§ KHAI NIEM PAO HAM

1. Vidu mé dau

Tir vi tri O (6 mot do cao nhat dinh nao d6), ta tha mot vién bi cho roi tu do
xudng dat va nghién ciru chuyén dong cta vién bi. Trong Vir Ii 10 ta da biét :
Néu chon truc Oy theo phuong thing ding, chiéu duong huéng xu6ng dat,
g6c O 1a vi tri ban ddu cta vién bi (tai thoi diém ¢ = 0) va bo qua siic can clia
khong khi thi phuong trinh chuyén dong cta vién bi 1a

1 -
y=fit)= -Egrz (g 1 gia t6c roi tu do, g ~ 9,8 m/s°).

Gia sir tai thoi diém 1y, vién bi & vi tri M, ¢6 toa do y, = fit,) ; tai thoi diém
ty (1) > 1g), vién bi & vi tri M| c6 toa d9 y, = f{r,). Khi d6, trong khodng thoi
gian tir 7y dén 1, quang duodng vién bi di duoc 1a MM, = fi1)) — fity) (h.5.1).
Vay vdn toc trung binh clia vién bi trong khoang thdi gian dé la

J&) - f(f{;.)_

(1)

Néu t - 1, cang nho thi ti s6 (1) cang phan dnh

chinh xdc hon su nhanh cham cta vién bi tai 0

thoi diém 1. Tir d6, ngudi ta xem gidi han cia ti x

6 f() = fi)
h =1y

khi r, dan dén 1 1a vdn téc nic \
(tai )8 My :'tﬁl'}

thoi tai thoi diém 1, cha vién bi, ki hiéu la v(t). g
N6i cdch khic, diafi o
. tan )
LH)— [t M
v(tg) = lim 1) - (%) O :
=y h =1y

Nhiéu vin dé cia todn hoc, vat li, hod hoc, sinh
hoc, ... din dén bai todn tim gidi han

() - flxg) 4y
lim ; ST 777 7 i 777
X=X X = Xp
trong d6 y = f(x) 1a ham s6 nao dé. Hinh 5.1
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Trong todn hoc, ngudi ta goi gidi han d6, néu ¢6 va hitu han, 14 dao ham ciia
ham s6'y = f{x) tai diém x,.
2. Pao ham cua ham s6 tai mot diém

a) Khai niém dao ham cua ham sé tai mot diém
Cho ham s6 y = f{x) xdc dinh trén khoang (a ; b) va diém x,, thudc khoang dé.

DINH NGHIA
SO~ F(%) i

I-*.IU

dan

Gi6i han hiru han (néu c6) cua ti s6
dén xy duoc goi la dao ham cla ham s6 da cho tai diém x,, ki
hiéu 1a f'(x) hodc y'(xy), nghia la

£'(x) = lim flx) - f(—"-'ﬂ) .

=y, X~ X

Trong dinh nghia trén, n€u dat Ax = x — x; va Ay = flx, + Ax) — flxg) thi ta c6

oo v FOg +AY) = f(xg) . Ay
feg= 18, Ax gy )

CHUY

1) 86 Ax = x — x duge goi 12 56° gia ciia bién 56 tai diém x ; s6
Ay = flxg + Ax) = fixg) dugc goi la 56 gia cua ham s6 Gng véi s6 gia
Ax tai diém x,,.

2) S6 Ax khong nhat thiét chi mang diu duong.

3) Ax va Ay la nhimg ki hiéu, khéng nén nhdm lan ring : Ax la tich
cua A véi x, Ay la tich cua A voi y.

