PINH NGHIA VA Y NGHIA
CUA PAO HAM

[ - DAO HAM TAI MOT PIEM

1. Cac bai toan dan dén khai niém dao ham

1

% Mot doan tau chuyén déng thdng khdi hanh tir mét nha ga. Quéng dudng s (mét) di
dudc clia doan tau 1a mét ham sé cla‘thdi gian ¢ (phat). O nhiftng phat ddu tién,
ham s& d6 1a s = 1.

Hay tinh van t6c trung binh clia chuyén ddng trong khoang [t ; #o] véi fp=3var=2;
t=25:1=29;1=2,99.

Né&u nhan xét vé nhiing két qua thu dugc khi r cang gan r, = 3.

a) Bai toan tim van toc tic thoi
Mot chat diém M chuyén dong trén truc s'Os (h. 61).

o (0] sftg) s(t) §
I |

Hinh 61
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Quiang dudng s ciia chuyén dong la mot ham s6 clia thoi gian ¢

5 = s(t).
Hay tim mét dai lugng dac trung cho midc d6 nhanh cham cta chuyén déng
tai thoi diém ¢

Gidi. Trong khoang thdi gian tir 7y dén ¢, chit diém di dugc quing dudng la

§ —8g = s(1r) = s(1p).
Né&u chat diém chuyén dong déu thi ti s6

s —sg _ s(1)— s(ry)
=1 =1y

1a mot hing s6 v6i moi 1.

D6 chinh la vén t6c cua chuyén dong tai moi thoi diém.

Néu chét diém chuyén dong khong déu thi ti s6 trén la van tdc trung binh
cia chuyén dong trong khoang thdi gian [f - r{,l.

Khi 7 cang gén 1y, tic 12 | — fo| cing nhé thi van téc trung binh cang thé
hi¢n dugc chinh xdc hon mic d nhanh chim cta chuyén dong tai thoi
dlém fl'}.

Tir nhan xét trén, ngudi ta dua ra dinh nghia sau day.

Gidi han hiru han (néu co)

. ) — sl
lim (r) — s(rg)
1=ty =1

dugc goi la védn téc tice thoi ciia chuyén dong tai thoi diém 1,
D6 la dai luong dac trung cho mitc d nhanh cham cia chuyén déng tai thoi
dlém fu.

b) Bai toan tim cuong do tic thoi

Dién lugng Q truyén trong day din la mot ham s6 cua thoi gian ¢ :

| 0 =0().
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Cudng do trung binh clia dong dién trong khoang thdi gian |1 — 1 12

I _0@) - Qry)
B g

Néu [r - ru| cang nho thi ti s6 nay cang biéu thi chinh xdc hon cudng do
dong dién tai thoi diém 7. Ngudi ta dua ra dinh nghia sau day.

Gi6i han hitu han (néu co)
lim Q1) — O(1y)

1= I =1y

dugc goi 1a cuong do tirc thoi ciia dong dién tai thoi diém ¢,

NHAN XET

Nhiéu bai todn trong Vit 1i, Hoa hoc, ... dua dén viéc tim gioi

han dang lim 7)) = f (%) , trong d6 y = flx) 1a m6t ham s6
XXy X — X

di cho. Gi6i han trén din t6i mot khdi niém quan trong trong

Toén hoc, d6 1a khai niém dao ham.

2. Dinh nghia dao ham tai mét diém

148

DINH NGHIA

Cho ham s6 y = f(x) xéc dinh trén khoang (a ; b) vaxg € (a: b).
Néu tén tai gidi han (hiru han)
lim f(x) = f(xp)
xxy; X—Xg
thi gi6i han d6 dugc goi la dao ham clia ham s6 y = f(x) tai
diém x va ki hiéu 1a f '(xp) (hodc y'(xp)), tic la
fi(xn) = lim f(x) iN f(xﬂ) -
xX—rxy X=X




CHU Y
Dai lugng Ax = x — x¢ duoc goi 1a 50 gia clia d6i s6 tai x;,.

Dai lugng Ay = fix) — flxg) = flxg + Ax) — fixy) duge goi 1a s6
gia tuong (ng cia ham sd. Nhu vay

y'(xg) = lim iv—

Ar—0 Ax

3. Cach tinh dao ham bing dinh nghia

" R Cho ham s6 y = x°. Hay tinh ¥'(xy) béng dinh nghia.

