PTTITTRNTT PHUONG PHAPTOA DO
TRONG KHONG GIAN

§1. HE TOA PO TRONG KHONG GIAN

A. CAC KIEN THUC CAN NHG

I- HE TOA PO TRONG KHONG GIAN

Hé truc toa do Dé-cic vudng goc trong khﬁnE glan gbm ba truc x'Ox, y'Oy,

2’0z vudng goc voi nhau timg doi mot. Goi : J‘ L lan luot la cac vecto don
vi trén cdc truc x'Ox, y'Oy, z'0z. Diém O dudc goi 1a géc toa dé. Cic mat
phang (Oxy), (Oyz), (Ozx) d6i mot vuong géc véi nhau duoc goi 1a cde mdt
phdng toa do.

Khong gian gin vé6i hé toa d6 Oxyz duge goi la khdng gian Oxyz.

II- TOA PO CUA MOT PIEM
Trong khong gian Oxyz cho mot diem M tuy .
Khi d6 tacé OM = xi+yj+zk va goi bo bass (x: v 2) 1a toa do ciia diém M
dé6i voi hé truc toa do Oxyz da cho. Nguoc lai, v6i bo ba s6 (x ; y ; z) ta cd mot

diém M duy nhét trong khong gian thoa min hé thiic OM = xi + J'}" +zk. Ta
viet :M=(x;y;z)hoac M(x;vy;z)

I1I- TOA PO CUA MOT VECTO
Trong khong gian Oxyz cho vecto a véi a = a|?+ (:2}+(13E,
Khi dé bo ba s6 (a,: a,; a;) duge goi la rog do ciia vecto a doi vai hé toa do
Oxyz cho trude. Ta viét : a = (a;; ay: a,) hay a (a; a; ay).
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IV- BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO

Trong khong gian Oxyz, cho hai vecto a = (a,: a,; ay), b = (b: by by) va
mot s6 k. Khi dé ta ¢6 :

a+b = (a, +!'J!;a2+b2; r13+b3)

b.)

a—b z(a;—b[;az—bz;c?}— A

kg = (ﬁcal; kaz; ka3j.

@ =bh
B Chiy.a)d=b e {a=h.
a3 =by

b) 0 =(0:0:0).

c) a va b (# 0) cung phuong < ¢6 mot s6 k sao cho

= kli}'| n‘!}| = kﬂl
a, =kby,  hay by = kay
ay = kby by =kas.

d)NeuA = (a; a,;a,), B=(b; b,; b,) thi AB=(by —ay;hy —ay;by —a3).

V- BIEU THUC TOA PO CUA TICH VO HUGNG VA CAC UNG DUNG
a) Trong khong gian Oxyz, cho hai vecto @ = (a; a,: “3)* B — {h]; bz; 3?3J+
Tacé @.b = ab, +ab,+apb..

b) Dé dai cua mot vecto :

5 : == 2, 2
Cho vecto a =(a,; a,; a;), taco al = Va.a =Ja12 +a; +ajy .

¢) Khoang cich giita hai diém A = (X ypz)vaB=(x

5 Vpi7p)1a

|E§| = J{IB —X4 }2 +(J’B “'}"A}z e {ZB —‘Zﬂ}z :
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d) Goi ¢1a géc giita hai vecto @ = (a,; @y a) VA b = (by: by by) v6i G va b
khéc 0.

B ayby +arby +agb;
[ﬂ'| |b] \/al +a5+a3 Jb] by +b3

Taco : cosp= {:Ua(

e)a L B ¢:>a!b] +a2h2+a3b3=ﬂ.

VI- PHUONG TRINH MAT CAU
Trong khong gian Oxyz, mat cau tam / = (@ ; b ; ¢) ban kinh r c6 phuong trinh
la:: (x —-a)z +(y —-.-’;-)2 +(z —c:]2 = rz,
hodc X +}‘: +2° = 2ax - 2by — 2¢cz + a*+ b+ ="

Nguoc lai, phuong trinh L }-‘2 +2% +2Ax + 2By+2Cz+ D=0

voi A2+ B*+C*-D>0 1a phuong trinh cia mat cau taim /(-A ; -B ; -C)
c6 binkinh r=yA*+B2 +C%-D.

