TiCH vO HUONG CUA HAI VECTO

1. Géc giira hai vectd

Cho hai vecto @ va b déu khdc vecto 0. Y\
Tir mot diém O nao d6, ta vé cdc vecto OA = @ = A
N— - a
va OB = b (h. 35). Khi dé =
S6 do cua géc AOB duoc goi la 5
s6 do cua gbc giita hai vecto a =
— b
va b, hodc don gian la géc giira B
hai vecto @ va b. Hinh 35

Trong trudng hop c6 it nhit mot trong hai vecto @ hodc b 1 vecto 0 thi ta
xem géc giita hai vecto dé 1a tuy y (tir 0° dén 180°).

R6 rang cach xdc dinh goéc gitra hai vecto khong phu thudc vao viée chon
diém O ; cho nén géc giita hai vecto @ va b duge ki hiéu la (a, b).

Néu (@, b) = 90° thi ta néi rdang hai vecto @ va h vuoéng goc

véi nhau, ki hiéula @ L b .

[21] Khi nao géc giita hai vecto bing 0° ? Bing 180° ?

1 C
ﬁ(}ho tam gidc ABC vudng tai A va co B = 50° (h. 386).
Tinh cac géc
(BA, BC) ; (AB,BC) ;
(CA,CB) ; (AC,BC) ; - ..
A B
(AC,CB) ; (AC, BA). Hinh 36



2. Pinh nghia tich vé huéng cia hai vecto

Trong Vat li, ta c6 khdi niém "céng
sinh bdi mort luc".

Gia sir mot luc khong déi F téc dung
l1én mot vat 1am cho vat dé di chuyén
tir diém O dén diém O’ (h. 37).

Khi dé luc F disinhra mot cong A
tinh theo cong thirc

4 = [Fl.100"|cos g,
trong do |F| la cudng d6 cha luc F tinh bing Niuton (ki hiéu 1a N), I(E'l
la d6 dai vecto 00’ tinh bing mét (ki hiéu 12 m), ¢ 1a géc giita hai vecto
F va 00’ . Cong A duoc tinh bing Jun (ki hiéu 12 J). Nhu vay J = N. m.
Trong Toén hoc, gid tri A trong biéu thic trén (khong ké don vi do) duoc
goi la tich vé huong cua hai vecto F va 00’

Tich vo huéng cua hai vecto a va b la mot s, ki hiéu la

a.b, duoc xdc dinh bai
a.b= [&'l.|5|cos(a, 5)
Vi du 1. Cho tam gidc déu ABC c6 canh a va trong A
tam G (h. 38). Tinh cde tich vé huong sau day
AB.AC ; AC.CB; AG.AB;

GB.GC ; BG.GA: GA.BC. G

Giai. Theo dinh nghia, ta c6 N
S 1 B g
AB.AC = a.a.cos60° = Eaz : Hinh 38
EC_E-: = a.a.cos120° = —%az :
EE = aif—-a-cosSO“ =g %% = laz -
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T 2
GB.GC = aﬁ.aﬁcoslmo . .
3 3 6
o =
BG .GA = aﬁ.aﬂcosﬁﬂﬂ .. :
3 3 6
EEEE = a%.a.cc&%n = ().

@ Trong trucomg hop nao thi tich vé huéng cua hai vecto @ va b bang 0 ?

Binh phuong v6 hudéng

Véi vecto @ tuy ¥, tich vo huéng @.a@ duoc ki hiéu 1a (@)*> hay don gian
hon 12 @* va goi la binh phuwong vé6 hudng cua vecto a.
Tir dinh nghia cta tich vé hudéng ta c6

= lal.lal.cos 0° = lal*.

Vay

Binh phitong vé huong cria mot vecto' bang binh phuong dé
dai cua vecto do.

Héc-man  Grat-xo-man (Hermann  Grassmann
1808 - 1877), nha toan hoc Bic, la cha dé cla tich

vd hudng cla hai vectd ma éng da ki hiéu la & ™ V.
Chinh viéc nghién citu thuy triu dan éng dén cac
khao sat vé vecto.

3. Tinh chat cua tich vé hudng

V&i hai s6 thuc a va b, ta ¢é ab = ba. Vdy vdi hai vecto @ va b, ta co tinh

chdt twong tw hay khéng ?
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DINH Li

Véi ba vecto @, b, T tuy ¥ va moi sé thuc k, ta cé \
1)a.b="b.d (tinh chat giao hodn) ;
2)db=0cadlb;

+
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=11
—_—
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+
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&l
L gl §
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™

(tinh chdt phdn phoi doi voi
phép cong) ;
G.(b—-C)=3ad.b—a.c (tinh chdt phdn phéi déi

Vi
\ phép trix). /

Ta c6 thé dé dang ching minh dugc céc tinh chét 1, 2, 3. Tinh chét 4 dugc
thira nhan, khong chirng minh.

