BAT PANG THUC ?
VA CHUNG MINH BAT PANG THUC

1. On tap va bo sung tinh chat ciia bat ding thirc

Gid sir @ va b 12 hai s6 thuc. Cdc ménh dé "a > b", "a < b", "a > b", "a < b"
dugc goi 1a nhitng bdt ddng thitc.

Cung nhu cdc ménh dé logic khdc, mot bat ding thiic c6 thé diing hoac sai.
Chiing minh mot bat ding thic 1a ching minh b4t ding thic dé ding.

Du6i day 1a mot s6 tinh chat da biét cla bat ding thiic.

a>bvab>c=>a>c
a>bh < a+c>b+c¢
Néuc>0thia>b < ac> be.
Néuc<Othia>b < ac < bc.

Tir dé ta c6 cac hé qua sau :

a>bvac>d=>a+c>b+d:
a+c>b a>b-c;
a>b>0va ¢>d>0= ac>bhd:

a>b>0 va neN* = 4" > b":

a>b=0 & \;/E > JE; :

a>bh & %G - l@
Vi du 1. Khong diing bang s6 hoéic mdy tinh, hdy so sdnh hai s6 v2 + /3 va 3.
Gidi. Gia st 2 + /3 <3. Do hai vé ctia bat ding thic d6 déu duong nén

VZ+Bhi<ze (VE +v3)Y <9< 5+206<9
o 26 <4 =6 <2< 6<4,wli

Vay V2 ++/3 >3. O
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Néu A, B 1a nhimg biéu thifc chiia bién thi "A > B" 1a m6t ménh dé chia bién.
Chiing minh bat dang thiic A > B (vdi diéu kién nao dé caa céc bién), nghia la
ching minh ménh dé chita bién A > B diing vai tat ca cdc gid tri cua cac bién
(thoa man diéu kién do).

Tir nay, ta quy uSc : Khi néi ta c6 bét ding thitc A > B (trong d6 A va B 1a
nhitng biéu thifc chita bi€én) ma khong néu diéu kién déi véi cic bién thi ta

hiéu ring bit ding thic d6 xdy ra v6i moi gid tri cua bién thuoc R.
Vi du 2. Chimg minh ring x* > 2(x—1).
Gidi. X* >2(x-1) & x*>2x-2 & x* =2x+2>0
& X2 -2x+1+1>0 = (.r—l)2 +1>0.
Hién nhién (x — 1)> + 1 > 0 v6i moi x nén ta c6 bét ding thitc cdn chimg minh. O
Vi du 3. Ching minh ring néu a, b, c¢ 1a d6 dai ba canh ciia mot tam gidc thi
(b+c—-a)c+a-b)a+b-c) < abe.
Gidi. Ta c6 céc bit dang thic hién nhién sau :
@ =a-(b-c) =(@a-b+cla+b-c)
b= b —(c-a) =(b-c+a)b+c—a)
¢ = cz—{a—b}zz(c-a+b)(c+a—b}.

Do a, b, ¢ 12 d6 dai ba canh ctia mot tam gidc nén tat ca cic vé cua cdc bat
ding thic trén déu duong. Nhan céc vé tuong (ng cua ba bit dang thic trén,
ta duoc

P2t = (b+c—a)(c+a-b)a+b-c) .

Ldy can bac hai ctia hai vé&, ta dugc bat dang thic cdn chimg minh. 0

Bat dang thirc vé gia tri tuyét doi

Tir dinh nghia gia tri tuyét d6i, ta suy ra cac tinh chit sau day.

—lal € a<|a| véimoia € R.

x| <a<>-a<x<a(véia>0).

|x| > a <> x <—ahoidc x> a (vGi a > 0).
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Sau day 1a hai bat ding thitc quan trong khéc vé gid tri tuyét doi (viét dudi
dang bit ding thic kép).

lal - |b| < |a + b| < |a| + |b| (véi moi a, b € R).

Ta ching minh bét dang thic |a+b| < |a| + |b|. That vay
la+b1 < |a| + |b| < (a+ b)z Saz+2[abl + b?

© @ +2ab+b'<a +2ab| + 5 < ab<|ab).

Bit dang thic cudi cling lu6n diing nén ta c6 bat ding thic cdn ching minh.
.
El St dung bat ddng thire vira chimg minh va déng thic |a| =|a+ b + (-b)| d&
chimg minh bét ddng thic |a|-|b|<|a+b].
3. Bat dang thic giira trung binh céng va trung binh nhan'"

a) Poi va6i hai s6 khong am
Ta da biét E;—b la trung binh cong cua hai s6 @ va b. Khi a va b khong am

thi Vab g0i 12 trung binh nhan cua ching. Ta ¢6 dinh Ii sau day.

DINH Li

Véimoiaz=z0,b=0tacod
“;f’am.

Diing thitc x4y ra khi va chi khi a = b.

