§2, §3. Khai niém ve mat tron xoay.

20.

21.

Mt tru, hinh tru va khoi tru

1) Ki hiéu bén kinh ddy va chiéu cao hinh tru d6 lan luot 1a R va k. Khi d6
Sq¢=mR’ = 4na’, S, =S = 2nRh.

Tu ciac hé thic trén,tacOR=2ava h = % . Nhu vay thé tich khai tru 1a

V = aRk%h = ndd* - = Sa.
4na
2) Thiét dién qua truc cua hinh tru la hinh chit nhit c6 cic kich thude 1a 2R

va h. Vay dién tich thiét dién qua truc la

oRh=4a 2= 2.
dma ©
(h.65)
1) Goi AA' 1a mot duong sinh cua hinh tru /,,____\
thi AA' = h va AA' // 0O, khi dy a = BAA' A \i/
\ 1
- . : AAT  h : i
la goc gita AB va O0' va cosax = XE g : i
Diéu nay khang dinh goc gitta AB va 00" 1 i
7. = o
khong doi. A ' )
_ AkS—==0
2) Goi I la trung diém ciha A'B thi c6 p
O'I L mp(AA'B), mat khic 00' // mp(AA'B), St i

viy ('l 1a khoang cich gitrta AB va 00",



22.

86

Vi O'I 1a trung tuyén clia tam gidc A'O'B c6 ba canh 1a A'B = Va* - h*,

a* — h*
=

O'A' = O'B =R nén O' ¢6 do dai khong déi. Dé thiy O'I = JRE =

(h.66)
1) Gia st thiét dién qua truc 0O

ctia hinh tru l1a hinh vuéong ABCD. Khi 5
|
d6 AB = AD = 2R. Goi O, la trung diém @
L - 5 & 5 - S |

cua OO' thi mat ciau tam O,, ban kinh 1
G]t i
OB la mat cau ngoai ti€p hinh tru. i “"-{:
|-~
Dé thiy 0,B = RN2. Vay dién tich mat ¢ e
5 ) L7
ciu 1a 4n(Ry2)" = 87R® va thé tich =
Hinh 66

kh&i cdu 1a %E(R\Ef - %me?\/i.

2) Mat phing (P) song song v6i OO’ nén cit hinh tru theo thiét dién la
hinh chit nhit ¢c6 mot canh bing AD, canh con lai theo gia thiét bang R.
Viy dién tich thiét dién ctha hinh tru cit boi (P) 1a R2R = 2R,

Vi (P) // OO' nén khodng céch tir tam O, cua mat ciu ngoai tiép hinh tru
dén (P) bang khoang cich tit O' dén (P) va bang O'I (I la trung diém

,
| — © 3R?
cua diy cung noi trong gia thiét). Ta co or =R —(g] if Tic la
RJ_
O0'I = —— . Vi mp(P) cat mat ciu trén theo duong tron nén bédn kinh r cia

duong tron dugc tinh theo cong thic :

3R*  SR*
4 = 4

rP=0,B"-0T =2R" -

Vay dién tich thiét dién cliia mit ciu ngoai ti€p hinh tru da cho khi cat boi
o SR
mp(P)las =




23. (h.67)

24,

1) Ki hiéu O, 0" lan luot 1a giao diém
clia cdc duding thang AB, CD véi A. Goi V
14 thé tich cin tim, V, la thé tich hinh tru
tao nén khi quay hinh cht nhat OBCO'
quanh A (vdi OA < OB) hoac hinh tao
nén khi quay hinh chit nhit OADO'
quanh A (v6i OA > OB) ; V, la thé tich
hinh tru tao nén khi quay hinh chit nhat
OADQO' quanh A (véi OA < OB) hoac
hinh tru tao nén khi quay hinh chir nhat
OBCO' quanh A (v6i OA > OB). Khi dé
V=V,-V,.

Tir do, voi OA < OB thi

Hinh 67

V = nOB*.BC - nOA* AD =2an| (x +a)* - x* | = 24°1(2x + a)

va vl OA > OB thi

V = nOA2.AD — nOB2.BC = 2an| x* — (x—a)? | = 2a*n(2x — a).

; @ venE e . . 4 4
2) Thé tich khoi ciu ban kinh bang AB 1a — fa”. Theo gia thiét ta co

’%
(2x + a) (voi OA < OB)

(2x — a) (vo1 OA > OB).

]

41&13 = 2Ma

o

hoac 4na’ = 2na

Tir d6 x = % (v6i OA < OB) hoac x = %‘1 (véi OA > OB).

(h.68)

1) Goi I 1a trung diém cta CD thi O'I L CD,
tirdé OI L CD. Vay = 010",

Dé thiay AB // CD, tic la ABCD la hinh
thang. Mat khiac O L CD nén OI L AB.
Viy ABCD la hinh thang can.

Dién tich § cua ABCD dugc tinh boi.