D€ tinh dao ham ctia ham s6 y = f(x) tai diém x,, bing dinh nghia, ta c6 quy
tac sau day.

QUY TAC

( Buse 1. Gik sik Ax 1a 56 gia cita 06 56 tai xo, tinh N\
Ay = fixg + Ax) — flxg).
i A
Buac 2. Lap t1 s6 =2,
Ax

Buwoce 3. Tim lim ﬁ

Ax—0Ax ' /

Vidu 1. Tinh dao ham ctia ham s6 f(x) = .1 tai diém x, = 2.
z

Giai. Gia sir Ax 12 s6 gia cla d6i s6 tai x, = 2. Ta ¢6

1 1 Ax
Ay = f(2+ Ax) - f(2) = s T L ../ B
y=f2+A0)-fQ) 2+Ax 2 2(2 + Ax)

Ay 1 .
Ax 22+ Ax)
fin, e iyt n,
Av—0 Ax  Avr—02(2 + Ax) 4

Vay f‘(2)=—%. 5
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4. Quan hé giira sur ton tai ctia dao ham va tinh lién tuc cia ham sé
Ta thira nhan dinh Ii sau day.
DINH LI 1

Néu ham s6 y = f(x) c6 dao ham tai x; thi né lién tuc tai
diém do.

CHU Y
a) Dinh Ii trén twong dwong véi khing dinh :
Néu ham s6 y = f(x) gidn doan tai xy thi n6é khong c6 dao
ham tai diém dé6.
b) Ménh dé dao cta Dinh li 1 khong ding.
Mot ham s6 lién tuc tai mot diém c6 thé khong c6 dao ham tai
diém do6.

7 -
. e o
Ching han, ham s6 @)= { e aaed y

x néux<0
lién tuc tai x = 0 nhung khong c6 dao ham tai do.
Ta nhan xét ring d6 thi cia ham s6
ndy 12 mot dudng lién, nhung bi 0
"gay" tai di€m O(0; 0) (h. 62). x

5. Y nghia hinh hoc ctia dao ham

ﬁa y=x i
xZ

a) V& d thi clia ham s6 f(x) ="

b) Tinh £'(1). Hinh 62
c) V& duding thang di qua diém M(1 ; IEJ
va c6 hé s8 géc bang f '(1). Néu nhan

xét vé vi tri tuong déi clia dudng thdng
nay va dé thi ham sé da cho.

a) Tiép tuyén cua dudng cong phang
Trén mat phiang toa d¢ Oxy cho dudng
cong (C). Gia sir (C) 1a dé thi ctia ham
Sﬁy =ﬁ,1':l va M{](‘rﬂ ;f(:l.‘ﬂ ) € (C] Ki
hiéu M(x ; fix)) 1a mét diém di chuyén
trén (C). Pudng thing MgM 12 mot cit
tuyén cua (C) (h.63). Hinh 63
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Nhan xét ring khi x — xp thi M(x ; fix)) di chuyén trén (C) t6i diém
My (xg 3 f(xg)) va nguoc lai. Gia sir cdt tuyén MgM c6 vi tri giéi han, ki hi¢u
la MyT thi MyT dugc goi 1a tiép tuyén cla (C) tai M. Piém M, dugc
goi 12 tiép diém.
Sau day, ta khong xét truong hop ti€p tuyén song song hodc trung véi Oy.
b) Y nghia hinh hoc ctia dao ham
Cho ham s y = flx) xdc dinh trén khoang (a ; b) va cé dao ham tai
Xo € (a; b). Goi (C) la d6 thi cia ham sé dé.

DINH Li 2

Dao ham cia ham s6 y = f(x) tai diém x, 1a hé s6 géc clua
ti€p tuyén M,T cua (C) tai di€ém M, (xg ; flxg)).

Chitng minh. Gia sit M(xg + Ax ; fixy + Ax)) 1a diém di chuyén trén (C). Ta
coO (h.64)

MyH = Ax, HM = Ay.

