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§$2. PHUONG TRINH MAT PHANG
A. CAC KIEN THUC CAN NHO

VECTO PHAP TUYEN CUA MAT PHANG

Pinh nghia. Cho mat phang (). Vecto 7 khic 0 vi c6 gid vudbng goc voi
mit phang (&) duoc goi 1a vecto phdp tuyén cla ().

PHUONG TRINH TONG QUAT CUA MAT PHANG

1. Néu mit phing (@) song song hoiic chita gid ctia hai vecto khdc phuong la
a =(a,;a,;a)va b =(b,; b, ; by thi (&) cé mot vecto phip tuyén la :

i =(ayby —ashy ; azby —ayby; ayhy —ayby).

. N L. |a
Dé cho dé nhé, ta dung ki hiéu
c

b
‘:nd—bc
d

by b }
Vecto n dugc goi la tich c6 hieong (hay tich vecto) cua hai vecto a va b, ki

hieula GAb hay @b .

E13 {I| G"l {'12

b by

{12 o 3 I
bs

Vi ki hiéu do, n =[

2. Phuong trinh clia mat phang (@) di qua diém M(x, : yo: zp) va nhan vecto
7i(A;B:C)khdc 0 lam vecto phdp tuyén la :
Ax—xg) +B(y—yg )+ C(z —z3) = 0.

3. Néu mat phing (@) c¢6 phuong trinh tong quat 1a Ax + By + Cz + D = 0 thi
né ¢6 mot vecto phap tuyén la 17 (A ; B C).
4. Néu mat phang (@) cit cdc truc toa do
Ox, Oy, Oz theo thi ty tai ciac diém
Ala:0:0),BO:b:0), CO:;0;c)vol abe
# 0 thi (@) c6 phuong trinh theo doan chan

B 242221 @3
a b c




III- PIEU KIEN PE HAI MAT PHANG SONG SONG, VUONG GOC
Cho hai mit phang (@) va (&) ¢6 phuong trinh tong quat ldn lugt 1a
Ax+By+Cz+D, =0,
Ax+By+Cyz+D,=0.
Goi ﬁ'! (A;B;;C))va 52 (A,: B, C,) lan lugt 1a vecto phdp tuyén cla ()
va (). Taco:
i =kii,
L)l () & {'! “ véi k 1 mot s6 thuc.,

Dy # kD5

2.(q) L(y) @ n, L &

< AA,+B B, +CC,=0.
0 Chi y :
o (1) cit () © ,-':‘] # Iu‘z‘z, VkeR.
" o=kn
() = (1) & { ' # v6i k 1a mot sd thuc.
Dy = kD,
IV- KHOANG CACH TUMOT PIEM PEN MOT MAT PHANG
Trong khong gian Oxyz, khoang cdch tir diém M (xq: yo: zo) dén mit phing
() : Ax + By + Cz + D = 0 dugc tinh boi cong thic :
|A,rﬂ + Byy +Cxzy +D| .

M., (@) =
R VA% + B2 +C2
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B. CAC DANG TOAN CO BAN

E Van di 1

Viét phuong trinh tong quat clia mt phéng

1. Phuong phdp gidi

Loai 1. Viét phuong trinh mit phing (@) khi da biét vecto phap tuyén 7 (A ; B ; C)
va mot diem M (xq: ¥os Zo) thudc (@)

— Phuong trinh () c6 dang : A(x — xﬂ] + B(y =¥ C(z - En] =1):

— Khai trién, rit gon roi dua vé dang téng quat : Ax + By + Cz + D = 0, v6i
D =—(Axp + Byy +Czp).

Loai 2. Viét phuong trinh mit phing (@) chita ba diém M, N, P khéng thing hing
— Tim vecto phdp tuyén cua (@) : 7, = MN A MP -

— Mt phang (@) di qua diém M va c6 vecto phép tuyén la 7, (loai 1).

Loai 3. Viét phuong trinh mét phing (@) chiia diém My (xg: yg: zp) va song

song véi mat phang () : Ax+By+Cz+ D=0

— Phuong trinh () c6 dang : Ax+ By +Cz+D"'=0 (1)

— Thay toa do M:} vao (1) ta tim duge D"

Loai 4. Viél phuong trinh mit phing

(@) chita hai diém M, N va vuong géc

vdi mat phing (/) :
Ax+By+Cz+D=0

— Tim vecto phép tuyén cta (@)

Ea=mnﬁﬁ (]

Vol it 8 la vecto phdp tuyén cua mat Hinh 3.7

phing (5.
— Mat phang (@) di qua diém M va c6 vecto phap tuyén 1a 7, (loai 1) (h.3.7).

