HE THUC LUONG TRONG TAM GIAC

Ta biét raing moét tam gidc hoan toan duge xdc dinh néu biét ba canh, hoac hai
canh va gbc xen giira, hodc mot canh va hai géc ké ; nghia la s6 do cic canh,
cdc gbe con lai cha tam gidc ndy hoan toan xdc dinh. Nhu vy, gitta cic yéu to
cua tam gidc ¢6 nhitng méi lién hé nao d6, ma ta s€ goi chung la ciac hé thic
luong trong tam gidc. Trong muc nay ta sé€ lam quen v&i mot s6 hé thic do.

1. Pinh li césin trong tam giac

Néu ABC la tam gidc vuong tai A (h. 44) thi theo

dinh Ii Py-ta-go ta c6 £

BC? = AC* + AB*

S P .
hay BC = AC + AB . (*) B C
C6 thé chitng minh ngin gon dang thic (*) nhu sau Hinh 44

S T . I | U, s e
BC =(AC - AB)* = AC +AB -2AC.AB=AC + AB'.
[21] Trong chitg minh trén, gid thiét géc A vudng duoc sit dung nhu thé nao ?

Bay gio ta hiy xét moét tam gidc ABC tuy y.

1
ﬁ Hay lam tuong tu nhu chitng minh trén, roi dat BC = a, CA = b, AB = ¢, dé di dén
cdng thiac

a® = b* +c* = 2bccos A.
Nhur vay ta duge dinh 1i sau day, goi la dinh Ii cosin trong tam gidc.
DINH Li
Trong tam gidc ABC, véi BC =a,CA=b, AB=c, ta co
a? = b? + ¢® = 2bccos A : |

bz - az + ¢2 = 2accos B :

cg = az = b2 — 2abcosC.
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Tur dinh Ii trén, hdy phat biéu bang I6i cong thirc tinh mét canh clia tam giac theo hai
canh con lai va cosin cla géc xen giita hai canh dé.

[22] Khi ABC la tam gidc vuong, chdng han A = 90°, dinh li cosin trd thanh
dinh li quen thudéc nao ?

3
RTU dinh Ii césin hay viét cong thirc tinh gia tri cos A, cosB, cosC theoa, b, c.

Tit hoat dong nay ta c6 hé qua sau day trong tam gidc ABC

HE QUA
/_ b2+{:2—a2 \
CosA = :
2bc
3. .2 43
CGSB=G + ¢ b ;
2ac
3,35 9
CGSC=H +b ¢

\_ 2ab W,

Vi du 1. Hai chiéc tau thuy cing xudt phat tr mét vi tri A, di thdng theo

hai huong tao véi nhau géc 60°. Tau B chay véi t6c do 20 hdi li mor gio.
Tau C chay vdi téc dé 15 hdi li mot gio. Sau 2 gié, hai tau cdch nhau bao
nhiéu hai li 7 (1 hai Ii = 1,852 km).

Gidi. (h. 45) Sau 2 git tau B di duge 40 hai I, tau C di duoce 30 hai li. Vay
tam giac ABC c6 AB =40, AC = 30, A =60,
Ap dung dinh i cosin vao tam gidc ABC, ta c6
a® = b* +c? - 2bccos A
= 30% + 407 — 2.30.40.cos60°
=900 + 1600 - 1200 = 1300.

Vay BC = V1300 = 36 (hai li). A
Sau 2 gid, hai tau cdch nhau khoang 36 hai Ii. Hinh 45
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Vidu 2. Cdc canh cua tam gidc ABC laa=17,b=24, c=23. Tinh géc A.
Gidi. (h. 46) Theo hé qua cta dinh If cosin ta ¢c6

B
3.0 .2 73
S b* +c a .
2bc A 24
4% +23% _ 72 ¢
= ~ 0,9565. Hinh 46
2.24.23

Tir d6 ta dugc A =~ 16°58",
&= CHU Y

Néu sir dung mdy tinh bé tii (MTBT) dé€ tinh géc A khi biét
cos A = 0,9565, ta c6 thé lam nhu sau

1) D6i v6i MTBT CASIO fx-220 hoic fx-S00A thi dn
0.9565 [SHIFT| [cos| [SHIFT] [o+]. Két qua: A =~ 16°58".