B. CAC DANG TOAN CO BAN

:[; VYan di |

Tim toa do cla mot vecto va cac yéu Lo lién quan dén vecto thoa man
mdt 88 diéu kién cho trude

1. Phuong phdp giai

Sur dung cic dinh nghia va khii niém co lién quan dén vecto : toa do cua vecto,
d6 dai cua vecto, ... dé phan tich mot vecto theo ba vecto khéng déng phing,
tinh téng (hiéu) cta hai vecto, tinh cdc toa dé trong tim clia mot tam gidc, ..

2. Vidu

Y du 1. Trong khong gian Oxyz, cho ba vecto @ = (5: 7 ; 2), b = (384,
¢ =(-6:1;-1). Hay tim toa do cia cic vecto sau day :

a) m=3a-2b+¢ : b) i =50 +6b+42.
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3@ =(15:21:6)

a) Tacé {-2h=(=6:0:—8)
¢ =(-6:1;:-1).

Do d6 7t =3d-2b+& =(3:22;-3).
b) Twong tu, ta tinh dugc 7 = (19 ; 39 ; 30).

Y du 2. Cho hai vecto @ va b tao véi nhau mot gée 120°. Tim |E+5‘ vl
ld -l biet lal =3, [Bl =.

0 2 " "
Taods ldedl =3P +B +23 8 cosiz B
=9 425 +2.3.5.(-%] = 19,
Vay la+8l =19,
32 <132 <[ — 21317, cos@. By
=G 425 = 23.5.[—%) =49

Vay 1&'—5[ =17.

9% du 3. Cho hinh lap phuong ABCD.ABCD'

Hay phan tich vecto AC’ theo ba vecto
AB', AC, AD'. A

R
ES o

Giai
(h.3.1) Taco A_C-: = EE' + A_A-:' vi ’:)B -------------- i
ACC’A’ 1a hinh chir nhat.

Tuwong tu : AC’ =AB'+AD Vi ADC'B’ A D’

12 hinh chit nhat. i s



vi AC’ = AD’ + AB vi ABC'D’ 1 hinh chit nhat.

Dodé 3AC =AC+AB +AD' + AA + AD+AB = AB + AC+AD + AC .

Ta suy ra 2AC" = AB"+ AC+ AD'.

Vay AC = émb AC + AD').

U du 4. Trong khong gian chobadiem A(1;0;-2),B(2;1:-1),C(1;-2:2).
a) Tim do6 dai cic canh cua tam giic ABC.

b) Tim toa dé trung diém ctia cdc canh clia tam gidc ABC.

¢) Tim toa do trong tam G cua tam giac ABC.

a) Tacé AB=(1:1:1), BC =(=1:=3:3), CA =(0;2;-4).

Dodé AB=|AB=+12+12+12 =43,
BC = |BC| =yJ(~1)? +(=3)% +3% =19,

=02 +22 1 (-4)2 =420 =245.

b) Goi D, E, F lin luot la trung diém céc canh AB, BC, CA. Tacé :

CA=|CA

. _XAtXp | _Yatyp 1 zytzp 3
- 2 g ¢ B 2 giR 2 2
3.1 3
Viy D = —;—;-—}
goa- D
3 1 1
Tuﬂngtl,r.E‘—*(—:——;— yF=(1 =130k
2 272

¢) Goi G la trong tam tam gidc ABC. Ta ¢6 GA+GB+GC =0.
GiasuG=(x:y:;z). Taco: GA =(l-x;-y;-2-12)

Eﬁ ={2-x;1-y;:-1-2)

Ge w={l =2 =2y )
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—h e b

Tudosuyra: GA+GB+GC =(4-3x;-1-3y;-1-13z).

—_— =

Vi GA+GB+GC=6 néntaco :

4

X=—

4-3x=0 3
-1-3y=0 & <}-‘=—% == [g’ _%;_%)

-1-3z=0 1

L:_E

E Van dE 2

Ching minh céc hé thic vecto

1. Phuong phdp giai

Stir dung quy tiac ba diém déi véi phép cong, phép trir vecto va cdc tinh chit
cuia cdc phép todn vé vecto d€ bién doi cic heé thic vecto,

2. Vi du

W du 1. Cho tit dién ABCD. Goi E va F lan luot la trung diém cua AB va CD,
I 1a trung diém cta EF.