HA1| Tinh s6 gia cia ham s6'y = x* img vai s6 gia Ax cia bién s6 tai diém x, = 2.
] (

b) Quy tic tinh dao ham theo dinh nghia

Ta c6 quy tic tinh dao ham cla ham s6 y = f(x) theo dinh nghia nhu sau :
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QUY TAC

Muén tinh dao ham clia him s6 f tai diém x; theo dinh nghia,
ta thuc hién hai budc sau :

* Buoce 1. Tinh Ay theo cong thic Ay = flx, + Ax) — flxy), trong
do Ax la so gia cua bién s0 tai x

¥

m
* Buoe 2. Tim gi6i han lim — -
Ax—»(0

Trong quy tic trén va d6i véi méi ham s6 duge xét sau day, ta luon hi¢u Ay la
s6 gia cia ham s6 tmg véi s6 gia Ax dd cho clia bién s6 tai diém dang xét.

Vi du 1. Tinh dao ham cia ham s6 y = X tai diém x, = 2.
Giai. Dt flx) = +,ta thuc hién quy tac trén nhu sau :
e Tinh Ay
Ay = flxg + Ax) — fixg) = (2 + Ax)” — 2% = Ax(4 + AX).

* Tim gi&i han

A
lim b lim (4 + Ax) =
Ar—0 Ax Ax—0

Vay f'(2) = 4. O
Nhan xét :

Néu ham s6'y = Rx) ¢é dao ham tai diém x, thi né lién tuc tai diém xy.
& L3 5 » [} o b1 = ﬁ ' Li
That vay, gia sit ham s6 f ¢6 dao ham f'(xg), tdc la lim 2 = f'(xg).
Av—0 Ax
Ta c6

Av Ay
]inla.:hm—m-hm—‘ lim Ax xn). 0=0.
Ax—0 Y tﬁﬂ'—}ﬂm Ax— AX  Ar—0 f ( 6

Do d6 lim (f(x) = f(xy)) = lim Ay = 0. Diéu nay ching to

X‘-)_fﬂ 'l'—)'(}

lim f(x) = f(xg).

Tir d6 suy ra ring ham s6 f lién tuc tai diém x;.
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3. Y nghia hinh hoc ctia dao ham
Cho ham s6 y = fix) c6 dé thi (C), ¥
mot diém M,, ¢6 dinh thuoe (C) ¢6
hoanh do x,. V6i méi diem M
thuoc (C) khdc My, ta ki hicu x, 12

flap)

hoanh do cta né va ky, 1a hé s6 géc o

cua cdt tuyén MyM. Gia sir t6n tai / .
—- -

giGi han hitu han k, = limk,, 0 X

Khi do, ta coi dudng thang M, T di Hinh 5.2

qua My va ¢6 hé sO goc kg la vi tri gidi han cua cat tuyén MM khi M di
chuyén doc theo (C) dén dén M,,.

Dudng thang M, T dugc goi la tiép ruyén cla (C) tai diém M, con M, goi la
tiép diém.

Bay gid gia st ham s6 f ¢6 dao ham tai diém x,,.

Slxp) = fxp)

Cha ¥ ring tai mi vi tri chia M trén (C), ta luon c6 ky, = -
M~ %0

(h. 5.2).

Vi ham s6 f'¢6 dao ham tai diém x,nén

f(xy) = lim Fm) — F(%) = lm ky =k,
oy XYy — X Xy >N

Tir d6 ta c6 thé phét biéu ¥ nghia hinh hoc clia dao ham nhu sau :
Dao ham cua ham s6'y = fix) tai diém x, la hé s6 goc ciia

tiép tuyén cua do thi ham so dé tai diém M(x, ; f(x,)).

GHI NHO

Néu ham so'y = f(x) c6 dao ham tgi diém x,, thi tiép tuyén ciia do thi
ham sé'tai diém My(x, ; f(xy)) ¢6 phuong trinh la

y =f"(xp)x — xp) + fixg).
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Vi du 2. Viét phuong trinh ti€p tuyén cla d6 thi ham s6 y = ¥ tai diém c6
hoanh d6 xp=—
Gidi
Truéc hét ta tinh dao ham ciia ham s6 f(x) = x° tai xg = —1.
* Tinh Ay
Ay = fixg + Ax) — flxg) = (=1 + AD)° — (=1)* = Ax (3 - 3Ax + AY).
* Tinh gi&i han

lim 4y = lim (3 - 3Ax + Mz) =3,
Av—0 Ax Axr—0

Vay f'(-1)=3.

