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CAC QUY TAC TINH PAO HAM

N6i chung, viéc tinh dao ham bang dinh nghia thudng rat phuc tap. Bai nay s&
cung cdp cho chiing ta nhimg quy téc tinh dao ham, nho d6 viéc tinh dao ham
ctia mot ham s6 phiic tap sé duge quy vé tinh dao ham ctia nhitng ham s6 don
gian hon.

P& tién cho viéc dién dat, ké tir bai nay, ta sé sir dung ki hiéu J dé chi tdp con
cia R gom mot khodng hodc hop cua nhiéu khoang.

Pao ham cta téng hay hiéu hai ham sé

PINH Li 1

Néu hai ham s6 u = u(x) va v = v(x) ¢6 dao ham trén J thi ham
58 y = u(x) + v(x) vd y = u(x) — v(x) cling c6 dao ham trén J, va

a) [u(x) + v(x)]' = u'(x) +v'(x) ;
b) [u(x) — v(x)] = u'(x) = v'(x) .




2,

Ghi chii. Céc cong thic trén c6 thé viét gon 1a

(u+v) =u+v' va(u—-v) =u-v'

Chitng minh
a) Tai méi diém x € J, taco
o Ay = [u(x + Ax) + v(x + Ax)] = [u(x) + v(x)]
= [u(x + Ax) — u(x)] + [v(x + Ax) = v(x)] = Au + Av.

* lim E = lim M = lim £+ lim £=M'():}+'.»"[::c’,t.

Ar—>0Ax A0 Ax Ax—0 Ax  Ax—0 Ax
Vay [u(x) + v(x)] = u'(x) + v'(x).
b) Két luan nay duge chitng minh tuong t. O
Nhan xét :

C6 thé md rong dinh 1i trén cho t6ng hay hiéu cta nhiéu ham s6 : Néu cdc
ham sé6'u, v, ..., w ¢é dao ham trén J thi trén J ta c6

(utv..tw=utv..tw.
Vi du 1. Tim dao ham cua ham s6 fix) = K- Jx +2 tren khoang (0 ; +0).
Giai
Trén khoang (0 ; +oc) ta c6

(S 3 +2)' = (5) - (V1) + )’ =6x5—ﬁ-

Vay f'(x) = 6x° —

I
2Vx
[H1] &) Tinh £ (-1) néufix) =x° —x* + 22 -1,
-1 e x?
va glx) =
x> +1 = E A
ham trén R . Chimg minh rang vai moi x thuéc R , ta cé f '(x) = g'(x).

b) Cho hai ham s6 f{x) = . Biét rdng hai ham sé nay c6 dao

Pao ham cua tich hai ham so

Dinh Ii 1 ¢6 thé néi gon 1a : Dao ham cia t6ng (hay hiéu) hai ham s6 bing
tong (hay hiéu) cdc dao ham ctia hai ham s6 dé.

Liéu diéu tuong tu ¢6 xdy ra d6i vai tich cua hai ham s6 hay khong ?
Dinh Ii sau sé€ tra 101 cau hoi do.
197



PINH LI 2

Néu hai ham s6 u = u(x) va v = v(x) ¢6 dao ham trén J thi ham
sO y = u(x)v(x) ciing ¢6 dao ham trén J, va

[(x) V()] = &'(x) . v(x) + u(x) . v'(x) ;
Dac biét, néu £ 1a hang s6 thi [ku(x)]' = ku'(x).

Ghi chii. Cic cong thirc trén c6 thé viét gon 1a

(uv)' = u'v+wv'va (ku)' = ku'.

Chitg minh
bat f(x) = u(x)-v(x). Ta s& tim dao ham cta f tai mo6t diém x tuy ¥ thude J.
Khi bién s6 nhan s6 gia Ax thi Au = u(x + Ax) — u(x) nén
ulx + Ax) = u(x) + Au.
Tuong tu, do Av = v(x + Ax) — v(x) nén
v(x + Ax) = v(x) + Av.
Ta sé sir dung cdc dang thic trén dé tinh dao ham ctia ham s6 f,
* Ay = flx + Ax) — fix) = u(x + Ax) - v(x + Ax) — u(x) - v(x)
= [u(x) + Au] - [ v(x) + Av] — u(x) - v(x)
= Au - v(x) + u(x) - Av + Au - Av.
Ay = lim Au - v(x) + u(x) - Av + Au - Av