-+

a) Chiing minh rang IA+IB+IC+ID=0.
b) Véi diém M bat ki trong khong gian, hiy ching minh ring :
4MI = MA+MB+MC + MD .

2

Gidi
a) (h.3.2) Tac6 IA+IB =2IE
IC +1D =2IF.

T T ————

Do d6 JA+IB+IC + 1D = 2(1E + IF).

Vi I 12 trung diém ciia EF nén E + IF =0,

— g e

suy ra IA+IB+IC+ID=0.
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_ —  —

b)Tacé MI=MA+ Al
MI =MB+BI

—_— ———— -

MI = MC +CI
MI =MD+ DI.

— — | — | — | — e e

Do d6 4Mi = MA + MB + MC + MD + Al + BI +CI + DI .
Theo cau a) ta cé Al +BI+CI +DI =0. Vay 4MI = MA+ MB+MC + MD .

P e 1

W du 2. Cho ti dién ABCD. Chimg minh rang AC + BD = AD+ BC.

—_— s ——

Tacé AC = AD+DC
BD=BC+CD.

Do d6 AC+BD =AD+BC+DC+CD . Vi DC+CD =0 néntacé
AC+BD=AD+BC.

Nhdn xét. Trén day ta di bién déi vé trdi thanh vé& phai. Mat khéc ta ciing c6

thé bién doi vé& phai thanh vé& trdi bang phuong phdp tuong tu.

V4 du 3. Cho hinh chép tam gidc S.ABC vai [
la trong tam cfla tam giac diy ABC. Chiing S

—_— s —

minh ring ST == {SA +5B+5C).

2

Gidi

(h.3.3)
Ta co S—A=S—I+H A ¢

—

SB =SI +1B

SC=SI+IC.
Do dé SA+SB+SC =3SI+IA+IB+IC. Hinh 3.3

— — —

Vil la trong tam cua tam gidc ABC nén [IA+IB+IC = 0.

—-

Viay =—[SA+SB+S{,)
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E Van di ¥

Tich v& hudng va cac ing dung clia tich vo hudng

1. Phuong phdp giai
— Str dung dinh nghia tich vé huéng va biéu thic toa do cua tich vo huéng.
— Sir dung cdc cong thiic tinh khoang céch gitra hai diém, tinh géc gitta hai vecto.

2. Vidu

Y du 1. Trong khong gian Oxyz cho ba diém A(—1 ; =2 ; 3), B(0 ; 3 ; 1),
ClEi252)

a) Tinh tich vé hudng AB.AC :
b) Tim c6sin cua goc BAC .
Gidi
a) Ta c6 AB =(1;5;:-2), AC =514 T}
Do d6 ABAC = 1.5+ 5.4+ (<2).(-1) = 27.
AB.AC

|AB| |AC| 1{1 +5% 4 (=2)* «.,‘5 +42 4 (=1)?

27 2

T B0NA2 2435

b) cos BA{L =

V¥ du 2. Trong khong gian Oxyz cho hai diem A(2;0: 1), B(-1; 2 3).
a) Tinh khoang cdch giita hai diém A va B.

— —_—

b) Tim c¢6sin ctia cac gée tao boi mdi vecto don vi 1, j, k véi vecto AB.

Giai
2)Tacé AB =(=3:2:2) vaAB = [ABl=/(=3)2 +22 +22 =17.

- b

b) Cac vecto i, j, k coOtoa do la: —(I 0:0), J' el s b)Y, I{-([} 0:
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iAB 3

1.8l V17

Do dé : cns{?,ﬁ} =

o . . AB 2
cos(j,AB) = j" =

3.

=1
oL
e o

cns{E,E] =

V¥ du 3. Hinh chép S.ABC c6 SA =a,SB=b,5C =¢
vi c6 : ASB =Q,BF§E‘=,3,E§HH=%
Goi G la trong tim cua tam giac ABC.
Hay tinh khoang cich SG.