Ngoai ra, ta 0 f (xy) = (-1 )* =—1nén phuong trinh ti€p tuyén cin tim la
y=3(x+1)-1,hay y=3x+2. O

[H2] Dua vao két qué cia vi du 1, hay viét phuong trinh tiép tuyén cda dé thi ham

s6y =" tai diém My(2;4).

Y nghia co hoc cua dao ham

Xét su chuyén dong ciia mot chat diém. Gia sir quang dudng s di dugc cta n6
12 mot ham s6 s = s(¢) cta thdi gian ¢ (s = s(r) con goi la phuong trinh chuyén
dong cta chat diém).
Tuong tu nhu vi du mé& ddu, khi | Ar | cang nho (khdc 0) thi ti s6

st + Ar) - s(tp)

At

cang phan dnh chinh xdc do nhanh cham ctia chuyén dong tai thoi diém f,.
Ngudi ta goi gidi han hitu han

s(ty + At) — s(1
wrg) = ;{_}U 3 At IJ;'
(néu ¢6) 12 vdn toc tike thoi cia chuyén dong tai thoi diém
Tir d6, ta c6 thé phat biéu ¥ nghia co hoc cia dao ham nhu sau :
Vén toc nic thoi v(ty) tai thot diém 1y (hay vdan toc tai r{;.,‘l cua mot
chuyén dong cé phuong trinh s = s(1) bdng dao ham cia ham s6
s = s(t) tai diém 1, tic la

l'(fu) = S'{fﬂ].



Chéng han, trong vi du md ddu, ta cé

foy-fup= 58[F - 4]

|
= i—g(r +1)(t—1p).
Do d6 dao ham cita ham s6 y = f(7) 1
£'(to) = lim f(@)— f(t)

11, =1

1
= _I- -— = .
lim 58t +14) = g0

Vay van t6c cua vién bi tai 7y 12 v(tg) = f(19) =gty .

E[ Mot chét diém chuyén ddng cé phuong trinh s = ¢ (1 tinh bang gidy, s tinh
béng meét). Van t6c cda chét diém tai thai diém 1, = 2 (gidy) bang :

(A)2mis; (B)3m/s; (C)dm/s; (D)5 mis.
Chon két qua dung trong céc két qua trén.

Pao ham ciia ham sé trén mot khoang

a) Khai niém

Cho ham s6 f xdc dinh trén tap J, trong d6 J 1a m6t khoang hodc 1a hgp cua
nhiing khoang nao dé. Ta c¢6 dinh nghia sau day.

PINH NGHIA

1) Ham s6 f goi la ¢6 dao ham trén J néu né ¢6 dao ham f'(x) tai
moi diém x thuoc J.

2) Néu ham s6 f c6 dao ham trén J thi ham s6 f ' xdc dinh boi

f':J— R goila dao ham cua ham so f.
x— f(x)

Pao ham cua ham s6 y = f{x) cling duoc ki hiéu bdi y'.
Vi du 3. Tim dao ham ciia ham s6 y = x° trén khodng (oo ; +o0).
Giai
V&1 moi x thudc khoang (—o0 ; +x0) ta cé :
*Ay=(x+ :i'Lr)3 — X =Ax l[33r2 + 3x.Ax + :ﬂu‘z} ;
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e lim 2 = lim 352 + 3xAx + A) =34

Ar—>0AY  Av—0
Vay ham s6 y = X cb dao ham trén khoang (—o0 ; +0) va y' = 3x°, O
a) Chumg minh réng ham s6 hang y = ¢ ¢6 dao ham trén R. Tim dao ham do.
b) Chimg minh rdng ham s6 y = x c6 dao ham trén B. Tim dao ham do.
b) Pao ham cua mot s6 ham s6 thuong gap
Ta c6 dinh li sau :

