PINH NGHIA VA MOT SO PINH LI
VE GIOI HAN CUA HAM sO

P |

1. Giéi han cia ham sé tai mot diém

a) Gidéi han hiru han

Xét bai todn sau :

Cho ham 56 fix) = hz__ va mot day bat ki x,, x5, ..., X, ... nhitng sé thuc
khac 2 (ticc la x,, # 2 voi moi n) sao cho limx,, = 2. (1)
Hay xdc dinh ddy cdc gid tri tuong img f(x,), fixy). ..., fix,), ... cua ham sé va

tim imf{x,,).
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Vix,#2nén

_2(x; —4)
B K= 2

flx,)

= 2(x,, + 2) v6i moi n.

Do d6

Ax) =2(x; 42), fixy) =2(x; +2), ..., fix,) =2(x,+2),....
Tir (1) suy ra

limf(x,) = lim2(x,, + 2) = 2(limx,, + 2) =2(2 + 2) = 8.
Ta n6i ring ham s6 f ¢6 gi6i han 1a 8 khi x din dén 2.
Mot cach téng quat, ta c6

DINH NGHIA 1

Gia st (a ; b) 1a mot khoang chira diém x; va f1a mot ham sé xac
dinh trén tap hop (a ; b)\ {xy}. Ta néi rang ham s6 f c6 giéi han
1a s6 thuc L khi x dédn dén x; (hodc tai diém x) néu véi moi day s6
(x,,) trong tap hop (a ; b) \ {x,} (vic 1a x, (a ; b) va x, # xy VO
moi n) ma limx, = xg, ta déu c6 limfix,) = L.
Khi dé ta viét

lim f(x) =L hoac f(x) — L khi x — x;.

_I'—},l"}

Vidu 1. Tim lim [xcosl) ,
x—0 X

Giai
Xét ham s6 fix) = .rcos% - V6i moi diy s6 (x,) ma x, #0 vdi moi n va

limx, =0, taco f(x,)= x,,cosxi- Vi
n

CDSH < |.r“| va lim‘xn] =)
“*n :

FGa)] =
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nén lim f(x,) = 0. Do d6

3 i 1
lim f(x) = lim [xcns—] = {J, O
x—0 x—0 X ;
2 ;
E{ Tim lim *+3x+2
x——1 x+1

Nhdn xét. Ap dung dinh nghia 1, dé dang ching minh dugc ring :

a) Néu fix) = ¢ v6i moi x € R, trong d6 ¢ 1a mot hang s6, thi véi moi x; € R,

lim f(x)= lim c =c.
X—rXp K—)x‘}

b) Néu g(x) = x v6i moi x € R thi v6i moi x; € R,

lim g(x) = lim x = x.

X1y x—%y
b) Gi6i han vo cuc
Gi6i han v6 cuc ctia ham s6 tai mot diém duge dinh nghia tuong tu nhu gi6i
han hitu han ctia him s6 tai mot diém. Chang han, lim f(x) =+ oo c6 nghia

X—".‘[ﬂ,
Ia v6i moi diy (x,) trong tap hop (a; b) \ {x5} ma limx, = x,, ta déu c6

lim f(x,) = + o.

Vidu 2. Tim lim

x=1 (x — 1)2 .
Giai. Xét ham s6 f(x) = 31}1 - V6i moi day s6 (x,) ma x, # 1 v4i moi n
(x —
va limx, =1, ta ¢6 f(x,) = Vi lim3 =3 >0, lim(x, - 1)* =0
(x. —1

va (x, - 1)> > 0 v6i moi n nén lim f(x,) = +©. Do dé

lim f(x) = lim = 400, O

x—1 x—=1(x — 1)2

2. Giéi han cia ham sé tai vé cuc

Gi6i han cita ham s6 tai vo cyc (khi x ddn dén +o hodc —oo) duogc dinh nghia
tuong tu nhu gi6i han clia ham s6 tai mot diém.
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DINH NGHIA 2
e Gia st hiaim s6 f xéc dinh trén khoéng (a ; +). Ta néi ring
ham s6 f c6 gi6i han la s6 thuc L khi x din dén +co néu v6i moi
day so (x,) trong khoing (a ; +) (tidc 1a x, > a v6i moi n) ma
limx, = +o0, ta déu c6