2) D6i v6i MTBT CASIO fx-500MS thi 4n
[SHIFT] [cos] 0.9565 [2] [or]. Ket qua : A ~ 16°58".

Ngoai ra, ¢6 thé ding mot s6 loai MTBT khéc dé tinh todn, nhu
CANON, SHARP hodac cac MTBT c6 chitc nang tuong duong.

2. Dinh li sin trong tam giac

A
Cho tam gidc ABC ¢6 BC =a, CA=b, AB=c
noi ti€p duong tron (O ; R). b
Néu géec A vuong (h. 47) thi a = 2R va dé thiy C “G B
a=2RsinA, b=2RsinB, ¢ =2RsinC. (1)
Bay gio xét truong hop géc A khong vuong. Ta
chitng minh cdc cong thic (1) vin dung.
Hinh 47

4 (D& chimg minh céc cbng thirc (1))

Goi (O ; R) 1a dudng tron ngoai ti€p tam giac ABC, vé dudng kinh BA' clia dudng tron.
Hay chimg t6 sin BAC = sin BA'C trong ca hai trudng hop : Géc BAC 1a géc nhon
(. 48a), Ia g6c thl (h. 48b). Tir d6 hay két thiic chiing minh.
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A
a) b}
Hinh 48
Tir d6 ta c6 dinh 1i
Vi moi tam gidac ABC, ta co
a b c IR,

sinA . sinB sinC

trong do R la ban kinh duong tron ngoai tiép tam gidc ABC.

Vi du 3. T hai vi tri A va B cua mét toa nha, nguot ta quan sdt dinh C
ctia ngon niii (h. 49). Biét rdng dé cao AB bdng 70 m, phuong nhin AC
tao véi phwong ndm ngang géc 30°, phuong nhin BC tao véi phuong ném

ngang géc 15°30'. Héi ngon niii dé cao bao nhiéu mét so véi mar ddt ?
Gidi. (h. 49) Tir gia thiét, ta suy ra tam giic ABC c6

CAB =60°, ABC = 105°30', c = 70.

C =180° - (A + B) = 180° - 165°30' = 14°30.

Theo dinh Ii sin ta c6

b c
sinB  sinC’

hay

b 0
sin105°30"  sin14°30"
Dodb AC = p = 10810530 _eo 4 (em).
sin 14730
Goi CH la khoang cach tir C dén mat dat. Tam gidc vuéng ACH c6 canh
CH d6i dién véi goc 30° nén

Hinh 49




_AC _ 269,4
2

Vay ngon niii cao khoang 135 m.

CH = 134,7 (m).

& CHU Y

. : o .sin105°30" . .
Néu sir dung MTBT dé tinh biéu thic b = . e thi ta c6
sin 14730’

thé lam nhu sau
1) D6i v6i MTBT CASIO fx-220 hodic fx-500A thi &n

70 [x] [((...] 105 [0r5] 30 [o++5] [sin] [.01] [=] [1¢..] 14 [os+1] 30 [0+
[sin] [.0]] [2]. Két qua: b =~ 269.4.
2) P6i v6i MTBT CASIO fx-500MS thi 4n

70 [x] [sin] 105 [0+ 30 [or] [2] [sin] 14 [o++)] 30 [or] [5].

Kétqua: b =2694.

Vi du 4. Cho tam gidc ABC c¢6 a=4,b=35, ¢ =6. Chitng minh rdang
sinA — 2sinB + sinC = 0.
Gidi. Goi R 12 ban kinh cta dudng tron ngoai tiép tam gidc ABC.