Heé s6 gbc cha cét tuyén MM la tang, trong d6 ¢ la géc tao bdi truc Ox va
vecto MyM nhu trén Hinh 64a hodc 64b. Ta c6

HM Ay
tang = —— = —.
MgH  Ax
y }II (C)

fixg + Ax) fixg+ Ax)

fitxp) Sixg)

0

Hinh 64
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Khi M dan t6i My (M — M) thi Ax — 0 va ngugc lai.
Theo gia thiét, f{x) c6 dao ham tai x, nén ton tai gidi han
, . Ay :
(xp) = Im —= lim tang.
fioo) Ax=0Ax MM, d

Vay khi M — M, thi cdt tuyén MgM din t6i vi tri gi6i han 12 dudng thing
MyT, c6 hé s6 goc bang lim tang = f'(xg).

'-"}Mﬂ
Duong thing M,T 1a tiép tuyén tai M,y cia (C).

Vay f '(xg) 1a hé s6 gbc cia ti€p tuyén tai M, cha do thi (C). =
¢) Phuong trinh tiép tuyén

| Viét phuong trinh dudng théng di qua M(x;, ; y,) va cb hé sé géc k.
Tir ¥ nghia hinh hoc cta dao ham ta ¢6 dinh 1f sau day.

DINH LI 3

/_Phl.m‘ng trinh ti€p tuyén cua d6 thi (C) cta ham s y =ﬂx)\‘
li_ii dlém Mﬂ(l’ﬂ ;ﬁxﬂ}) la

y=Yo = f'(%)x = xp),

\tl’ﬂng do Yo =ﬂxﬂ}. _/

5
%Cha ham s8 y=-x* +3x-2. Tinh y'(2) bing dinh ngha.

Vi du 2. Cho parabol y = X+ 3x-2.
Viét phuong trinh ti€p tuyén cua parabol tai diém c6 hoanh do x, = 2.

Gidi. Bang dinh nghia ta tinh dugc y'(2) = —1. Do d6, hé s6 goc cuia ti€p
tuyén la —1. Ngoai ra ta ¢6 y(2) = 0.

Vay phurong trinh tiép tuyén cla parabol tai diém My(2 ; 0) Ia
y-0=(-1).(x-2)hayy=—x+2. B
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6. Y nghia vat li cia dao ham

a) Van toc tirc thoi

Xét chuyén dong thing xdc dinh bdi phuong trinh s = s(7), véi s = s(r) 1a
mot ham s6 ¢6 dao ham. Nhu da thiy trong bai todn m& ddu, van tdc tidc thoi

cua chuyén dong tai thoi diém 1 1a dao him clia hdm 6 5 = () tai ¢ :

v(rg) = Sr(fﬂ}.
b) Cudng do tire thoi

Néu dién lugng Q truyén trong day din 13 mot ham s6 cha thoi gian : Q = O(r)
(Q = Q(r) 1a mot ham s6 c6 dao ham) thi cudng d6 tirc thoi cia dong dién
tai thoi diém 7 1a dao ham ctia ham s6 Q = Q(r) tai 1, :

f(fﬂ} = Q'(Iﬂ}.

II - PAO HAM TREN MOT KHOANG

6
%Béng dinh nghia, hay tinh dao ham clia cac ham s6 :

a) fix) = X tai diém x bat ki - b) g(x)=— tai diém bat ki x # 0.
X

DINH NGHIA

Ham s6 y = f{x) duoc goi la c6 dao ham trén khoang (a ; b)
néu né ¢6 dao ham tai moi diém x trén khodng do.

Khi d6,tagoihams6f':(a:bh) > R
x = f'(x)
la dao ham cta him s6 y = f{x) trén khodng (a ; b), ki hiéu la
y' hay f'(x).
Vidu 3. Hum s6 y = X b dao ham y' = 2x trén khoang (- ; +0).

; 1 .
Ham s6 y = — c6 daoham y' = ——IE trén cdc khoang (<0 ; 0) va (0 ; +0).
X X



BAI POC THEM

PAO HAM MOT BEN

Cho ham s6 y= f(x) xac dinh trén khoang (a:b) va x,e(a:b). Co thé khéng
ton tai gidi han (hiru han)
f{-‘l’)-f(.\’(}}
m — e e
x— X

li

_L'—}.l'u
nhung tén tai cac gidi han mot bén
(x) = fx, x)=f(xg)
lim M lim M
x—xy XXy e )
Khi dé, ta n6i ham sé cé dao ham mét bén.
DINH NGHIA 1
Néu tén tai gidi han (hitu han) bén phai
lim &) =C0)
x—xy X=Xy
ta sé goi gi6i han do |a dao ham bén phai clia ham s6 y = f(x) tai
x=x, vakihigula f'(x3). ’
Tuong tu, gidi han (hitu han) bén trai (néu ton tai)
(x)— f(xy)
fim Fx)= fx,
x-5xy A—Xg
dugc goi la dgo ham bén tréi clia ham s6 y = f(x) fai x = x, va ki hiéu
a f'0g).
I Cac dao ham bén phéi va bén trai dudc goi chung la dao ham mgt bén.

