-4

MOT SO CONG THUC LUONG GIAC

1. Cong thirc cong
a) Cong thire cong doi véi sin va cosin

Véi moi goc luong gide . 5. ta c6

cos(a— f) = cosacosf+ sinasinf
cos(@+ ) = cosacosf— sinasinff

sin(a— f) = sinarcos -~ cosarsin

sin(e+ f) = sinercos B+ cosarsinf.
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Chimg minh yA
1) Gia st cdc diém M va N trén dudng tron M
luong gidc theo thit tu xdc dinh boi e va
(h.6.25) thi OM c6 toa do (cosa ; sina), 2\ P
ON c6toa dd (cosf; sinf) va tich vo huéng & 4%
OM . ON = cosacosf+ sinarsing.
Mt khic

OM.ON = |0M|.|ON|cos NOM = cosNOM,
ma dai biét

cos NOM = cos(ON, OM) = cos[(OA, OM) — (OA, ON)] = cos(a— )

nén suy ra .

Hinh 625

cos(a— f) = cosacosf+ sinasing.
2) Tir 1) ta suy ra

cos(a+ f) = cos[a— (— )] = cosacos(—f) + sinasin(—f)
= cosacosf3— sinasinf,
3)Tacd

sinfa— ) = cos[—g- —(a - ,8}] = cos{(-z— - a] + ﬁ‘:|

= cos(% = a]cos,{? — sin [325 - a]sinﬁ = sinacosff— cosasinf.
4) Ta c6
sin(@+ ) = sin[a— (—f)] = sinacos(—f) — cosasin(—fH)
= sinacosf+ cosasing.

i . ks
Vidu 1. cos—= B -cos(ﬂ: 12) c0512

Z—COS(%E %)= ——(cnsgcﬂsz+sm§sm g)
~{3EFR) R

[H1| Hay kiém nghiem lai céc cong thie cong néi trén voi a tuy y va
a) f=n; b) = .
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b) Céng thirc cong déi véi tang

Ta c6
tana — tan
tan(ar— f) = £
1 + tan @ tan
tanea + t
tan(o + ) = X tap
l-tanatan S

vGi moi @, F1am cho céc biéu thiic ¢6 nghia.

Thuc vay
sina cos ff — cosasinf}
sin(a — tan @ — tan
il = (@-p) _ casacos‘,{i’ -4 a-—t ﬁ'
cos(a — B) cosacosf +sinasinf 1+ tanatanf -
cosa cos

tana —tan(-f) lana+lan;3_
1 + tan & tan(—f3) “ | - tanertan §

tan(a+ f) =tan[e — (-P)] =

T TC
= ['."t Ejztﬂng—lanz_ﬁ_l=2u\j§
4 L ’

Vidu 2. tan— = tan| — — & 0
12 3 l+1an%tanz 1+43

[H2| 6 cac biéu thic & cong thic tan(e+ f) nbi trén c6 nghia, didu kién cia a, Bl
céc géc a, B, a+ Bkhéng cé dang ; + kn (k  Z). Diéu d6 c6 dung khéng ? :

Cong thitc nhan doi

Trong cic cong thitc cong ndi trén, dat o= Fthi duoc cic cong thirc sau day
gol la cac cong thice nhan doi.

cos2 = cos- o — sin” &

sin2@ = 2sin@cosa

2tan &

tan2¢o = i
l-tan“ &

(Trong cong thirc cudi a# %+ kr, a# ':'H"g" k e Z).
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Vidu3
.~
a) cos2a = coszrx— sin“ = cosza— (1- cos?’a) == 2cu§2a—- 1:
cos2a = cos’a—sina=1— 2sin’a.

b) Véi a# §+ k% (k €Z) thi cos2a# 0 va ta c6

1 +sin2a _ sin? @ + cos® a + 2sin@cosa
cos2a cos” o — sin® &
i 2 ;
(sine + cosa) _ cosq +sina

(cosa — sina)(cosa + sin@) cosa — sin&
CHUY
Tir trén ta suy ra
2 -1+ cos2a . 2 1-cos2a

CO8 O=————; B a=
2 2

Céc cong thic nay goi 1a cic cong thiic ha bac. (Ching cho phép
bién déi cdc biéu thifc cha cos’a, sin”a thanh biéu thic chia cos2a).

Vi du 4. Tinh cosin, sin, tang cua goc IEE

n
1+CDSE=2+J§HEH n N2+43

T
Giai. Taco cnsz— =

cos— = ——
12 2 4 12 2
14
| — cos— [
Eiﬂz—l - 6 - 2_‘J§ nén'siniz_z—_@ :
12 2 4 12 2
n 2—\@
tan— = =2—J§. 0
12 2+J§

@ Hay tinh cos4a theo cosa.