Tir dinh 11 sin, ta c6

sinAzi, sinB=i, Y L
2R 2R 2R

Vay sinA - 2sinB +sinC = —l—(a -2b+c¢) = —]-(4'—_ 10+ 6) = 0.
2R 2R

Binh |i cbsin trong tam giac con duge goi l1a dinh i
An Ka-si (AL Kashi) — tén cla nha thién van hoc va
toan hoc Trung A, mét trong nhitng nha bac hoc 16n

cudi cung cla trudng phai Xa-mac-kan (Samarkand)
dau thé ki XV.

\

AL Kashi
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3. Téng binh phudng hai canh va dé dai dudng trung tuyén clia tam giac
Bai toan 1. Cho ba diém A, B, C, trong d6 BC = a > 0. A
Goi / la trung diém cua BC, biét Al = m (h. 50). Hay
tinh AB® + AC? theo a va m.

Néu m :% thi ¢6 thé thdy ngay AB® + AC? bing
bao nhiéu hay khéng ? B / C
Hinh 50

(), 5 (D& gidi Bai toan 1)

ety ey e smewr  mm oo i i
Hay viét AB = Al + IB, AC = Al + IC rditinh AB + AC dé di dén két qua
2
AB? + AC? =2m* + “?

Bai toan 2. Cho hai diém phan biét P, Q. Tim tap M
hop cdc diém M sao cho MP* + MQ2 = k2, trong dé

k la s6 cho truéc.

Hudng dan. (h. 51) Goi I 1a trung diém cta PQ va

dat PQ = a. Theo Bai todn 1, ta c6

” . )y  a? P / Q
MP= + MQ~ = 2MI +~2—. Hinh 51

2
Vay MP? + MQ? = k? khi va chi khi 2MI> + 5'2— = k? hay

2 2
=K _o (*)
2 4

6
ﬁﬁ‘x (*) hay suy ra I6i gidi cta Bai toan 2.

Bai toan 3. Cho tam gidc ABC. Goi m,, my, m,. la do dai cdc dudng trung
tuyén lan lugt \ing véi céc canh BC = a, CA = b, AB = ¢. Chitng minh cdc
cong thitc sau day, goi la cong thirc trung tuyén

2*b2+{.‘2 a? ) 2_02+£'2 b* : 2 a+b
a. = - 1 mb - = : HI(. — .
2 4 2 4 2 4

m

Giai. Tir két qua cua Bai toan 1, ta suy ra ngay céc cong thitc c¢dn chiing minh.
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4, Dién tich tam giac

Vi tam gidc ABC, ta ki hiéu h,, hy, h.la dé dai cac dudng cao lin luot
tng v&i cdc canh BC, CA, AB ; R, r 1dn luot 1a ban kinh duong tron ngoai

: o a5 a+b+c : ; .
ti€p, noi ti€p tam gidc ; p = —5 la nura chu vi tam gidc.

Ta cé thé tinh dién tich S ctia tam gidc ABC bing cdc cong thitc sau day

1 1 1
/S:-iaha :—z—bhb =~2-chc : {l)\

g l{zrf:n:inC = lm:sinJ!E'i-' = l.-!:u:-sitwi : (2)
2 2 2
abc
=— ] (3)
4R

S=pr:

(4)
\S=Jp(p—a}(p—b){p—c). - {5)/

(Cong thirc (5) goi la cong thirtc Hé-réng).

ﬁ‘? (h. 52)
Héay tinh h, trong tam gidc AHB theo canh ¢ va géc B, réi thay vao céng thic
8= %ahﬁ. dé dugc cong thifc (2) (cha y xét ca hai truéng hap H nam trong, H nam

ngoai doan BC).

Hinh 52

8
%TU cong thic (2) va dinh li sin, hay suy ra céng thifc (3).
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ﬁa (h. 53)
Goi (O ; r) la duong tron néi tiép tam giac

R

60

ABC. D€ y rang § la téng dién tich cac tam
giac OBC, OCA, OAB. Hay ap dung cbéng
thirc (1) d& suy ra cong thc (4).

* Chitng minh céng thitc Hé-réng

Tac¢hd S= %bcsinA, suy ra

52 = %bzcz(l —cos® A)

I R .
=£bzfz[l_(b +C a]}

4b%c?