2. Vidu
V¥ du 1. Viét phuong trinh mat phang (@) di qua diém M(2 ; 5 ; =7) va song

song vai gid cuahaivecto @ =(1;-2:;3)va b =(3;0:5).
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a2

Gidi
Tacé: GAb =(=10:4;6)=—-2(5:-2:-3).

Mt phang (@) c6 vecto phip tuyén 1a 77 = (5 ; =2 ; =3). Vay phuong trinh clia
(@)1a:5(x-2)-2y-5-3z+7=0 5x-2y-32-21=0.

% du 2. Viét phuong trinh mét phang (@) di qua ba diém A(2 ; -1 ; 3),
B4:0;1),C(-10;5;3).

2

Gidi

—_—

Ta co AB =(2;1;-2)
AC =(-12;6;0).
Goi @=ABAAC =(12;24;24).
Ta chon vecto phép tuyén ctia mat phing (@) 1a i, =é&' =(1:;2,;2).

Viy phuong trinh ctia mat phang (@) 1a :
1x—2)+2(y+ 1D+ 2(z-3)=0 x+2y+2z-6=0.

% du 3. Cho mit phing (@) c¢6 phuong trinh 2x + 3y — 4z — 2 = 0 va diém
A(0;2;0).

a) Viét phuong trinh mat phang (£ di qua A va song song vai (@).

b) Viét phuong trinh mit phang () di qua OA va vuodng goc voi (@) voi O la
goc toa do.
Gidi
a) Vi (f) song song véi () nén phuong trinh mat phiang (£) c6 dang :
2x+3y—-4z+D=0. (1)
biém A thuoc () nén thay toa do cta A vao (1) ta duge
20+32-40+D=0& D=-6.
Viay phuong trinh ctia mét phing (f) 1a: 2x+3y—4z-6 =0,
b) Hai vecto ¢é gid song song hodc dugc chira trong (y)la :

OA =(0;2;0)va i, =(2;3;-4).
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Suy ra (y) 6 vecto phdp tuyén i, = OA A Ay =(=8;0;-4).
Mait phang () di qua diém O(0 ; 0 ; 0) va c6 vecto phip tuyén la
FEJ, =(-8;0;-4).

Viay phuong trinh clia mat phang (y) 1a: —8x —4z=0hay 2x +z =0.

Y du 4. Viét phuong trinh mat phing () di qua ba diém A(1 ;0 0), B0 ; -2 0),
C(0;0:-=-3).

2

Giai
Ap dung phuong trinh mat phing theo doan chin ta duoc phuong trinh (@) cé

=1 hay6x—-3y-2z-6=0.

=

X oy
dang : —+—+
ANg o

iE:E Van dE 2

Vi tel tuong doi clia hai mat phﬁng
(@:Ax+By+Cz+D =0,
(5 : Ax+By+Cyz+D,=0.
1. Phuong phdp giai
— Xét hai vecto phdp tuyén 7iy, = (A3 B3 C ) vaiig =(Ay; By C)).
Ta co cac truong hop sau :

* iy # kilg : (@) cat (f);

. Ha-ﬁﬁ =0 (e L (E)
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2. Vidu
V¥ du 1. Xét vi tri tuong d6i cua cdc cip mit phang cho boi ciac phuong trinh
tong quat sau day :
a) (&) :x+2y+3z+4=0,
(B) :x+5y—-z-9=0.

b) (&) :x+y+z+5=0,
(Pr) :2x+2y+2:46=0,

c) (o3) ix+2y+3z+1=0,
(Bs) :3x+6y+9z+3=0.

2

Giai
a) Goi 7iy, va iig 1an luot la cdc vecto phap tuyén clia cic mat phang (a;) va (f)).
Tacé: i =(1:2:3)vang =(1;5;-1)
Ll e . N ;
Tigz:rua.! #kiig . Vay () cat (fy).

b) Goi Errz va Hﬁ) lin lugt 1a cdc vecto phap tuyén clia cdc mat phang (o)

va ().
Tacoé : HH1=(I;1;1)vﬁﬁﬁ1 ={2:2: )

TR
I 1 1 5 oy, =57
—=—=—%— =
2 2 26

gl

Vay () 1 (5>).