limf(x,) = L
Khi dé ta viét
lim f(x) =L hoac f(x) = L khi x = +oo,
X=»4+a
¢ Cic giGi han
lim f(x)=+ o, lim f(x)=-oo0, lim f(x)=
X=»+o0 X =40 X—r—o
lim f(x)=+o vAa lim f(x)=-o dugc dinh nghia
X —F=—00 X—p—00
tuong .
Vidu 3
1
a) hm —=0,vi v6i moi diy s6 &m (x,) ma limx, = — o, ta déu c6
r—3=-o0 X
limL ={.
- 3
b) Tuong tu, tacé lim L. 0. ' O
r—=a+m X
Nhdn xét

Ap dung dinh nghia giGi han ctia ham s6, c6 thé chimg minh duoc ring :
V& moi s6 nguyén duong &, ta ¢

. : P +20 néu k chin
a) lim 2" =+ ; lim x
X=>+0 X—3—m —o0 néu k 1é
. |
¢) lim —;_:[}: d) 1m1—=
X=r+0 y X=3—m rk

3. Mot sé dinh li vé gi6i han hiru han
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DINH Li 1

Giasu lim f(x) =L vd lim g(x) = M (L, M € R). Khi dé

J.“"‘).rﬂ .1""1“

a) lim [f(x) + g(x)] =L+ M;
X=Xy

b) lim [f(x) - g(x)] =L - M;

X=Xy

¢) lim [f(x)g(x)] =LM;

Dic biét, néu ¢ 1a mot hing s6 thi lim [¢ f(x)] =cL ;

A=+ Xy

o POY A
d) Néu M # 0 thi xILn:h el

Pé dé nhd, ta noi

Gidi han cia téng, hiéu, tich, thuong ciia hai ham sé tai mor diém bdng tong,
hiéu, tich, thuong cdc gidi han cua chiing tai diém dé (trong truong hop
thuong, gioi han ciia mdu phdi khdc khong).

Dinh Ii 1 vira néu va dinh If 2 ti€p theo vén ding khi thay x — x boi x — +o
hodc x —» —oo0,

Nhan xét

Neéu k la mot s6 nguyén duong va a la mot hing s6 thi véi moi x; € R, ta ¢

lim ax* = lim a. lim x. lim x... lim x =a( lim x)* = axt.
XX X3 XXy Xy XX X=Xy
k thira s6
Vidu 4. Tim
2 .
) . X =x-=-2
a) lim {x3—5.r2+ Ty: b) lim ————.
x—2 . x—=-1 13 + x2
Gidi
a)Taco lim (x*-5x%+7) = lim x°— lim (5x%) + lim 7
x—2 x—2 x—2 x—>2

=2°-5.2247=-85.
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xz-x—2=(x+1)(.r—-2)=x—2'

b) Véix=-1,tacod

o+ X2 ,1'2(,1' +1) x%
Do dé6
g )
. X —=x—=id . ox =2
lln‘l,'—=|1‘m s = -3 O
-1 ¥ + xz xr=-1 x

2-—
H2| 7im lim -l

x—>-1  x*+ 2x

2 —
Vidu5.Tim lim ZJ; R
x>+ x4+ 3x -3

Giai
Chia tir va miu cua phan thic cho Yl luy thira bic cao nhat cua x trong
tr vi miu cua phén thic), ta dugc

2 1 10

2 . % 2 B
2'2 x—%lﬂz.t XX v6imoi x # 0.