= é{?bc + b+ 2 - a®>)(2be - b* = % + a%)

= ~l—16-[{b + e - az)][az = cﬂ

_b+e+a btc~-a a-b+c a+b-c

2 2 2
=p(p —a)(p —b)(p —c).
Vay  S=p(p-a)p-b)Xp-o).

Hinh 53

* Ngudi ta goi tam gidc c6 dd dai cic canh la ba s6 nguyén lién ti€p va cé
dién tich bing mot s6 nguyén la tam gidc Hé-réng. Cic tam gidc c6 do dai

cdc canh nhu sau
31455,
13; 14 ; 15,
51 5253,

la nhitng tam gidc Hé-rong.

10

Hay tinh dién tich cla ba tam giac Hé-réng d.trén.



5. Giai tam giac va ing dung thuc té&

Giai tam gidc la tinh cdc canh va cdc gbéc cia tam gidc dua trén mot s6
diéu kién cho trudc.

Vi du 5. Cho tam gidc ABC. Biét a =174 ; B = 44°30' ; C = 64°. Tinh
goc A va cdc canh b, ¢ cua tam gidc dé.

Giai. (h. 54) A
Ta cé

A =180°- (B +C)

= 180° - (44°30' + 64%) = 71°30". 5 AMIW 174 64A
Theo dinh Ii sin ta c6 Hinh 54
. = (4] '
b= a..smB _ 17.4.sin 4430 ~12.9
sin A sin 71°30"
si .4.5in 64°
- a§1nC _ 17,4.sin 64 w165,
sin A sin 71°30"
A
Vi du 6. Cho tam gidc ABC. Biét a = 494 ;
b =264 ;C = 47°20. Tinh hai géc A, B va 204
canh c. B 494  47°20N ¢
Gidi. (h. 55) Hinh 55

Theo dinh li c6sin ta c6
¢ = a* + b% — 2abcosC = (49,4)% + (26,4)* — 2.49,4.26,4.c0s47°20"
~ 1369,58.

Vay ¢ = 4/1369,58 = 37,0.

b% +c% -a?® _ 696,96 +1369,58 — 2440,36
2bc 2.26,4.37

CosA = =~—0,1913.

Dung bang s6 hoiac MTBT, tim duoc A ~101°2. Tt dé
B ~180° — (101°2' + 47°20') = 31°38..
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Vi du 7. Cho tam gidc ABC. Biét a=24 : b =13 ; ¢ = 15. Tinh cdc géc

AB,C. - A
Giai. (h. 56) : 15 13
Theo hé qua cua dinh Ii c6sin, ta c6 B 24 c
b* + % - a?
COSA = Hinh 56
2bc
_ 169 + 225 — 576 _ 7 ~ — 0,4667.
2.13.15 15

Vay A =~ 117°49.

a b

Vi - = —
sinA sinB

nén

b.sinA _ 13.sin117°49' _ 13.5in62°11"
a 24 24

sinB =

= (0,4791.

Vi canh AC ngan nhdt nén géc B nhon. Suy ra

-~

B ~28°38': C =~ 180° — (117°49" + 28°38") = 33°33",

Vi du 8. Duong ddy cao thé néi thang tir

vi tri A dén vi tri B dai 10 km, tir vi tri A A
dén vi i C dai 8 km, géc tao bdi hai A

21 715°
duwong day trén bdng 75°. Tinh khodng 10 T T &
cach tiwvi tri Bdén vi tri C (h. 57). T

Gidi. Ap dung dinh Ii cosin vao tam gidc
' T te
ABC, ta cé

Hinh 57
a® = b% +c% - 2bc.cos A

~ 8% + 107 - 2.8.10.cos 75° =~ 123.
Suy ra a=11(km).
Vay khoéang cich tir B dén C xdp xi 11 km.