Ar—0AX A0 Ax
Au Av A - Av
= lim|[—vw(x)| + lim |u(x)— | + lim .
&r~+{J|i-'5~Y V( ):f &;—}D[ { )M:l Ar—0 Ax
Pé ¥ ring
e Au
lim | —v(x) | =] lim — |v(x)=u'(x) - v(x),
Jim | Zov) [mum} (D)= u(x) - v@)

lim u{x}—aﬁ = u(x) lim é-t = u(x) - v'(x),
Ax—0 Ax

Ax—0| M_

Au - Av Au Av
lim = lim — - lim —: lim Ax =u'(x) - v'(x) - 0 =0,
Arx—0 Ax Av—=30Ax Av0AX  Av—0 (%) - vi(x)
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ta c6 két qua
£ = lim 2 = V) + uGv (o)
i - Ax—0 Ax B .
Khi v(x) = k (hing s6) thi v'(x) = 0 nén ta c6 [k - u(x)]' = k - u'(x). O

@ Céch tinh dao ham nhu sau dung hay sai, tai sao ?
G -4)] = () - (* -4)' = (3% )(2x) = 62,

Vi du 2. Tinh dao ham ctia ham s& y = flx) trong m6i truong hop sau :

8 6
a)ﬂx}=%~—2—;-+3x;
b) fix) = (2% + /.

Gidi

b ] )
a)f'(x)= [% - 2’;— + 31] s é(xg}'— %{xﬁ}'+ 3(x)'= 2 —415 + 3.

b) £'(x) = [(2;2 ” 1)\/}]' = 2x% + )'Vx + 2% + DN’

7 1
= 4xx + 2x* + D—=. O
2Vx

H3| a) Chimg minh réng néu cac ham s6 u, v va w cé dao ham trén J thi ham sé
f xac dinh béi fix) = u(x)v(x)w(x) (voi moi x € J) clng c6 dao ham trén J va
(uvw)' = u'vw + uv'w + uvw'

b) Ap dung, tinh dao ham cta ham s6 y = x*(1 —x)(x + 2) tai diém x = -2.

. Pao ham cua thuong hai ham so
Sir dung dinh nghia, ta ciing chimg minh duoc dinh Ii sau

DINH Li 3

Néu hai ham s6 u = u(x) va v = v(x) c6 dao ham trén J va v(x) # 0
(x)

v6i moi xe J thi ham s6 y = % ciing c6 dao ham trén J, va

[u(x}] _ u'(x)w(x) — u(xyv'(x) _
v (x)
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Ghi chi. Cong thitc trén c6 thé viét gon la
u Couv —w/ _
v ve

Chimg minh hé qué duci day

HE QUA

a) Trén (oo ; 0) U (0 ; +0) ta cd [—-JT:_._._.

b) Néu ham s6 v = v(x) c6 dao ham trén J va v(x) # 0 v&i moi x
thudc J thi trén J ta cé ( ] ] .. (x)
v(x} Vz{x}

Ghi chi. Cong thic thit hai trong hé qua trén ¢6 thé viét gon 1a

1) S
"_l - v2

Vi du 3. Tinh dao ham cta ham s6 y = f{x), néu :

1+ 9x N .
a) flx) = = s (a@ 1a hang s6) ;
1
b) fix) = —
x° -1
Giai

a) Ap dung dinh Ii 3 (& day u =1 + 9x va v = x + 2a), ta c6
Fi0) = (14+9x)'(x+ 2a)— (1 +9x)(x + 2a)’ . O(x + 2a) — (1 + 9x)

(x +2a)* (x + 2a)*
o BE=l
(x + 2:1}2
b) Ap dung hé qua cta dinh 1i 3 (0 day v = i 1), tacé
2 '
. (x* =1) 2x
U e T makdee s
col) N A | 5



@ Chon két qua dung trong céc két qua cho sau day.