N6i céch khéc, trung binh cong cua hai 56" khéng am lom hon hodc bdng trung
binh nhdn cua chiing. Trung binh céng cua hai sé" khong am bang trung binh
nhan cia chiing khi va chi khi hai s6'dé bdng nhau.

(1) Ngudi ta con goi la bat dang thitc Co-si (Augustin-Louis Cauchy, 1789 - 1857).
106



Chimg minh. Véia=0,b 20, taco

"_”;’- Jab = %(am-z@):%(\f - b)? >0.

Do dé
a;b > ~ab.
Ding thifc xay ra khi va chi khi (Va — vb)? =0, tic laa = b. 0
[H2] Trong hinh 4.1, cho AH = a, BH = b. Hay tinh D
céc doan OD va HC theo a va b. T d6 suy ra bét ¢
déng thife giita trung binh cdng va trung binh nhén
cta a va b.
Vi du 4. Chimg minh ring néu a, b, ¢ lAbass v R i
duong bat ki thi
a+b i b+c N c+a 6.
c a b
Giai. Ta c6 Hinh 4.1
a+b b+c c¢c+a a b b ¢ ¢ a
+ < ==t =t —+—+ -+ —
e a b ¢c ¢ a a b b
[a b) (b c] [c a)
=|=+—|+|—+— | +|—+—
b a c b g &
22’3E+2’E,E+2,££:6 -
b a c b a c
HE QUA

Néu hai so duong thay doi nhung cé téng khong doi thi tich ciia
chiing lén nhdt khi va chi khi hai s6'dé bang nhau.
Néu hai sé diong thay doi nhung c6 tich khong doi thi téng cia
chiing nho nhdt khi va chi khi hai s6' dé bdang nhau.

Ching minh. Gia sit hai s6 duong x va y ¢6 tong x + y = S khong d6i. Khi do,

2
) e > JE nén xy < %.Dﬁngthftc xay ra khi va chi khi x = y.

2 2

2
Do d6, tich xy dat gia tri 16n nhit bang ST khi va chi khi x =y,
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Gia sir hai s6 duong x va y ¢6 tich xy = P khong déi. Khi d6

o \/E=J_P nén x+y> 2JP.

2
Ding thitc xdy ra khi va chi khi x = y. Do d6, tdng x + y dat gi4 tri nhé nhit
bang 2+/P khi va chi khi x = y. O
UNG DUNG

Trong tdt cd cdc hinh chit nhat cé cang chu vi, hinh vuéng cé dién
tich lom nhat.

Trong tdt cd cdc hinh chit nhdt c6 cing dién tich, hinh vuong cé
chu vi nho nhdt.

Vi du 5. Tim gid tri nho nhat cia ham s6 f{x) = x + 2 vai x> 0,
-

Giai. Dox>0néntacod fix)=x+ 2 zz,ﬁx.i =2J3 va
X x

=208 ez enza 5

X

Vay gid tri nho nhat cia ham s6 fx) = x + > véix >0 1a f(43) = 243,
X

b) Péi véi ba sé khong am

a+b+c

Ta da biét la trung binh cOng cla ba s6 a, b, ¢. Ta goi Yabc 1a

trung binh nhan cua ba s6 d6. Nguoi ta cling chiing minh dugce két qua tuong
tu dinh Ii trén cho truomg hop ba s6 khong am.

Véimoiaz0,b20,c>0,tacéd
a+;}+c > Jabe.

Dang thiic xdy ra khi va chikhia=b =c.

Noi cich khdc, trung binh céng ciia ba s6 khéng am lén hon hodc bédng trung
binh nhan cua chiing. Trung binh cong ciia ba sé khéng dm bdng trung binh
nhdn cua ching khi va chi khi ba s6'dé bang nhau.



Vi du 6. Chimg minh rang néu a, b, ¢ la ba sé duong thi

(a+b+c) (l+l+~l~J >0,
a b ¢

Khi nao xdy ra dang thic ?
Giai. Vi a, b, ¢ 1a ba s6 duong nén
a+b+c >3abe (déng thic xdy ra khi va chi khia=bh=c) va

L+l+l > 39?% [dﬁngth&c xdy ra khi va chi khi -1—=—I-=—1—J
abc

a b c a b c
. 11 1 ; 1
Do do (@a+b+c)| —+—+—|=3dabc 33— =9.
a b ¢ abe
a=b=¢
Ding thitc xay ra khi va chi khi 1 1 1
a b ¢
Vay dang thitc xdy ra khi va chikhia=b=c. O

@ Phat biéu két qua tuong tu hé qua d phan a) cho trudng hgp ba sé duong.

Cau hoi va bai tap

. = - b et l l
Chiing minh rang, néu a > b va ab > 0 thi — < —.
a

Chiing minh ring nira chu vi ciia mot tam gidc 16n hon do dai méi canh cua tam
gidc do.

Chimg minh ring a* + b* + ¢? > ab + bc + ca véi moi s6 thue a, b, c.
Piéng thitc xay ra khi va chi khi a = b = c.