Don gidn biéu thie

sing cosarcos2 o cosda
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3.
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Cong thirc bién doi tich thanh tdng va bién déi tdng thanh tich

a) Cong thirc bién déi tich thanh tong

Sir dung cong thiic cong, ta dé dang suy ra cic cong thic sau day goi la
cong thitc bién doi tich thanh tong.

cosacos ff = %[cos(a + ) + cos(a — ﬁ)]

singsin f = —%[cos(a’ + f8) - cos(a - ﬁ):f

sinacos ff = %[sin(a + ﬁ) +sin(a - ﬂ)]

Vi du 5, Tioh sin>"sin-~..
24 24

Gidi. Ta c6 sinz—ZSin Gl —-l-[cns[s—n+ i) —-COS

z-2)]

24 2 24 24
1 m m |
= ——cos— |=—(+3-+/2).
2[0054 56} 2(3-2) =
[H5] Hay tinh cos = sin 2%
127"

b) Céng thirc bién doi tong thanh tich
Trong céc cong thic bién d6i tich thanh téng trén day, néu dit « + f = x,

a-p=y (nitlé a=2 ; y,;{? = - ;y) thi ta suy ra dugc cédc cong thirc sau
day goi 12 cong thitc bién ddi téng thanh tich.

X+ X —

CoSXx + cosy = 2cos Y cos 4
2 2

L X+Yy . x-

cosx —cosy = —2sin Y sin Y
2 %)

: ; . XY - X=y
sinx + siny = 2sin cos 5
) . TE+y . X

Sinx —siny = 2¢os ysm > Z.




Vi du 6. Ching minh ring M P

T 3n
sin—  sin—
10 10
Gidi. Ta cé
1 | 1 . 3n . T
= — 3']‘[: = 3 SIHE—SIHE
sin—  sin—  sin—sin—
10 10 10 10
3_1t m gﬁ_n
= ﬁZcos 10 10 sin 10 10 | _ : ZCDSESEH-E-
sin —sin — 2 : sinlsin—TE > 10
10 10 10 10
s
cosZ T T T in
= 7 S =2, | do cos—=sin[—-—]=sin— .
. 3n 5 2 5 10
sin —
10

Cau hai va bai tap

38. Hoi mbi khing dinh sau c6 ding khong ?
Véi moi &, B, taco

a) cos(a + PB) = cosa+ cosf; b) sin(a- f) = sina— sinf;

¢) sin(e+ f) = sinacosff+ cosasinf;  d) cos(@— f) = cosarcos - sinarsinf;

sin 4o

e) =tan2 e (khi céc biéu thic c6 nghia) ;

cos2a
g) sinz{l\': sin2ax.
39. Sirdung 75° =45 + 30°, hdy tinh céc gi4 tri luong gidc clia géc 75°.

Sir dung 15° = 45° — 30°, hay tinh céc gid tri lugng gidc ctia géc 15° (d6i chiéu
véi két qua bai tap 29).

40. Ching minh ring :
a) sina+ cosa = \Esin(a + E) :
b) sin— cosar = \Esin[a - -}J ;
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) tan(f-ar) i=tna (a¢£+kma;&3—ﬂ+kn);
4 1+ tanc 2 4

d) tan(£+a] 1 +ing (a=£+kn,a=3+kn}.
4 1 -tane 2 4

41. a) Biét sina = % Vi o € (g—, n), hay tinh cdc gid tri lugng gidc clua géc 2
3 ; .
va gbc —-
s

(]

0 . : ; sy
o hay kiém nghiém lai két qua ctia bai tap 39.

b) Sirdung15°=3
42. Ching minh ring :
lin St 1
a) sin—-cos— = —(2 — VJ3);
) sin T ct:ns.l2 4( J_)

b) cns%cusi—ﬁcos% & +é- (Huong dan. Nhan hai vé v6i sin g) :

c) sin6° sin42° sin66° sin78° = % (Huong ddn. Nhan hai vé vé6i cos6”).

43. Dung cong thifc bién déi tich thanh téng, chimg minh :

a) cos75°cos15° = sin75%in15° = % :

b) cos75%in15° = -?:‘TJ-_B‘- .
¢) sin75%0s15° = 2*4"6 ;

d) cosasin(f - y) + cos Asin(y — @) + cosysin(a — B) =0, v6i moi a, B, .
44. Pon gian cic biéu thic sau :

a) Sin[£+a)-sin[5—aJ . b) cos? (E+a}—cosz[£—aj.
3 3 4 4

45. Chimg minh ring :

sine — sin
a) B = —/3 né’ua+,6'=£v?i¢0$ﬂ=ﬂﬂsﬂ;
cosa — cos f§ 3

b) crfrsa — co:a'fa = tan4a (khi cédc biéu thic c6 nghia).
sin7a - sina
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Luyén tap

46. Chimg minh rang :

47.

49,

50.

a) sinda = 3sina — 4sin’ & :cosda= 4cos’ a— 3cosa :
b) sim:;:s.in[E - r.:r]sin[E + a] = lsin3a .
3 3 4
cosacos| — — a |cos| =+ a | = —cos3a .
3 3 4

Ung dung. Tinh sin20° sin40° sin80° va tan 20° tan 40° tan 80°.
Chimg minh réi ding mdy tinh bo tii hodc bang s6 dé kiém nghiém lai gin
diing két qua :

V3

a) c0s10°c0s50°cos70° = sin20°sin40"sin80° = =5

b) sin10°sin50°sin70° = c0s20°cos40°cos80° = % .