x'+3x-3 1+_§__i

& 5

Vi lim (E——]-i-+£]= lim E— lim _L+ lim E
X

x4+l X ) xoteX xow xP xode xd

.1 : 1 . 1
=2 lim —— lim —+10 lim —
1=2+m X x+wm y X—»+o0 x

=2.0-0+10.0=0,

.3
va lim LI + —‘—2- —%] = | nén theo dinh Ii 1. d), ta c6
X=—»+00 X X
2 —
lim Z,r‘ x+lﬁzgz{l O
x>+0 x° 4 3x -3 |
& OF nis
[H3| 7im  1im 26 —x +x

x»-o x4 41242 -7
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PINH LI 2

Giasa lim f(x)= L.Khido

XX

a) lim lfeo|=|L] :

b) lim ¥f(x) =L ;

X=rXy

nio d6 chida xo, thi L > 0va lim \/f(x) = VL.

¢) Néu f{x) = 0 v6i moi x € J\ {x,}, trong d6 J 1a mot khodng

F=r2p
4 3
I T
Vidu6.Tim lim | XX
-0 Vx4 2x° =17
Gidi
- 5 ) . :
Vi lim XX E gy gim [ CEEX -
x—=-w y 4+ 2x° =17 x—=-w x"+ 2x" =17

Tim lim ‘x3+?x‘ va lim Vx° +7x.

x——1 x—-]

Céu hoi va bai tap

21. Ap dung dinh nghia gi6i han ctiia ham s6, tim cdc gidi han sau :

a) lim A g

b) lim

22. Cho ham s6 fix) = cnslr va hai day so (x,,), (x,) véi
- i i

x = i———-: Xy E—————
e (2n+|)g

- a) Tim gi6i han cta cdc day s6 (x,), (x;), (f(x,)) va (f(x,)).

b) Ton tai hay khong lim m}si— ?

x—3()

1
=1 x+1 ° =1 5 - x
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23. Tim cdc gidi han sau :
3

a) lim(3x% + 7x + 11); b) fim— = ;
x—2 x=1(2x = 1(x" —3)
c) limx(l -l) . d) lim Vx-3 .
x—0 X ¥—0 9.1’—'):2

4
; 3 4F , 'x +3x-1
€) x]—Irr!}ilx 4] ' ﬁ ll_f:'lz 2_1'2 -1

24. Tim cdc gi6i han sau :

. 3x%—x+7 25t 472 =15
a) lim ——; b) lim :
) X—r—0 21‘3—] ) x—»—00 ,1'4+1
6 6
o+ 2 ]
¢) lim Y"= & T
X—+o0 3_1-3_[ X——x 3;(3'_1

25. Tim cdc gidi han sau :

2
; 2 . 3
o lim It .
x>0 \8x% — x +3 x4 x2 — x 42

CAC DINH LI KEP VA DINH Li VE BIEU KIEN TON TAI GIOI
HAN HOU HAN CUA DAY SO TANG HOAC GIAM

Trong bai nay ta sé dé cap dén mét vai dinh li quan trong trong li thuyét gidi han,
dudc sif dung nhiéu trong Ii thuyét cing nhu trong thuc hanh.

1. Cac dinh li kep
Ta nhac lai mét dinh Ii @ dau chuong : Cho hai day s6 (u,) va (v,). Néu |u"! <v, vl

moin va limv, =0 thi limu, =0.
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D6 1a mét trudng hop riéng cla dinh li sau :
Binh Ii 1 (Binh Ii kep vé gidi han clia day s6)
Cho ba day s6 (u,), (v,) va (w,). Néu
u, <v, <w, vaimoin (1)

va limu, =limw, =L (LeR) thi limv, =L.
Chimg minh. T (1) suy ra

0<v, —u, <w, —u, vdi moin.
Vi lim(w, —u, ) = limw, —limu, = L—L =0 nén lim(v, —u,)=0.
Do d6 limv, = lim[ (v, —u,)+u, | =lim(v, —u, )+ limu, =0+ L=L.