Ding cdc tinh chat cla tich vo hudéng, ta ¢6 thé chimg minh céc hé thiic sau

(@+b) =@% +b%+23b ; (1)
(@-b)* =a@* +b*-2ab ; 2)

—+ — — _,2
G+b)@-b)=a*-p%=lal - ol (3)

Sau day ta chimg minh hé thitc 3. Theo tinh chat phan phéi, ta c6
@+ b).(@—b)=ad.d@—-b)+b.(a-b)

2

ﬁHéy chiing minh cac hé thirc (1) va (2).

Ta biét rdng véi hai s6 thic bdt ki a va b, luon cé (ab)* = a*b*. Viy véi
hai vecto bdt ki @ va b, ddng thitc (@.b)* = @*.b* c6 diing khong ? Viét
thé nao moi diing ?

Bai toan 1. Cho nir giac ABCD.
a) Chitng minh rang
AB? + CD* = BC* + AD* + 2CA.BD.
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b) Tir cdu a), hdy chimg minh rang : Diéu kién cdn va du dé i gidc cé
hai duong chéo vudng géc la tong binh phuong cdc cdp canh déi dién
bang nhau.

Gidi. (h. 39) B

a) Ta co
AB? + CD? - BC? - AD?
A - C

= (CB - CA)* + CD* - CB® - (CD - CA)?

= —ZCTB'.E.Z + EC_'EC_.A
= 2CA.(CD — CB) = 2CA. BD. D

Tir d6 suy ra diéu phai chitng minh. Hink 33
b) Tir a) ta co ngay :

CA L BD < CA.BD =0 < AB% + CD? = BC? + AD?.

Bai toan 2. Cho doan thdng AB c¢6 do dai 2a va s’ k*. Tim tdp hop cdc

diém M sao cho MA.MB = k°.

Gidi. (h. 40) Goi O 1a trung diém doan thing AB, ta c6
MA.MB = (MO + OA).(MO + OB)

— (MO + OA).(MO - OA)

el i)
=MO -0A
= MO? - 0A% = MO? - &% Hinh 40

Do d6

MA.MB = k* & MO?* -a® = k* & MO? = k* + a°.
Vay tap hop cdc diém M 1a dudmg tron tam O, ban kinh R = k2 + a°.
Bai toan 3. Cho hai vecto OA, OB. Goi B’ la hinh chiéu cia B trén duong
thang OA. Chimg minh rédng
OA.OB = OA.OB’ .



Chiing minh. Néu AOB < 90° (h.4la)thi B
OA.OB = OA.OB.cos AOB

= OA.OB’
. * O e =1 =
= %.%CUSO 0 B A B’ 0 A
= 0A.OB'. a) b)

Hinh 41

Con néu AOB = 90° (h. 41b) thi
OA.OB = OA.OB.cos AOB = —OA.OB.cos B'OB

— —OA.OB’ = OA.OB'.cos180° = OA.OB..

Vecto OB’ goi la hinh chiéu cua vecto OB trén duomg thang OA.

Céng thite OA.OB = OA.OB’ goi la cong thirc hinh chiéu.

3
ﬁHﬁy phat biéu bang Idi két luan cla Bai toan 3.

Bai toan 4. Cho duong tron (O ; R) va diém M ¢6 dinh. Mot ducong thang A
thay déi, luén di qua M, cdt duomg tron dé tai hai diém A va B. Chiing
minh rdang

MA .MB = MO* - R*.

Chimg minh. (h. 42) V& duong kinh BC ciia dudng tron (O ; R). Tacé MA 1a
hinh chiéu ciia MC trén dudmng thing MB. Theo cong thiic hinh chiéu, ta c6

Hinh 42
MA .MB = MC .MB = (MO + OC).(MO + OB)

o AT s Tl T
= (MO - OB).(MO + OB)= MO - OB
=d* - R (v6i d = MO).
49

4 - HH10NC-A



& CHU ¥

1) Gid tri khong d8i MA .MB = d* — R* néi trong Bai todn 4 goi la
phuong tich clia diém M d6i v6i dudng tron (O) va ki hiéu 1a 2y