¢) Goi Hﬂs v Hﬁ; lan lugt 12 cdc vecto phdp tuyén cha cdc mat phing (ez3)
va ().

Tacd: E% ={1; 223 ¥i Hﬁj =(3:6:9)

- Vay (a3)=(5) .

O

L
36 9 3
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U du 2. Xdc dinh gid tri cha m dé cap mat phang sau day vuong géc
() : 2x+my+2mz—-9=0,

(B :6x—-y-z-10=0.
Giai
Goi 1, va n g 1an luot la cdc vecto phdp tuyén cua cdc mat phang (@) va (/).
Taco: iy, =(2;m;2m)
Fiﬁ =(6;-1;-1).
Diéu kién can va du dé () L () 1a Hg.ﬁﬁ =ik
Tacd: (o) L(f) = Hg.ﬁﬁ i)

=12-m-2m=0
S m=4,

Viy (@) vuong goc vai () khi va chi khi m = 4.

V¥ du 3. Xdc dinh gid tri cia m va n dé cap mat phang sau day song song voi

nhau : (@) :2x+my+3z-5=0,
() :nx—8y—6z+2=0.

Taco: () /| () & —

=—=——
n -8 -6 2
EE Van dE 3

Tinh khoang cach

2 m 3 -5 {3:’::—]2 {n=_4
—

1. Phuong phdp giai
Loai 1. Tinh khoing cdch tir diém Mg(xy; ygi zp) dén mat phing (@) :
Axqg+Byg+Czp+D
Ax+ By + Cz + D =0, ta ding cong thitc d(M,,, () = | 0 : Y0 ﬂq |
\/A' EB” 4
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Loai 2. Tinh khoang céch giita hai mat phéng song song
({r) : AI_,'{' +B].}' + CIZ +D} =)

va {5) i Az,-": + 82_}‘ + sz + D:;. = {h+3.8}/ ' M /
, i I
— Ta chon mot diém M thuoc ()

: ’ D
(ching han diém M[[}; 0; ——1) ¥:
2

C
—Taco d((a), (B) =dM, (a)). /

Hinh 3.8

2. Vidu
Vi du 1. Cho hai diém A(1 ; =1 ; 2), B(3 ; 4 ; 1) vi mit phang () ¢6 phuong
trinh: x+2y+2z-10=0.

Tinh khoang cich tir A, B dén mat phang ().

vg +2y4 +224 —10] _1-2+4-10| %

V12 +22 422 : 3
_ |xg+2yp+2z5-10] _ 3+8+2-10]

V12 422 422 3

Vi du 2. Tinh khodng cich giita hai mat phing song song (@) va (f) cho boi
phuong trinh sau day : (&) :x+2y+2z+ 11 =0,
(D:x+2y+2:2+2=0.

2

Giai
Ta lay diém M(0 ; 0 ; —1) thuoc mit phing (£), ki hieu d((e), () la
khodng cich giita hai mat phing (&) va (f). Tacé

Taco: d(A, () =

I.IM +2_}'M +ZZM+{I|
d((ex), (ﬁ}) =dM, (o)) = ———m—n——
VIZ43% 40

_ [0+2.0)+2.(=D+11] g .

Jo 3

Vayd((a), () =3.

1 5 &
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W du 3. Tim trén truc Oz diém M cdch déu diém A(2 ; 3 ; 4) va mat phang (&) :
Q¢ +3y+2—17=0.

2

Gidi
XétdiemM(0;0;z2)€ Oz, tach:
Diém M céch déu diém A vi mat phang (@)

z—-17|

@AM=J{M, [ ] = 4+9+{:.—-42=|—

' \/ ) 44941
(z=17)2

o 13+(z-4)°=
e 14

& 14z -8z +29) =27 34z +289
& 13:7-782+117=0
& z22-6:49=0
=3
Vay diém M(0; 0; 3) 1a diém cén tim.
W du 4. Giai bai todan sau day bang phuong phép toa do.
Cho hinh lap phuong ABCD.A'B'C’'D’ ¢6 canh bing 1.

a) Ching minh ring hai mat phing (AB'D’) va
(BC'D) song song véi nhau.,

b) Tinh khoang céch giita hai mat phang noi trén.

, i]

D?
gm : e
(h.3.9) :
a) Chon hé toa do Oxyz sao cho A0 ; 0 ; 0), B &= J,’/ !
B(1:0:0),D0;1;0),A0;0; 1).Khidé
Ba:0: D001 s1xeds1 i Rt D
2 ] i 1”-—./ _________ = '_h
Miit phang (AB’'D ") di qua A nhan 1A i
ii = AB'AAD' Tam vecto phép tuyén. / _,,.,r""f
Tac6: AB'(1;0:1), AD'(0:1:1), £ P C
Hinh 3.9

do do n(-1:-1:1).