(h.3.4) Theo Vidu 3 (Vin dé 2) tacé :

|y e R Hinh 3.4

——

— = — D =2 2 —— — —
(31*31+SJES'+S(L‘}2 =SA +8B +5C + 2.5AS5B+2.8SA5C + 2.5B.5C

= a*> +b> +c* +2ab cosa+ 2ac cosy+ 2bc cosf.

Do do SG = —;\laz +b” +¢% +2ab cos @ + 2ac cos y+2bccos f3.

U du 4. Hé truc Oxyz ¢d i, j, k lan luot 1a cdc vecto don vi trén cdc truc
Ox, Oy, Oz. Goi Oa, Ob, Oc theo thit ty la cdc tia phan gidc cua cic goc vO:z,

zOx, xOy va d , b, ¢ theo thit tu 1a ba vecto don vi trén ba tia phéan gidc dy.

-

a) Hay tinh toa do cic vecto a , b, c.

b) Tinh cdc tich vé huéng a.b, b.c, ¢.a va tir dé suy ra géc gilta cic cap
vecto do.

99



(h.3.5)

a) Vi tia Oa la tia phan gidc cua goc

———

yO:z nén tia Oa tao va6i hai tia Oy va

Oz hai géc déu bang g.

Do dé : E=ms£}+c05—k
4 4

V2 V2

= a=|0; —; —
[ 272

=4

J.

Tuong tu, ta tinh duoc :

X2 X250

NEESR

b) Diing céch tinh tich v huéng bing biéu thiic toa do ta ¢o :

Vi |-’3| =1 vi IB|

Tuong tu, ta cling c6 (.I,;E') =(c,a)==

E Van di 4

Lép phuong trinh mit cdu bict tim va ban kinh cta mdt cau do

100

7 L

[J‘J‘

ISR S
db=—,bi==

2

| ma @5=13l.|8l.cos@.5) nen ta suy ra (2,5)=

1. Phuong phdp giai

|

sea
c.g=—-
2

E .
3

Hinh 3.5

Phuong trinh mat ciu tidm [(a ; b ; ¢), ban kinh r c6 dang :

2. Vidu

(x —a)z + (¥ —h)z +(z —;:*)2 =%

Léap phuong trinh mat cau trong hai truong hop sau day :

a) C6 duong kinh ABvGi A =(4 ;-3
b)PiquadiémA=(5;-2:

1), B=(2,1
Dvacotam C=(3;-3;

2 Y

1)

'-*-‘|-‘~=i



g’i‘f‘i

a) Mat ciu ¢6 tam la trung diém [ ciia doan AB.

Ta co : I=[4+2 ; i ;?+3]=[3:—| )

2 2 2

Goi r 1a ban kinh mat cdu, tacé : r=|IA| véi TA=(1;-2;2).

Dodé: r=v12+(=2)% +22 =3,
Viy mat cdu 6 phuong trinh 1a : (x—=3)% +(y+1)% +(z—5)> =9.

b) Mat cdu cho trude ¢d bdn kinh r = ka| trong do CA= (2; 1200

Dodé: r=v22+12 =45,

Viy mat ciu tam C(3 ; -3 : 1) di qua di€ém A(5 ; -2 : 1) ¢6 phuong trinh la :

igiz Van dié 7

Cho biét phuong trinh mdt céu, hdy xéc dinh tam va ban kinh clia mdt céu do

(x=32 +(y+3)2 +(z-1)? =5.

1. Phuong phdp giai
Bi¢n déi phuong trinh da cho vé dang : (x—a)* +(y=b)* +(z—¢)* =r~.
Khi dé mat ciu da cho cé tam I = (a ; b ; ¢) va co bin kinh bing r.

2. Vidu

Cho mat cdu ¢6 phuong trinh 3x° + 3y° + 327 — 6x +8y + 15z — 3 = 0. Hay xdc
dinh tam va bédn kinh ctia mat ciu dé.

gﬁ

Phuong trinh mat cdu da cho c6 thé viét dudi dang

Y+ —2——y+5z-1=0

& (x—l}2 +(}-‘+%]2 +[z+%)2—[%f =0
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3.2

33

3.4.

3.8.

102

A

- o] 2]

§

; 5
Viay miat ciu da choco tim [ = [1 : —f:- : _E] va ban kinh r = -l—g

C. CAU HOI VA BAI TAP

Trong khong gian Oxyz cho ba vecto a = (2 ; -1 ; 2), b = (3 =8 & B
¢ =(=4:;1;:;-1). Tim toa do cua cac vectd m va n biét rang :

a) Mm=3d-2b+C ; b) i =2d+b+4C.