PINH Li

a) Ham s0 hang y = ¢ ¢6 dao ham trén Rvay' =0

b) Haim s6 y=x cé dao ham trén R vay' =1;

) Hims6y=x"(ne N,n>2)c6daohim trén R vay =" ';

d) Ham s6 y = v/x ¢6 dao ham trén khoing (0 ; +o0) va y' =

1
2Jx

Chiing minh
Qua hoat dong , ta da ching minh céc két luan a) va b). Sau day ta ching
minh hai két Iuén con lai.

¢) Véi mbi x thuoc R ta tinh dao ham ctia ham s6 tai diém x theo dinh nghia :

» Tinh Ay : Ap dung cong thitc nhi thitc Niu-ton déi vé6i (x + Ax)", ta c6
Ay = (x+A0)" —¥" = Clx"TAx + C2x" A% + ...+ CF A 4+ AX"

e Tim gi6i han (chi § ring C! = n)

. Ay . o -0 i - o
lim — = lim (C:,x" V4 C A 4 o A 4 A" ])
Ax—0AX  Av0

=",

Vay hiim s6 di cho cé daohaim trén Rvay' = "



d) Vi mi x thuoe khodng (0 ; +) ta ¢6 :

(x.r',r + Ax - \G)(dx + Ax + \G)

e Ay=+x +Ax —Jx =
: Jrw A +ilx
p— M .
~J.r+Ax+\E
. limﬂ: lim :

1
a0 A avs0x + Ax +Vx 24x

Viay ham s6 y = Jx c6 dao ham trén khoang (0 ; +e0) va y' = 28
2\/x
CHUY

Ham s6 y = |A| xdc dinh tai x = 0, tuy nhién ngudi ta chitng minh
duoc rang n6 khong c6 dao ham tai diém x = 0,

Vidu4

a) Tim dao ham cta ham s6 y = X

b) Tim dao ham ciia ham s6 y = v/x tai diém x=9.

Giai

a}V&iy=x4,tacé_v'=4x3 (véimoix eR).

b) VGiy = \/;, tacédy = 1 (véi moi xe(0 ; +a0)).
2Jx

Dod6y(9)= —= =«

2Jo 6

H5| Cho ﬁém s6 y =fix). Tinh f'(-1) vaf (1) (néu co) trong méi trrdng hop sau :

O

a) flx) =x'0; b) flx) = vx.
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Cau hoi va bai tap

Tim s6 gia cia ham s6 y = ] tai diém x = 1 tng vdi s6 gia Ax, biét
a)Ax=1; b) Ax=-0,1.

Duing dinh nghia, tinh dao ham ctia méi ham s6 sau tai diém x;,.
aAy=2x+l,x=2, b)_v=.rz+3,r,xﬁ=l.

Diing dinh nghia, tinh dao ham cia méi ham s6 sau tai diém x; (@ la hang s6).

a)y=ax+3; b)y= %a.rz.

Cho parabol y = x* va hai diém A(2; 4) vaB(2 + Ax; 4 + Ay) trén parabol dé.
a) Tinh hé sd goc cua cat tuyén AB biét Ax lan lugt bang 1 ; 0,1 va 0,01.

b) Tinh hé s& géc cia tiép tuyén cia parabol da ého tai diém A.

Viét phuong trinh tiép tuyén cua do thi ham s6 y = , biét

a) Ti€p diém c6 hoanh do bing -1 ;

b) Ti€p diém c6 tung do bing 8 ;

¢) He s6 goc cla tiép tuyén bang 3.