Vi du 9. (h. 58) Mot nguoi ngéi trén tau
hod di tir ga A dén ga B. Khi tau dé o ga A,
qua oOng nhom nguoi dé nhin thdy mot
thap C. Hudng nhin tir nguoi dé dén thdp
tao véi huéng di ciia tau mot géc 60°. Khi

tau dé ¢ ga B, nguoi dé nhin lai vdn thdy
thap C, huong nhin tit nguoi dé dén thdap Hinh 58
tao voi huong nguoc voi huong di cua tau

mot goc 45°. Biét rdng doan duong tau néi thang ga A véi ga B dai 8 km.
Hoi khodng cdch tit ga A dén thdp C la bao nhiéu ?

Giai. Xét tam gidc ABC. Ta c6
€ =180° ~(60° +45%)=75°.

Ap dung dinh If sin vao tam gidc ABC, ta dugc .b = .C :
sinB  sinC
450
Suy ra b = 8. S ~ 6 (km).
sin75°

Viy khodng cach tir ga A dén thap C xap xi 6 km.

Em cé biét ?

&)

GIAI TAM CIAC VA MET MAU

Ngay sau Cach mang 1789 & Phap, ngudi ta quyét dinh xay dung mét hé do
ludng phé cép, trong d6 cé do d6 dai.

Vé d6 dai, ngudi ta Idy do dai vong kinh tuyén clia Trai D4t lam co sd ("dudi chan mbi
ngudi déu cé kinh tuyén"). Ngudi ta coi vong kinh tuyén Trai D&t dai 40000 km, tifc
4x107 mét, vay mét mét 1a ;—;7— ctia mét phan tu dé dai vong kinh tuyén. Bang
cach nao c6 dudgc mot mét dé lam mau ?
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15.

16.
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Cac nha thién van Pi-e Mé-sanh (Pierre
Méchain) va Giang Bd-lam-brd (Jean
Delambre) dudc giao nhiém vu do dé dai
cung kinh tuy&n ndi hai thanh phé Bon-kec
(Dunkerque & Bac Phap) va Bac-xo-lo-na
(Barcelona, Tay Ban Nha). Cac phuong
phap thién van thoi dé da cho biét hai
thanh phé dé c6 clng kinh dd va cb vi dé
khac nhau 10,8 d6.

Trén mat dat, viéc do gbe dé hon do do dai
nén ngudi ta xét day tam giac sép xép ké
nhau doc theo kinh tuyén di qua hai thanh
phé néi trén (mdi tam giac co dinh la cac dia
diém dé xac dinh vi tri nhu dinh lau dai, néc
nha thd v.v...). Trong 7 nam lao dong kién
nhan miét mai, Mé-sanh, Bd-lam-bro ding
khodng 500000 phép do dé giai hang tram
tam giac sdp x8p nhu thé. Sau do6, qua
nhiéu thang kiém nghiém do dac, tinh toan
bdi mét hdi déng gdm nhiéu nha bac hoc
tén tudi (trong d6 c6 cac nha toan hoc
Phap La-pla-xd (Laplace), Lo-giang-dro
(Legendre), La-grang-gio (Lagrange) v.v...),
k&t qua cudi cung da dugc cong nhan vao
nam 1799 va da c6 mau mot mét bang
bach kim dat tai Vién do luang Pa-ri (Paris)
(mau mot mét "cho moi thai dai”, "cho moi
dan toc"). :
Ngay nay, dung cac phuong phap cla
Vat Ii hién dai, ta c6 thé xac dinh don vi do
dd dai chinh xac hon nhiéu.

Cau hoi va bai tap

Tam gidc ABC c6 a=12, b= 13, ¢ =15. Tinh cos A va goc A.

Cho tam gidc ABC c6 AB =5, AC =8, A = 60°. Két qui nao trong cdc két

qua sau la d6 dai canh BC ?
a) V129 ;

c) 49 ;




17,

18.

19.

20.

21.

22,

23.

Hinh 59 v& mo6t hé nudc nam &
goc tao boi hai con dutng. Bon
ban An, Cuong, Tri, Pic du dodn

khoang céch tir B dén C nhu sau

An : 5 km

Cuong : 6 km

d bg & 7 km

Puic : 5,5 km. Hinh 59

Biét ring khoang cich tir A dén B la 3 km, khoang cich tir A dén C 1a 4 km,
g6c BAC 1a 120°,

Hoi du dodn ctia ban nao sit véi thuc t€ nhat ?