Trong khong gian Oxyz cho vecto a = (1 ;-3 ; 4).

a) Tim y; va z, dé cho vecto b = (2 ; ¥y zp) cung phuong véi a .

b) Tim toa do cia vecto ¢ biét ring @ va ¢ nguoc hudng va |¢] = 2lal.
Trong khong gian Oxyz cho diém M c6 toa do (xy; ¥y ; 2)- Tim toa do hinh
chiéu vuong géc cta diém M trén cac mat phang toa do (Oxy), (Oyz), (Ozx).
Cho hai bo ba diém :

a)A=(1:3:1), B=@0:1:2), C=(0:0;1);

byM=(1;1;1), N=(4;3;1), P=(-9;5;1).

Hoi bo nao c¢6 ba diém thing hing ?

Trong khong gian Oxyz, hiy tim trén mat phing (Oxz) mét diém M céch déu
badiémA(1;1:1),B(-1;1:0),C3;1;-1).

Cho hinh ti dién ABCD. Chiing minh rang :

B A — —

a) AC+BD=AD+BC : b) B:%E+%E+%Eﬁ+5§.

Cho hinh tit dién ABCD. Goi M, N, P, Q lan lugt 1 trung diém cla cdc canh
AC, BD, AD, BC. Chiing minh rang :

—_— ——  ——s  — —_— ——  ——  —

a) AB+CD=AD+CB=2MN; b) AB—-CD=AC-BD=2PQ.

B
—

Trong khong gian cho ba vectotuy y a, b, c.

- -+
Goi u=a—-2b, v=3b—c, w=2c —3a.

Chtmg t6 rang ba vecto i, V, w doéng phang.



3.9.

Trong khong gian Oxyz cho moét vecto a tuy y khac vecto ﬁ Goi e, 8,y

14 ba goc tao boi ba vecto don vi i, j, k trén ba truc Ox, Oy, Oz va vecto a .

2

1 . x 2 3
Chitng minh rang : cos” a+cos” ff+cos” y=1.

3.10. Cho hinh tir dién ABCD.

311,

a) Chimg minh hé thic : AB.CD+AC.DB+AD.BC =0.

b) Tir hé thic trén hay suy ra dinh I : “N&éu mot hinh tif dién ¢6 hai cép canh
doi dién vuong goc vai nhau thi cap canh doi dién thi ba cling vuong goc
vii nhau.,”

Tinh tich v6 hudng cua hai vecto a, b trong khong gian véi céc toa do da
chola:

a)d =(3:;0;-6), 5:{2;_4;L~);

b a =(1:-5:2); b=(4;3;-5;

)@ =0;v2;43), b=01;3;-2).

3.12. Tinh khodng cdch giira hai diém A va B trong méi trudng hop sau :

a)Ad :-1:1), B(2:1:0);
by A2 : 34y, B(6:;0:4).

3.13. Trong khong gian Oxyz cho tam giac ABC ¢6 toa dé cac dinh la :

Ala;0:0), B(O:b:0), s Dzl
Chimg minh rang tam gidc ABC ¢6 ba géc nhon.

3.14. Trong khéng gian Oxyz hay lap phuong trinh maét cau trong cac truong hop sau :

a)Cotam (5 ;-3 ;7)vacobankinhr=2;
b) C6 tam la diém C(4 ; —4 ; 2) va di qua goc toa do ;
¢)Piquadiém M(2:-1;-3)vacotam C(3;-2;1).

3.15. Trong khong gian Oxyz hay xdc dinh tidm va ban kinh cidc mat cau ¢6 phuong

3‘16‘

trinh sau day :

)+ + P —6x+2y—162-26=0;

b) 2¢% + 2y + 22% + 8x — 4y — 122 — 100 = 0.

Trong khong gian Oxyz hdy viét phuong trinh mat cdu di qua bén diém

A(1;0;0),B0;-2:0),C(0:0;4) va goc toa ddo O. Hiy xédc dinh tam va
ban kinh cta mat cau do.
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