Mot vt roi tu do c6 phuong trinh chuyén déng 1a S = % grz , trong d6 g =98 mf:«;2

va t duoc tinh bing giay (s).

a) Tim vin t6c trung binh trong khodng thoi gian tir ¢ dén ¢ + Ar v6i do
chinh xdc 0,001, biét ¢ = 5 va At lan luot bang 0,1 ; 0,01 ; 0,001.

b) Tim van tdc tai thoi diém t = 5.
Tim dao ham cua ham sé f (x) = ¥ trén R 16i suy ra f'(-1), f'(-2) vaf'(2).
Tim dao ham cua méi ham s6 sau trén R .

a)y= ax® (a la hang s6) ; b)y= X +2
Tinh dao haim cua moi ham s6 sau.
a}_',;=2':I I Vﬁ'i).‘?t%'. b)y=+V3-x v6ix<3.



Bai doc théem

DAO HAM MOT BEN

Ta da biét rang dao ham cla ham s8 f tai diém x; 1a gi6i han sau day
lim f(x) = flxg) -
e
Néu thay vi xét giGi han (1), ta xét giéi han mét bén clia cing biéu thirc dé thi gi6i
han mét bén dy sé dudc goi la dao ham mét bén clia ham sé da cho tai diém x;.

(1)

1. Khai niém dao ham mét bén tai mot diém
Dinh nghia. Cho ham sé f xac dinh trén nifa khoang [xg ; b). Gi6i han bén phai (néu
F(x) = f(xg)
X - )-'U
s& da cho tai diém xg, ki hiéu 1a f'( xg ) hodc y'( xg ).
F)= lim f) - f(xo)

X—xg =X

Bao ham bén trdi cia ham sé f xac dinh trén nifa khodng (a ; xgl, ki hiéu 1a f'( xg )

cb) cla ti s6 khi x dan dén xy dugc goi la dao ham bén phai clia ham

hodc y'( xq ), cling dudc dinh nghia tuong ty, nghia'la

% o5 ... JOO=F(x)
= lim =i JM07,
f'(xg) xi,:a e

BPao ham bén trai va dao ham bén phéai dudc goi chung'la dao ham moét bén.

» Tir dinh nghia va cac két qua da biét vé giéi han mét bén, ta dé dang suy ra :

1) Néu ham s f xac dinh trén khoang (a ; b) c6 dao ham tai diém x, thudc khodng
d6 thi né cling c6 dao ham bén phai va bén tréi tai xp, va £'(x3) =f'(x5) =f(xo ).
2) Ngudc lai, néu ham s6 f xac dinh trén khoang (a ; b) c6 dao ham bén phai va dao
ham bén trai tai diém x, sao cho f'( x5 ) =f'(xg ) thi né cling c6 dao ham tai x,.

3) Tuy nhién, mét ham sé c6 dao ham bén phai va dao ham bén tréi tai diém x, van
c6 thé khéng c6 dao ham tai diém x, (khi f'(x5 ) #f'(x5 ).

» Sau day 1a mdt sd vi du.

Vi dy 1. Xét ham s6 y = x*. D& thdy ham s8 c6 dao ham tai x = 3, do dé né cb6 dao
ham bén phai, dao ham bén trai tai x = 3 va

Y(3T)=y(3")=y(3)=6. O
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Vi dy 2. Xét ham s6 f(x) = x* —2|x].
Taco :

— 2 —_—
x=0" x=0 x—=0" X . 0

lim M= lim
x—0" x-0 =0 X
Do dé tai diém x = 0, ham s& f ¢6 dao
ham bén phai f (0" ) =-2 va dao ham
bén trai f '(07) = 2, nhung khéng cb
dao ham tai diém do. O
> Cung v6i khai niém dao ham mét bén, ngudi ta con xay dung khai niém tia tiép
tuyén moét bén clia mdt dudng cong tai mot diém. Tia tiép tuyén bén phai clia d6 thi
ham s6 y = fix) tai diém M, c6 hoanh do x, c6 hé s& goc bang dao ham bén phai

f'(xg ). Diéu tuong tu ciing xay ra di véi tia tiép tuyén bén trai (h.5.3).