Cho tam gidc ABC. Chiing minh céc khéng dinh sau

a) Géc A nhon khi va chi khi a® < b + ¢ ;

b) Géc A tu khi va chi khi a® > b + ¢ ;

¢) G6c A vuong khi va chi khia” = b” + ¢°.
Tam gidc ABC ¢6 A = 60°, B = 45°, b =4. Tinh hai canh a vi c.

Cho tam gidc ABC c¢6 A = 60°, a = 6. Tinh ban
kinh dudng tron ngoai ti€p tam giac.

Ching minh ring néu ba géc cua tam gidc ABC
thoa man hé thitc sin A = 2sin B.cosC thi ABC
la tam gidc can.

Hinh 60 v& mot chiéc tau thuy dang neo dau & vi
tri C trén bién va hai ngudi & cdc vi tri quan sat
A va B cédch nhau 500 m. Ho do dugc géc CAB

bing 87° va géc CBA bing 62°,
Tinh cdc khoang cich AC va BC. Hinh 60

Goi H la truc tam ctia tam gidc khong vuéng ABC. Ching minh riang ban kinh
cdc dudng tron ngoai ti€p cdc tam gidc ABC, HBC, HCA, HAB bang nhau.
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24.
25.

26.
27.

28.

29,
30.

= g

32,

33,

34,

35.

36.

66

Tam gidac ABC c6a=17,b =38, ¢ =6. Tinh m,,.

Tam gidc ABC c6 a =5, b =4, ¢ = 3. Ldy diém D déi xiing v6i B qua C.
Tinh do6 dai AD.

Cho hinh binh hanh ABCD ¢6 AB =4, BC =5, BD = 7. Tinh AC.

Ching minh ring trong mot hinh binh hanh, téng binh phuong céc canh
bang tong binh phuong cta hai dudng chéo.

2

Chimg minh ring tam gidc ABC vubng & A khi va chi khi 5m2 = mj + m?.

Tam gidc ABC ¢6 b=6,12; ¢ =5,35; A = 84°. Tinh dién tich tam gidc do.
Cho tir gide ABCD. Goi M, N lan lugt 1a trung diém cta AC va BD. Chimg

minh ring
AB® + BC? + CD? + DA* = AC? + BD® + 4MN2.
Goi § la dién tich va R 1a bdn kinh dudng tron ngoai ti€p tam gidc ABC.
Ching minh ring
$ = 2R? sin Asin BsinC.

Ching minh ring dién tich ctia mot i gide bang nira tich hai dudng chéo
va sin cua géc hop bai hai dudng chéo dé.

Gidi tam gidc ABC, biét

a)c=14, A =60°, B = 40°: b)b=45, A =30° C =75°;
c)c=35 A =40° C =120°; d)a=1375, B =83° C =57°
Giai tam gidc AB('I' , biét

a)a=63,b=63, C =54°; b)b=32,c=45 A =87°;

¢)a=7,b=23, C =130,

Giai tam gidc ABC, biét

a)a=14,b=18,c=20; ba=06,b=173,c=48:
c)a=4 b=5c=1.

Biét hai luc ciing tic dung vao mot vat va tao véi nhau goc 40°. Cudng do

cia hai lyc d6 12 3N va 4N. Tinh cudng do cta luc téng hop.
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37. Tir vi tri A nguoi ta quan sat mot cay cao (h. 61).

C

Hinh 61
Biét AH =4 m, HB=20m, BAC =45°. Tinh chiéu cao clia cay.

38. Trén n6éc moét tod nha ¢6 mot cOt ang-ten cao 5 m. Tir vi tri quan st A
cao 7 m so véi mat dat, c6 thé nhin thdy dinh B va chan C cta cot ang-ten dudi

géc 50° va 40° so v6i phuong ndm ngang. Tinh chiéu cao clia toa nha (h. 62).

oo
MARmA
A [noooly

------ ot
ninninly

Hinh 62
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