3.17.

3.18.

3.19.

3.21.

Phuong trinh mat phang (AB'D ") co dang : —x—y+z=0hay x+y-z=0.

Tuwong tu, mit phang (C’'DB) di qua C ' nhan 7' = C'DAC'B = (51 =1y

lam vecto phap tuyén.

Phuong trinh mat phang (C 'DB) ¢6 dang :
k-D+G-1)—(E-1)=0hayx+y-z—1=0,

Vi ii'=—i vi A € (BC'D) nén hai mat phang (AB'D’) va (BC 'D) song song
vai nhau.

=t

b) Khodng cédch gitta hai mat phiang (AB'D ) va (BC 'D) bing d(A,(BC ‘D)) bing :
-1

Ng

o[

C. CAU HOI VA BAI TAP

Viét phuong trinh mat phang () trong céc trudng hop sau :

a)(er)di quadiém M(2;0; 1) vanhan 7 =(1; 1 ; 1) lam vecto phdp tuyén ;

b)(er) diquadiém A(1 ;0 ;0) va song song véi gid cuia hai vecto il =(0; 1 1),
¥ ={-1;0;2);

c)(e)diquabadiém M(1:1;1),N4:3:2),P(5;2:1).

Viét phuong trinh mit phing trung truc ctia doan thing AB vdi A(1 ; =2 ; 4),

B(3;6;2).

Chotiddiéncoécicdinh laA(5:1:3).B(1:6:2),C(5:0;4).D(4:0:6).

a) Hay viét phuong trinh mat phang (ABC) ;

b) Hay viét phuong trinh mat phéing () di qua diém D va song song vdi mat
phing (ABC).

. Hiy viét phuong trinh mat phang (¢r) di qua géc toa do O(0 ; 0 ; 0) va song

song véi mat phang (f) :x+y+2:-7=0,

Lap phuong trinh mat phang (&) di qua hai diém A(0; 1;0),B(2:3;1)va
vudng goc véi mit phang (f) :x+ 2y —z=0.
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3.22,

3.23.

3.26.

3.27.

3.28.

3.29.

3.30.

114

Xdc dinh cdc gid tri cia A, B d€ hai mat phang sau day song song véi nhau
() :Ax =y +3z+2=0,
(f) :2x+By+6z+7=0,

Tinh khoang cach tir diém M(1 ; 2 ; 0) 1dn luot dén cac mit phang sau :
a)(a):x+2y=2z+1=0;
b)(H):3x+4z+25=0;
c)(PN:z+35=0.
Tim tap hop cdc diém cdch déu hai mat phing
(@) :3x—y+4z+2=0,
() :3x—y+4z+8=0.

. Cho hinh lap phuong ABCD A'B'C'D’ ¢6 canh bang 1. Ding phuong phép toa

do dé :
a) Chiing minh hai mat phing (AB'D') vi (BC'D) song song ;
b) Tinh khoang cdch gitta hai mat phang do.
Lap phuong trinh ctia mat phang (&) di qua diém M(3 ; —1 ; —5) déng thoi
vudng géc véi hai mit phing
(B) :3x-2y+2:+7=0,
(y) :5x—4y+3z+1=0.

Cho diém A(2 ; 3 ; 4). Hay viét phuong trinh cua mit phang () di qua cic
hinh chiéu ctia diém A trén céc truc toa do.

Xét vi tri twong d6i cha cac cip mit phang cho bdi phuong trinh téng quat
sau day :

a) (1) :3x=2y-3z45=0, (&) :9x-6y-9z-5=0.

b) (&) :x—-2y+z+3=0, (09) :x=2y—-z+3=0.

c) (o) i:x—y+2:-4=0, (rrg) : 10x — 10y + 20z — 40 = 0.

Viét phuong trinh ctia mat phang (£) di qua diém M(2 ; —1 ; 2), song song
vGi truc Oy va vudng géc véi mat phing (&) : 2v—y+3z+4=0.

Lap phuong trinh ciia mat phang («) di qua diém M(1 ; 2 ; 3) va cat ba tia
Ox, Oy, Oz lan luot tai A, B, C sao cho thé tich tir dién OABC nho nhat.