Chitng minh ring

2n 4n 61 1
cos—+CcOSs—+COS—=——.
7 7 T 2

Huéng ddn. Nhan vé trai voi sin%( hoic sin%ﬁ) réi sir dung cong thifc bién
d4i tich thanh téng.

Chitmg minh ring, gid tri méi biéu thitc sau khong phy thuoc vaox"

a) cosl(a +x)+ cos2x — 2¢os acos x cos (a + X) ;

b) sindx sin10x — sinl 1xsin3x — sin7x sinx.

Chimg minh ring :

a) Néu tam gidc ABC c6 ba goc A, B, C thoa man sinA = cos B + cos C thi
tam gidc ABC vuong ;

b) Néu tam gidc ABC c6 ba géc A, B, C thod man sind = 2sinBcosC' thi
tam gidc ABC can.
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51. Ching minh ring néu @+ £ + y=n thi :
' I

. G i o
a) sina + sinf + sin y = 4cosEcos EC{JSE :

b) cosa + cosff + cosy= 1 + 4sin%sin§sin§ :

€) sin2a + sin2f + sin2y = 4sinasinfsiny ;

d) cos’ar + {:052,3 + cos” ¥=1=2cosacosf cosy.

52. a) Ching minh réing néu « va f khic %-ﬁ-kn‘ (k € Z) thi

sin(a + sin(a —
tana+tanﬂ=—L—£] va tana~tanﬁ=—(——ﬁ—)-
cosacos cosa cos ff
b) Ching minh ring véi « ma coska # 0 (k = 1, 2, 3, 4, 5, 6, 7. 8) va
sina # 0 thi
1 1 1 tan8a — tana
+ + ..+ = .
cosacos2a cos2acos3a cos 7 cos8a sine

53. Biét cosa + cosfl = a, sina + sinf = b (a, b 1a céc hang s6 va @+ bz 0),
hdy tinh sin(e + ) theo a va b.

54. Quy dao cta mét vat duoc ném lén tir gbc O, v6i van t6c ban ddu 1a v (m/s),

theo phuong hop v6i truc hoanh Ox mot géc @ 0 < a < g la parabol c6
phuong trinh

- ] 2
y=— X7 + (tana)x,
2v? cos®
trong do g la gia toc trong trudng (g ~ 9,8 A

m/s°) (gia sir lyc can cta khong khi khong

ding ké). Goi tdm xa clha quy dao la

khoang cdch tir O dén giao diém khic O 5
cua quy dao véi truc Ox (h.6.26).

a) Tinh tdm xa theo e (va v). Hinh 6.26

b) Khi v khong d6i, & thay déi trong khoang- (0 : %J, hoi véi gid tri ¢ nao thi

tm xa ctia quy dao dat gid tri 16n nhét ? Tinh gid tri 16n nhét dé theo v. Khi
v =80 m/s, hdy tinh gi4 tri 16n nhét d6 (chinh xdc dén hang don vi).
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LUONG GIAC VA NHA TOAN HOC O-LE

Lé-6-na O-le
(Leonhard Euler, 1707 — 1783)

Nhu moi khoa hoc khac, Lugng giéc phat sinh tif nhu céu
clGa ddi song : Nganh Hang hai doi hoi phai biét xac dinh
vi tri cOa tau b& ngoai bién khoi, vi tri clia cac hanh tinh,
clia cac vi sao ; cudc sbng xa hdi voi cac hoat dong san
xudt doi hdi do dac rudng dét, thiét 1ap ban dé... . Cac nhu
cdu dé lam cho mén Lugng giac phat sinh va phat trién.
Thai ¢8, cac nha toan hoc Hi Lap da gbp phén dang ké
vao viéc phat trién moén Luong giac. Lé-6-na O-le 13 nqudi
da xay dung Ii thuyét sau sac vé lugng giac trong cudn
"Md& dau vé giai tich cac dai lugng vé clng bé" xuét ban
nam 1748. Trong cong trinh dé, O-le da dé cap khai niém
radian, nhung tir "radian" (g&n véi tif "radius” c6 nghia Ia

ban kinh) mai dén nam 1873 méi dugc dung chinh thic 1an dau tién & Dai hoc
Ben-phat (Belfast), Bac Ai-len.

O-le 1a mét trong nhing nha toan hoc I6n nhét tir xua dén nay. Ong sinh tai Ba-lg,
Thuy S7. Ong da tién hanh nghién clfu nhiéu dé tai khoa hoc thudc nhiéu finh vic
khac nhau nhu cag hoc, &m nhac, thién van... Hau hét moi nganh toan hoc déu mang
ddu an cac két qua nghién c(u cla 6ng. O-le 1a nguoi say mé, can cu trong cong
viéc. Cudi doi dii bi mU ca hai mat, 6ng van tiép tuc hoat dong sang tao. Trong cudc
doi minh, O-le d& viét trén 800 cdng trinh khoa hoc. S6 cdng trinh cla 6ng it ai

sanh kip.