S = %{AB + CD). OI

Hinh 68

87
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Taco: AB=2R, Ol = C,JU = _h 3
sing  sing

0'1 = 00'cota= ID = VO'D? — 01 =R = 2 cot’ @

= CD = 2\{1?2 — W cot’ ax.

Vay S = ~(2R+ 2VR - W cott @) - = (R+VR? — K cot? ) .
2 sin ¢ sin ¢

2) Trong mat phing (00'7), ké O'H L OI thi H 1a hinh chiéu cta diém O’
trén mp(FP).
Xét tam gidc vuong O'TH, tacé O'H = 'l sina= h.cota.sina = h.cosc.
Keé dudng cao HJ cua tam gidc vuong O'HO thi 0'J.00' = O'H*
O'H*
00’
Mt khic HI* = OH* — 07 = h*.cosa— h*.cos* a= hcos” o sin’
Viy HJ ¢6 do dai khong déi, tir d6 ta ¢6 diém H thudce dudng tron tam J,
ban kinh cho trude, trong mat phing vuéng géc véi 00" tai J.

= 0= = h.cnsjaf, tit d6 suy ra J 1a diém c6 dinh.

Chii y. Ciing ¢6 thé thay H thuoéc mat tru T ¢6 truc 1a OO', ban kinh day R’
cho trudc, cu thé R' = h.cosa.sing, dong thoi H thudc mat phing vuong
g6c véi truc 00" tai diém J. Tt d6 H thudc dudng tron 1a giao cia mat tru
T v mat phang néi trén.

(h.69)

1) Hinh tru ngoai ti€p hinh ling tru da F
cho ¢o truc la 00" (0, O' 1a tam hai day

cua hinh lang tru) va dudng tron day cua

hinh tru nay la dudng tron ngoai tiép day

cua hinh lang tru.

X

D

=

o
=2
ARO[ A .. " |5

}-...-—.—.——.—.——.—. - -

Fo

SR P R

[

|
oL
F

Dé thiy bdn kinh dudng tron diy cla
hinh tru ngoai ti€p bang a. Viy dién tich P

\\:b_-

b

L
Fa

by
&

\'\
L
¥
|
r

¥

B

xung quanh cua hinh tru doé 14 §, = 2nah,
thé tich kh6i tru d6 1a V, = na’h.

3
=

Hinh 69
2) Hinh tru néi ti€p hinh lang tru da cho c6 truc la O0', duong tron day
cua hinh tru nay la dudng tron noi ti€p day hinh lang tru.



26.

Dé thdy ban kinh dudng tron ddy cua hinh tru noi ti€p bang ﬁ"zﬁ_ Viy
dién tich toan phan cua hinh tru do la

= 2n ih 2. (”‘F) mﬁ[h+£a].

2 2
thé tich hinh tru dé la

2
V, = “(%\E] ho= Emzh.

4
(h.70a, b)
s i L 2 D J C
1) Vi hinh lang tru da cho la hinh lang
tru ding nén chi c¢in chung minh day \U
ABCD c6 dudng tron noi tiép. ! N B:
Goi I va J lan luot la trung diém cha AB E E % =
va CD thi IJ L AB, IJ L CD. Goi O la trung .’ | :
I 1 i
P | il I - ]
diém cia IJ thi O = OJ = ?J Ké BH L ol
D i o St Rl e
CD :_ff ||.L: '\\l
( ||}
Ta ¢6 IJ = BH = VBC* — HC? b
A B
2
254° v Hinh 70a
= —|2a-—=| =2a.
/B2 _(a-2) =2
Viy Ol = OJ = a.
D J H 2
Mat khic OB’ = OF + IB’ A 3
B i B 54*
= g A" D’§
0C>=0J" +JC’ L\ k
=a’ +4a’ =5a" A I B
Hinh 70b

tir d6 ta c6 BC* = OB + OC”.
Keé duong cao OK cua tam gidc vuong OBC thi OK.BC = OB.OC, suy ra

ﬁa 5

0!(:25—:.::.

2
Viay O la tam dudng tron ndi tiép hinh thang can ABCD.

89
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Viy hinh tru ¢é truc OO' (0. O' la tam hai duong tron day) va ban kinh

ddy bing a chinh 1 hinh tru noi ti€p hinh lang tru da cho.

2) Dién tich toan phan cua hinh tru do la
S =2na® + 2mah = 2nala + h)
va thé tich hinh tru dé la

P~ rmzh_

Chii y. C6 thé giai thich ABCD c6 dudng tron noi tiép badi diéu kién

AB + CD =BC + AD.
(h.71)

Vi ABCD la hinh chit nhat nén O la trung
diém cia AC.

Goi M la trung diém cua AB thi O\M L AB,
OM 1 AB va theo gia thiét, AO = AO,.

Hai tam gidc vuong MAO va MAO | c6 MA
chung, OA = O|A nén OM = O|M.

Tir d6 OO,M = 45°, do d6 00,0, = 45°.