2 —
Dao ham cua ham s6 y = xz—x?'jlﬂ bang
2x-3 2x-3 2x% —2x+1 6x> —14x+5
(A) 7+ (B)- 7 N —— M=
2x-1) 2x-D 2x-1 (2x-1)

4. Pao ham cua ham sé hop
a) Khai niém ham sé hop
Vi du 4. Cho hai ham s6 y = f{u) va u = u(x), trong dé
f) =1 vau(x) =+ 3x + 1.
Néu trong f{u), ta thay thé€ bi€n s6 u béi u(x) thi dugc
fu@)] = (2 + 3x + 1)°.
Pat g(x) = flu(x)] = (* + 3x + 1)°. R& rang y = g(x) 12 mot ham s6 bién s6 x.
Ta goi g la ham 56 hgp ctha ham s6 f qua ham s trung gian . O
Mot cich téng quit, ta c6 khai niém ham s6 hop nhu sau (& day ta chi xét cdc
ham s6 duoc cho béi biéu thiic).
Cho hai ham s6 y = flu) va u = u(x). Thay thé bién u trong biéu thic f{u)
boi biéu thic u(x), ta duge biéu thitc flu(x)] véi bién x. Khi d6, ham
s6 y = g(x) véi g(x) = flu(x)] duge goi 1a ham s6 hop cia hai
ham s6 f va u ; ham s6 u goi 1a ham s6 trung gian.
Trong dinh nghia trén, tap xdc dinh cta ham s6 hop y = g(x) 14 tap cic gid tri
ctia x sao cho biéu thic flu(x)] c6 nghia.
[H8] Cho fiu) = Vu va u(x) = x 1. Hay tim ham s6 hap y = flu(x)] va tép xéc dinh
cla no.
b) Cach tinh dao ham cua ham s6 hop
DINH Li 4
a) Néu ham s6 u = u(x) c6 dao ham tai diém x, va ham
80 y = flu) c6 dao ham tai diém uy = u(xy) thi ham s6 hop
g(x) = flu(x)] c6 dao ham tai diém x,, va
g (xg) = f'(ug) - u'(xp).
b) Néu gia thiét trong phin a) duge thoa man déi véi moi diém
x thudc J thi ham sé hop y = g(x) ¢6 dao ham trén J, va
g () = f'[u(0)] - u'(x).
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Ghi chii. Cong thic thit hai trong dinh Ii trén con dugc viét gon la

By = ft: U,

Vi du 5. D6i v6i ham s6 g(x) = flu(x)] = (* + 3x + 1)* duoc néu trong vi du 4,
ta tinh dao ham cua né nhu sau :

Taco f'(u) = (u3)‘ =3u*. Do u(x) = x> +3x+ 1 nén

Fue] =302 +3x+ D* w0 = +3x+ 1) =2x+3.

Vay g'(0) =f'lu()] - w' () =307 +3x + 1)*(2x + 3). i
Téng quét ta xét ham s6 y = (u(x)") (v6i n € N va n 2 2). C6 thé xem ham s6
ndy 12 ham s6 hop clia him s6 f(x) = u" v ham s6 trung gian u = u(x). Do do,
néu ham s6 u = u(x) ¢6 dao ham trén J thi ta 4p dung dinh If 4 € tinh dao ham
cita ham 6 hop y = (u(x))" (con viét 1a y = u"(x)) nhu sau :

fay=u" = f'w=n.u""=fux]=n ") ;

[u"u)]' = Fu(o]- w'(x) = n- ") - u'(x).

Viy ta cé

HE QUA 1

Néu ham s6 u = u(x) c¢6 dao ham trén J thi ham s6 y = u"(x)
(v6in € Nvan=z2)codao ham trén J, va

[u”(x)]' =n.u" ). u'(x).

Ghi chii. Cong thitc néu trong hé qua 1 duge viét gon la
(u”)1 =nu""u'.
Tuong tu, ta xét ham s6 y = Ju(x) .

a) Tim ham s6 f sao cho ham s6 y = \Ju(x) la ham s6 hgp cla ham s6 f va
ham s6 trung gian u = u(x).

b) Chimg minh réng néu ham s6 u = u(x) c6 dao ham trén J va u(x)>0 voi moi
u'(x)

2 Ju(x) |

xeJ thihdm séy= Ju(x) cing co dao ham trén J va (Ju{x))' =
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HE QUA 2

Néu ham s6 u = u(x) c6 dao ham trén J va u(x) > 0 v6i moi x € J
thi ham s6 y =\/u(x) c¢6 dao ham trén J, va

(V) = L.