[ Pruioy= MA.MB =d" -K° (dzM;}.J

2) (h. 43) Khi diém M nam ngoai
dudng tron (Q), MT la tiép tuyén cla
dudng tron d6 (T 1a tiép diém), thi

T
Praror= M = MT. Hinh 43
4. Biéu thirc toa do cla tich vé huéng
A
Trong hé toa doé (O ; ?, }}. chod=(x;y) va b= (x';¥"). Tinh
2 =2 == . 5 -
a)t ., 9, 8.9, b) a.b ; c)da; d) CUS(E.!J].
Cac hé thire quan trong
ﬁha hai vecto @ = (x ; y) va b=(x"; y"). Khi do \

1) @.b = xx'+ w';

2) lal = \,‘xz +y%

3) cos(@, b) = il 4
x2+y2Jxa+ye

Qac biét: @ L b < xx'+yy' =0.

(5#6,5#6).

/

5
ﬁchc. haivectd @ = (1:2) va b = (=1:m).

a) Timm dé d@ va b vuéng géc véi nhau.
b) Tim 86 dai ciia @ va b. Tim m d& |a| = |b] .
50
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HE QUA
Trong mdt phdng toa d¢, khodng cdch giita hai diém M(xy; yar)
va N(xy;yy) la

[ MN = |ml = -J(.YN - .TM)Z + (_'!I.’N = _}?M}z J

Vi du 2. Trong mdt phdng toa dé, cho hai diém M(=2 ; 2) va N(4 ; 1).

a) Tim trén truc Ox diém P cdch déu hai diém M, N.

b) Tinh césin cua gée MON.

Giai

a) Vi P thudc truc Ox nén P ¢6 toa do (p : 0). Khi dé
MP=NP < MP? =NP? & (p+2° +22 = (p-4)°* + 1%

Tir d6 ta duge phuong trinh 12p =9, suyra p = % Viy P = (% . 0).

b) Tacé OM = (-2;2) va ON = (4;1). Vay

cos MON = cns{O—M, O—N} = % = -%.

Céau hdi va bai tap
Trong truong hop nao tich vo hudng a.b c6 gia tri duong, cé gia tri am,
bing 0 ?
Cho tam gidc ABC. Téng (AB, BC) + (BC, CA) + (CA, AB) c6 thé nhan gid
tri ndo trong cdc gid tri sau : 90° ; 180° ; 270° ; 360° ?
Cho tam gidc ABC vudng ¢ A va B =30°. Tinh gid tri chia cdc biéu thic sau

a) cos(AB, BC) + sin(BA, BC) + tm@ ;

b) sin[A—B. E} + COS(EE, EA‘} + cos{ﬁ, Ei}.
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10.

11.

12.

13.

14.
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Cho bon diém bat ki A, B, C, D. Chimg minh ring

DA.BC + DB.CA + DC.AB = 0.
Tir d6 suy ra moét cach chitng minh dinh li : "Ba dwong cao cuia mét tam
gidc dong quy".
Chimg minh ring diéu kién cdn va du dé tam gidc ABC vuéng tai A la
BA.BC = AB’.
Cho tam gidc ABC v6i ba dudng trung tuyén AD, BE, CF. Chitng minh rang
BC.AD + CA. BE + AB.CF =0.

Cho hai diém M, N nim trén dudng tron dudng kinh AB = 2R. Goi / 12 giao
diém cua hai dudng thing AM va BN.

a) Ching minh ring AM.Al = AB.Al ; BN .BI = BA.BI .
b) Tinh AM.Al + BN.BI theo R.

Cho hai dudng thang a va b cit nhau tai M. Trén a c6 hai diém A va B, trén
b c6 hai diém C va D déu khdc M sao cho MA.MB = MC.MD . Chiing
minh rdng bon diém A, B, C, D cing ndm trén mot dudng tron.

Cho doan thiing AB ¢ dinh, AB = 2a va mot s6 k> Tim tap hop cdc diém M
sao cho MA® —MB” = °.

Trong mat phéng toa dé, cho u = %? - 5} va v = ki - 4}.

a) Tim cdc gidtrictakdé & LV ;

b) Tim cdc gid tri cua k dé [i] = [v].

Trong mit phing toa do, cho tam gidc ABC c6 cdc dinh A(—4 ; 1), B(2 ; 4),
C2;-2). :

a) Tinh chu vi va dién tich cta tam gidc do6.

b) Tim toa d6 cuia trong tim G, truc tim H va tdm / cua dudng tron ngoai
ti€p tam gidc ABC. Tir d6 hdy kiém tra tinh chat thing hang cta ba diém
I, G, H.



