. Chimg minh

rmwep cmewen e ek

ring OA+OB+0C +0D =0.

Cho tam gidc ABC c6 trung tuyén AM. Trén canh AC 14y hai diém E va F
sao cho AE = EF = FC ; BE cit AM tai N. Ching minh NA va NM 14 hai
vecto doi nhau.

Cho hai diém phan biét A va B. Tim diém M thoa min mot trong céc diéu
kién sau :

— g

a) MA—MB =BA : b) MA—MB = AB : ¢) MA+ MB =0.

a —& thi tam

Cho tam gidc ABC. Chitng minh ring néu |C—A+@ =
gidc ABC la tam gidc vuong tai C.

— — — — —

Cho ngii gidc ABCDE. Chiing minh AB+ BC +CD = AE — DE.

Cho ba diém O, A, B khong thing hang. Véi diéu kién nio thi vecto
OA+OB nim trén duong phan giac cua goc AOB 7

Cho hai luc Fi va F2 c6 diém dat O va tao v6i nhau goc 60°. Tim cuong

do tdng hop luc cia hai luc 4y biét ring cudng do cla hai luc Fi va Fa
déu 12 100 N.

Cho hinh binh hinh ABCD. Goi O 1a mét diém bt ki trén dudng chéo AC.
Qua O ké cic duong thang song song vdi cic canh cua hinh binh hanh. Cac
dudng thing nay ciat AB va DC lén luot tai M va N, ciat AD va BC lan luot
tai £ va F. Chiing minh rang :

—— e e — —f | — —

a) OA+0C=0B+0D ; b) BD=ME+FN.

23