Vi du. Tim gidi han cla day sé (u,) véi
| 1 1

B = + +. ..+ -
' \/n2+l \/n2+2 \.I'n2+ﬂ

Gidi. V&i mbi sé nguyén kma 1<k <n,tacbd

1 < 1 < 1 .
\[;12+n Jn2+k \[n2+1

n

Do do6

Euni

vai moi n.
n* +n n? +1

% . n . n
Dé thdy lim ———— = lim
u"nz +n 'an +1

Tu dinh Ii 1 va dinh nghia gidi han cla ham sé ta suy ra

=1,dodé limu, =1. O

Binh li 2 (Dinh li kep vé giéi han ctia ham s6)
Gia sif J 1a mét khodng chifa x, va f, g h 1a ba ham s& xac dinh trén tap hop
J\{xo}. N&u f(x) < g(x) S h(x) véimoi xeJ\{xy} va lim f(x)= lim h(x)=L

I—.‘r,tu ,'['—Ltﬂ
thi lim g(x)=L.
.I'—},tﬂ,

Ap dung dinh li 2, ngudi ta chimg minh dudc dinh Ii sau :
Pinh 1i 3

lim == =1.

x—=0 X
Chumg minh

Vi x # 0 nén ta chi cdn xét x trong mot khoang nao dé chira diém 0, chang han

T n ,
IE[-E.E) vax=0,
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—

o Trudc hét gid st x e ({1 g) Trén duong tron "

lugng giac, ta dat cung AM ¢6 s6 do béng x rad.
Tia OM cét truc tang tai diém T (h.4.7). Ta c6 dién x

tich A OAM < dién tich hinh quat OAM < dién tich 0 A
A OAT, tifc 14

| 1 1
—SMNxX<—Xx<—tan.x.
2 z 2 Hinh 4.7

Vi xe [U: —2] nén sinx >0 ; do dé chia cac v& clia cac bét dang thic trén cho

-

%sinx, ta duogc

Vi cosx >0 véi x (0 g] nén tir (1) suy ra

sin x

CosS X < =1, (2)

X

Néu x €

: [}) thi —x e ([] g) ; ap dung céng thirc (2) vdi (—x), ta duge
sin(—x) <1, hay cosx < sin x

t2| A

=,

<1.

cos(—x) <

Vay véi moi x e [—g g) va x # 0 ta ludn ludn co (2).

Dé thdy lim cos.x = cos0 = 1. Theo dinh li 2, tif (2)

x—0

. sinx
suyra lim —=1. O
x=0 X

2. Diéu kién dé mét day sé tang hoic giam cé gidi han hitu han

Ta thira nhan dinh li sau :

Pinh i 4

a) Day s6 tang va bi chan trén thi ¢ gidi han hitu han.

b) Day so giam va bi chan dudi thi co gidi han hiu han.

Ap dung dinh li 4, ngudi ta chimg minh dugc su tén tai gidi han hitu han clia nhiéu
day s6. O day ta chi néu mét vi du quan trong. Xét day s6 (u,) vdi

l n
uy, =[1+‘E] »
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Duing may tinh bd tui, ta tinh dugc cac gia tri gan dung cla cac s6 hang ctla n6 :
2:2,25:2,37037037 : 2, 44140625 ; 248832 ; .. . 1 w000 = 2.71692393; . .. ;
o000 ~ 271814593 ; . . ..

Ngudi ta chimg minh dugc riang day 14 mét day s6 tang va bi chan trén (chang han
bdi s6 3). Theo dinh i 4, day s6 nay co gidi han hitu han. Gidi han d6 dudc ki hiéu la

e, tic 1a
] n
e= lim(l+—] ¢
n

Ciing nhu sé 7, s8 ¢ cd mdt vai trd quan trong trong toan hoc. Ngudi ta da ching
minh dugc rang no 1a mot s6 vo ti va co gia trila
e=2,718281828459...