23 u(x)

Ghi chi. Cong thirc néu trong hé qua 2 duge viét gon la

(Vu) =5
: 4 2.2 i 3
Viduﬁ.(\/f‘—sxln]:("‘ L R V. O
Wit 32 +7 Jrt —3x +7

GHI NHO
a) Dao ham cua mot sé ham s6 thuong gdp (6 day u = u(x))

(¢)'=0 (cla hdng s6)
(x)'=1

@ =nm""(ne N, n>2) (u")l = nu"u'

g o | (-2
() =g >0 | () -

b) Cdc quy tdc tinh dao ham (& day u = u(x), v = v(x))

(uxv)Y=u'ztv

(uv)=u'v+uv'

By V=Y
v Ve

¢) Dao ham cia ham sé hop (6 day g(x) = flu(x)])

| 8x = S
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16.

17.

18.

19.

20.

21.
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Céu hoi va bai tap

Tinh dao ham ctia méi ham s6 sau tai diém x; dugc cho kém theo
a)y='f‘+x—x2. xXo=1; b}y:x:"—hﬂ, Xp=2;

Q) y=20r-2x+3, xo=1.

Tim dao ham cia méi ham s6 sau (a va b 12 hing s6)

a)j?:.‘l.‘ﬁ-41j+ll'—3\/;; b]y=%—%x+x2—{),ﬁx4;
4 3 2
AR A AR _axth
Qym-pog g orrey QY=g
Tim dao ham cua moi ham s6 sau
a)y=( +x°; b) y = (¢ + 1)(5 — 3x%) ;
2x 5x-3
x* -1 ' x +x+1
2
x“+2x+2
e)y= %Jr— : f)y = x(2x — 1)(3x + 2).

Tim dao ham ctia méi ham s6 sau

. 5 1
a)}'=(x—x“)32; b)y= 7= :
xJx
1+ x X :
c)y= : d) y= ———— (a la hang s0).
-.||[_-._1' f'a2_x2 g

Cho ham s6 fix) =V x> — 2x . Hiy giai bat phuong trinh f'(x) < fx).

Luyén tap

Cho ham s6 fix) = x° — 3x” + 2. Hay gii bt phuong trinh :
a)f'(x)>0; b) f'(x) <3.



22.

23.

24.

25.

26.

Tim cidc nghiém cta phuong trinh sau (lam tron két qua nghiém gin ding dén
hang phéan nghin)
3

a)f'{x):ﬁv&iﬁx)=%—2x2—Gx—l;
4 2
W= -Swifn= P2 3,
4 514
Tinh dao ham ctia méi ham s6 sau
2x+3 1
a)y= ——— ; b)y= ]
X —5x+5 Y (xz_x+])s
c;ly=x2+x\/;+1; d}y:(x+l}(x+2}2(x+3}3;
. 2 +1
e)y= :

Viét phuong trinh ti€p tuyén cua doé thi ham sé
a)y= %. biét hoanh d¢ ti€p diém la x, =0 ;

b) y = vx + 2, biét tung do ti€p diém 12 y, = 2.

Viét phuong trinh tiép tuyén ctia parabol y = x°, biét ring ti€p tuyén dé di qua
diém A0 ; —1).

Hutomg dan : TruGe hét viét phuong trinh ti€p tuyén tai di€ém c6 hoanh do x,
thudc parabol da cho. Sau d6 tim x; dé ti€p tuyén di qua diém A (chd ¢ ring
diém A khong thudc parabol).

Hinh 5.6 thé hién man hinh ctia mét trd
choi dién tir. MOt mdy bay xuft hién o
bén trdi man hinh réi bay sang phai theo
mot quy dao (C) 1a d6 thi cuia ham s6

y = f(x), trong d6 f(x) = ~1 --'r-, x> 0).

Biét ring tén lira dugc bén ra tir mdy bay
tai mot diém thudc (C) sé bay theo
phuong tiép tuyén cta (C) tai diém do.
Tim hoanh do cdc diém thuoc (C) Hinh 5.6
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sao cho tén ltra ban ra tr d6 c6 thé ban tring mot trong b6n muc tiéu nim &
trén man hinh cé toa d6 (1 ; 0), (2: 0), (3: 0) va (4 ; 0) (lam tron két qua dén
hang phan van).

27. Mot vién dan dugc ban lén tir mit dit theo phuong thang dimg véi téc do ban
ddu vy = 196 m/s (b6 qua sifc can cta khong khi). Tim thoi diém tai d6 t6c do
ctia vién dan bang 0. Khi d6, vién dan cdch mat dat bao nhiéu mét ?