X2 +2x _

Hinh 5.3

Né&u tai diém x, ham s6 f c6 dao ham bén phai va dao ham bén trai, nhung ching
khéng bang nhau thi d6 thi ham sé y = fix) goi la gay tai diém M, (xgy: flxg)).

2. Pao ham clia ham s8 trén mét nira khoang hay mét doan

Dinh nghia. Cho ham s6 f xac dinh trén tap K, trong d6, K 1a mét nlfa khoang
hay mét doan.

Ham s6 f goi 1a c6 dao ham trén nlta khoang K = [a : b) néu né c6 dao ham tai
moi diém thudc khodng (a ; b) va c6 dao ham bén phai tai a.

(Tuong tu néu K = [a ; +o)).

Ham s6 f goi 1a c6 dao ham trén nifa khoang K = (a ; b] néu nd c6 dao ham tai
moi diém thudc khoang (a ; b) va cb dao ham bén tréi tai b.

(Tuong tu néu K = (- ; b]).

Ham s6 f goi la c6 dao ham trén doan K = [a ; b] néu nb c6 dao ham tai moi diém
thudc khodng (a ; b), c6 dao ham bén phai tai a va dao ham bén trai tai b.

Vi du 3. Ham s6 v = | x | ¢6 dao ham bang 1 trén nifa khoang [0 ; +w0) va cb dao
ham bang —1 trén nlra khoang (- ; 0].

13. DAISO&GT11{NC)-B



10.

11.

12,

13,

14.

kD

Luyén fap

a) Tinh £'(3) va f'(—4) néu f (x) =
b) Tinh £'(1) va£'(9) néu f (x) =/x .
Cho ham s6 y = f{x) c6 dao ham tai diém x; va dé thi (G). Ménh dé sau day
ding hay sai ?
a) Néu f '(xo) = 0 thi tiép tuyén cla (G) tai diém M(x, : flx,)) song song vdi
truc hoanh.
b) Néu ti€p tuyén cta (G) tai di€m M(x, ; flx,)) song song v6i truc hoanh thi
Fixg)=0.
Hinh 5.4 14 d6 thi cia ham s6 y = fix)
trén khoang (a ; b). Biét ring tai céc
diém M|. M2 vid M3, do [hl ham s6 c6
ti€p tuyén dugc thé hién trén hinh vé,
Dua vao hinh vé, em hiy néu nhan xét vé
dau cta f'(x;), f'(xq) va f'(x3).
Chimg minh ring dé dudng thing y=ax+ b
1a ti€p tuyén cha d4 thi ham s6 y = f(x)
tai diém (x; : flxg)), diéu kién cédn va du
a=f'
A r (I(]}
axg + b = f(xg).
Chohamsé y= | x|.
a) Chimg minh ring ham s6 da cho lién tuc tai diém x = 0.
b) Tinh dao ham cta ham s6 tai x = 0, néu cé.
c¢) Ménh dé "Ham s6 lién tuc tai diém x;
thi ¢6 dao ham tai x;," ding hay sai ?

Hinh 55 1a d6 thi cia ham s6 _ i
y = flx) xdc dinh trén khoang (a ; b). Dua /. :

vao hinh v&, hdly cho biét tai mdi diém x,,

Hinh 5.4

Ji}p

X9, X3 VA Xy ¢

- g RS

a) Ham s6 c¢6 lién tuc hay khong ? 0
b) Ham s6 ¢6 dao ham hay khong ? Hay
tinh dao ham néu cé.

Hinh 5.5
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MOT SO CHUYEN BPONG
cO VAN TOC LON

* Van t6c am thanh : khoang 343m/s.

* Van t8c chuyén déng cla vé tinh cach
Trai Bat 200km : 22km/s.

* Van tdc chuyén dong cla Trai Bat quanh
Mat Troi : 30km/s.

* Van téc anh sang : 300 000km/s.
* Van tdc may bay E-bét (Airbus) : 270m/s.

* Van tdc tén Ifa dua ngudi Ién vi tru : khoang
1 1kmi/s.