Dé thiy AO,00, can tai O, vay ,00, =90°.
(h.72)
1) Tr §,, =2mR.00, (R la ban kinh ddy)

S;p =21R(R + 00,),

Sn R 3
s, T00 T T2 T
Viy S, _ 3 4 _

1y ip= 541'[ = OTT.

2)Tacé4dn = S_T_:j, =2nR.00 = 2n.R.2R
= R=1.
Thé tich khéi tru la

V = nR.00, = 21k’ = 2n.
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Hinh 72

3) Goi A;C la moét canh cta n—gidc déu ndi tiép ddy hinh tru thi

F

i




29.

A0C, = 2—;- va dién tich ddy hinh lang tru bang

, ) l1.» .20 n_» .20 _n_,  2n
Sp = NS00, =N ER sin— - = ER sin— = = Eam?-
2n

V,= 85,00 = m:.in?

4) Puong tron 1én cua hinh ciu ngoai ti€p hinh tru 1a duong tron ngoai ti€p
thiét dién qua truc, Vay ban kinh mat ciu 1a R = R\2 (R 1a bin kinh day
cua hinh tru). Tir d6 thé tich khéi ciu phai tim la

—TI{RC} Sﬂ:\/_

5) V6i thiét dién ABB,A, nhu hinh v&, ta c6 40,8, = 120, tir d6

A,B, = 2Rsin120° = R+/3.
Vay A,B,=43.
Do d6 dién tich thiét dién 13 : A,B,. AA; = /3.2 =24/3.
(h.73) Goi O' 1a trung diém cua truc 0,0 cla
hinh tru thi @' la tim mat ciu da cho. Ki hiéu

h va r 1an luot 1a chiéu cao va bdn kinh ddy
cua hinh tru thi dién tich thiét dién qua truc la

S“f = 2!1.;1.

3
Mat khdc R> = 0'A* = r +% = 2 _R”-%.

T d6 S, = hV4R: — b2 = (h2(4R* — hY).

Hinh 73

Vay S,, 16n nhit khi va chi khi h = Rv/2 .

Khidér=\/R2~%.2R2 R‘F =3,

n:R’*ﬁ

2

, tite la thiét dién qua truc la hinh vuéng.

V= wlh = 2mtr = 211';‘3 =

S, =2m + 2nrh = 3R

tp
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2) D¢ thay dién tich ddy cua hinh lang tru n—gidac déu noi ti€p hinh tru la

Pl o O
grz sin—-. Viy thé tich hinh ling tru dé 1a
) . 2
Viig = 22 sin =t 2r = m smE =20 smg.
T n n 22 n

e X¢ét da gidc déu n canh ngoai tiép duong tron day hinh tru thi do dai canh

. i . | R e i i e .
cua da gidc bang 2r tan—, tur do6 dién tich day hinh lang tru la
n

1 T 2 T
S, = n=2r.tan—.r = nr- tan—-
dddy 2 n n
Viy thé tich hinh ling tru n—gidc déu ngoai ti€p hinh tru la
3
T T nk i
m'2 tan— .2r = 2:11'3.Ian — = —tan—-:

n n 2 n
3) Gia su thiét dién la MNN M, thi MNN M, la hinh chit nhat. Goi / la
trung diém ctia MN thi

R , R? R R R
f:— MIM‘: = — = —_—— = —.
D= \/’ 3 \fz 4 2

Vay dién tich thiét dien MNN, M, 1a
MN.NN, =2IM.h =RR\2 = R*.\2.
30. (h.74) Vi hinh hop ABCD.A,B,C,D,

noi tiép hinh tru nén ABCD.AB,C,D, B C,
la hinh hop chit nhat, truc hinh tru la e Rl

00, (doan n6i tim hai ddy cta hinh A ,’ii H_x\ E |
hop) va khoang cach tr OO, dén mat ',” i \\j

phiing (ABB,A,) bang nita AD. Tir d6 . '9:‘

AD = 3a. ,‘: {;;1:___5__\_,.‘_____ c
BD 1a duong kinh cua duong tron ddy j,f" h*{‘_-‘;r-m:w

hinh tru nén BD = Sa, suy ra A D

2 ] 2 - I Hinh 74
AB  =BD™— AD™ = 164", tic la AB = 4a.
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Dé thady DBA la géc gifta B;D va mit phiing (ABB,A,), theo gia thiét thi
DB,A =30° tit d6 B,D = 2AD = 6a.

Vay BB? = B,D* — BD* = 364" — 254" = 11a°, tic 1a BB, = a+/11.
Do dé thé tich hinh hop da cho 1a
V = AB. AD. BB, =4a.3a. a11 = 124’ J11.

Goi O' 1a trung diém cua OO, thi O' 1a tim mat ciu ngoai ti€p hinh hop
. 1

chir nhat ABCD.AB,C,D, va ban kinh cia mat ciu do laR = EB]D = 3a.

Tir d6 thé tich hinh céu phai tim la

V= %m?-‘ = %11:27..:13 = 367a°.