Hay so sdnh céc két qua sau day :
a) v/2000 + +/2005 va ¥2002 + +/2003 (khong ding bang s6 hoac mdy tinh) ;
b) Ja+2+Ja+dvaJa+Ja+6 (a = 0).
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10.

11.

12.

13,
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Chl.’mgminhrﬁng,né’ua}ﬂv&b:r{)thil+lz > ;
a b a+b

Chimg minh ring, néu @ >0 va b >0 thi @ + b’ > ab(a + b). Dang thiic

xdy ra khi nao ?
a) Chiing minh ring a’ +ab + b >0 véi moi s6 thuc a, b.
b) Chimg minh riing v6i hai s6 thuc a, b wy ¥, tacé a* + b* > a’b + ab’.
Ching minh riang, néu a, b, ¢ 1a d6 dai cdc canh clia mot tam gidc thi
a* +b* +¢% < 2(ab + be + ca).

Chitng minh ring, néu a = 0 va b > 0 thi

a+b a*+b S+
x <
2 2 2

a) Chimg minh ring, néu x>y >0 thi —— > —2
l1+x 1+y

la~bl _ la| , _Ib
1+ |a=b| 1+|al 1+|b|

b) Chimg minh rang d6i véi hai s6 tuy ¥ a, b, ta c6

Chitng minh ring :

a) Néu a, b 1a hai s6 cung dau thi %+ o 221
a

b) Néu a, b 1a hai so trdi diu thi % +2 <-2.
a
Tim gid tri 16n nhét va gid tri nho nhét cia ham s6 f(x)=(x+3)(5-x) véi

-3<x<5.

vai x> 1.

Tim gia tri nho nhdt cta ham s6 f(x) = x+
_1'-—



BAT DANG THUC BU-NHI-A-COP-XKI™

1. Bt dang thirc Bu-nhi-a-cp-xki déi véi hai cip sé thuc
V@i hai cap sé thuc (a,b) va (x,y) ta ¢

(ax + b}')z < (az + bzl(.tz + yz).
P&ng thic xay ra khi va chi khi ay = bx.

Chumg minh.
Dé& dang chimg minh d4ng thirc sau :

(ax + by}l + (ay — b.r}z = {az + hz}{xz + yz}.
Mat khac, do (ay — bx)* =0 nén
(ax + !:l_‘y'}2 + (ay - b.r}z ={ax+ h}'}z,
Tir d6 suy ra bat dang thic can ching minh.
Déng thifc xay ra khi va chi khi ay — bx =0, tlc 1a ay = bx.

Chu y. Khi xy #0, diu kién ay = bx con dugc viét dudi dang L
x Yy

2. Bit déng thirc Bu-nhi-a-c&p-xki déi véi hai b ba sé thuc
Cé thé chling minh két qua sau

Véi hai bd ba s6 thuc (a,, as, a3),( by, by, bs), ta cod

(a1by + asby +asbs)* < (af + @b + a} )b} + b3 + b}).

N&u b; by by # 0 thi dang thitc xay ra khi va chi khi :—‘ =2 = il
b, b

Vi du. Chiing minh rang néu a* + 2b% + 9¢> = 3 thi a + 2b + 9¢ <6.
Gidi. Tacod (a+2b+9c) =(a.l + V2b.N2 +3¢3)° <

<[d®+ (V2 ) + B 12+ (V20 +39 =12 (a® +2b% +9¢%) = 36.
Vivay a+2b+9c<6.

(1) Viktor Yakovlevich Bunyakovsky (1804 — 1889), nha todn hoc Nga.



Luyén tap

14. Chimg minh ring néu a, b, ¢ 1a ba s6 duong thi

15.

16.

17.

18.

19.

20.
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i + ﬂ + ﬁz 3abc.

b c a
Mot khach hang dén mét cira hang bdn hoa qua mua 2 kg cam da yéu céu
cén hai lan. Lan d4u, ngudi ban hang dat qua can 1 kg l1én dia can bén phai
va dit cam 1én dia cin bén trdi cho dén khi can thang bing va lin sau, dat
qua can 1 kg Ién dia can bén trdi va dit cam lén dia can bén phai cho dén khi
can thang bang. Néu cdi can dia d6 khong chinh xéc (do hai cdnh tay don
dai, ngan khdc nhau) nhung qua can 1a ding 1kg thi khich hang c6 mua
dugc ding 2 kg cam hay khong ? Vi sao ?

Chimg minh rang v6i moi s6 nguyén duong n, ta ¢6 :

e B

_ : + ..+ <
12 23 34 n(n+1)

b)L+—L+L,,+...+L_j<2.

12 2% 32 n®

Tim gid tri I6n nhat va gid tri nho nhét cia biéu thic

A=+xr-1++4-1x.
Chitng minh ring véi moi s6 thuc a, b va ¢, ta co

(@+b+¢)? <3+ b* + ).

> abcd.

4
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Chiing minh ring :

a)Néu 2% + % =1 thi | x+y|<+2 ; b)Néudxr—3y = 15thi 2> +y2 > 9.