Tl cac tinh chét cla gidi han mot bén suy ra ngay dinh Ii sau day.
DINH Li

Ham s6 y=f(x) c6 dao ham tai x;, khi va chi khi f'(xg),
f'(xy) ton tai va bang nhau. Khi dé, ta cé
F'Og) =10 )= 1 "(xg)-
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Vidu 1. Ching minh rang ham sé

f{.r]*{ “néux=0
-xnéux<0
c6 cac dao ham mét bén, nhung khdng c6 dao ham tai x; =0.
Giai. Ta cb :
5 2
£0%)= tim IDIO _ i X .
x—=0" x=4 x0T X
Pyt Dl g =
x—0" 2= x—=0" X

Vay tai x, =0, ham s6 nay c6 dao ham bén phai béng 0, dao ham bén trai bang —1.
Vi cac dao ham bén phai va bén trai khac nhau nén ham sé khéng c6é dao ham

tai x,=0. m

Vi du 2. Xét su ton tai dao ham va cac dao ham moét bén cia ham sé

—'\JS x* néu x>0

2x néu x <0

flx)=

tai diém x=0.
Giai. Vi

A0

im £9-7O_ 4, = — lim
x—0" x-0 =0t x=0 0" X
nén ham s6 khéng c6 dao ham bén phai tai x = 0.
Vi

= —00

£/

e o BT
fim f{x_}ﬂ@= Ty 2o
307 x=0 x=0" X

nén ham sé c6 dao ham bén traitaix=0va f'(07)=2.
Tu dinh |i suy ra rAng ham sé da cho khéng cé dao ham tai x=0. =
DINH NGHIA 2

cac diéu kién sau

Cé6 dao ham tai moi xe(a;b) ;
C6 dao ham bén phaitaix=a ;
C6 dao ham bén trai tai x = b.

Ham s6 vy = f(x) duoc goi la cb dao ham trén doan [a ; b] néu thod méan
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Bai tap

Tim s6 gia cua ham s6 flx) = X, biét rang :
a)xg=1;Ax=1;
b)xg=1; Ax=-0,1.

- - ﬁ' p * Fd - -
Tinh Ay va i cua cac ham sé sau theo x va Ax :

a)y=2x-5; b}y=,r2—l:
E)y=2r3; d}y=l.
>

Tinh (bing dinh nghia) dao ham cia méi ham s6 sau tai cdc diém dé chira :

s
a)y=x"+x taixg=1;

b)y=

b | o

taixg=2;

x+1

c)y= tai xp = 0.

Chimg minh ring ham s6

-X néu x <0
khong c6 dao ham tai diém x = 0 nhung ¢6 dao ham tai diém x = 2.
Viét phuong trinh ti€p tuyén coa duong cong y = P
a) Tai diém (-1 ;-1);
b) Tai diém c6 hoanh d6 bing 2 ;
c) Biét hé sd géc cia ti€p tuyén bing 3.

Viét phuong trinh ti€p tuyén cua dudng hypebol y = -} :
2) Tai diém [% ; 2) :

b) Tai di€ém c6 hoanh do bang -1 ;

¢) Biét rang hé s6 goc cua ti€p tuyén bang —%.



{ 1 =0
Mot vit roi tu do theo phuong trinh s = Egrz, trong d6 g ~ 9.8 m/s” 1 gia

toc trong truong.
a) Tim van t6c trung binh cia chuyén doéng trong khoang thoi gian tir ¢
(r=15s) dénr+ At, trong cdc trudng hop At =0,1s; Ar=0,05s; At =0,001 s.

b) Tim vén t6c tidc thai cha chuyén dong tai thoi diém 7= 35 s.



