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I. PE TOAN TONG HOP
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(h.1)a) Taco Vycup =Vp qca =V caer =Veawse = %V ABC.A'B'C'-
Tir d6 suy ra ti s6 phai tim bang %

b) Goi H la chin dudng cao di qua A cua
lang tru. Khi dé géc (A'H, A’A) = 60°. Tir
do suy ra AH = b?. Ta cling co :

V3 5

SAIHICI =-4—(l‘ ¥

3 3
D()dé VJ“IBC.A"B’C’ZEG b,

1
T dosuyraVycap = gaz b.

Hinh 1



2. (h.2) a) Xét hinh vuéng ABCD. Ta c6 hai tam gidc vuong ADM va DCN bang nhau
nén DMA =CND. Tudosuy ra DM L CN. Trong tam gidac vuong CDN ta co

-
CD*=CHCN = & =CH.ld*+% = o2
4 J5 S

2a
Suyra SH =CH.tan60° = =£./3 -
g NG
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2 3a”

Sconm = Sagep —Samn —Spem = @ — i

1 5.:12 2&\/5 a3\fﬁ
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b) Goi / 1a chan dudng vuong géc ké tir H 1én SC. B C
Vi MD 1 (SCN), MDN(SCN)= H nén Hinh 2
d(MD,SC)=d(H,SC)=HI = HC.sin60" = a\(% = a\LE :

3. a) Goi [l vaJ lan luot 1a trung diém cta AB va CD. Vi AACD = ABDC nén céc
trung tuyén tuong tmg cua ching bing nhau, do d6 AJ = BJ. Tir d6 suy ra
JI 1 AB. Tuong tu, IJ L CD. Vay IJ 1a duong vudéng géc chung cua AB va CD.
Lam twong tu doi vdi cdc cap canh doi dién khédc ta chimg minh dugc rang
duong noi trung diém cua cic cap canh doi dién la duong vuong goc chung
cua cip canh d6. Do d6 cac duong d6 dong quy tai O la trung diém cia moi
duong (h.3)
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Goi (P) 1a mat phing qua AB va song song véi CD, (Q) 1a mat phang qua CD
va song song véi AB ; A', B' lan luot la hinh chiéu vuong géc cuia A, B Ién (Q) ;
C’, D’ lan lugt 14 hinh chi€u vuéng goc cua C, D lén (P). Dé thay
AC'BD’.A'CB’D la hinh hop chit nhat. Duong noi hai tim ctia moi cap mat doi
dién cua hinh hop chir nhat do chinh la dudng vudng géc chung cua cic cap canh
doi dién cua td dién ABCD. Do do6 ching doi mot vudng goe voi nhau (h.4).

tz_f_'z'l'hz—ﬂz
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b)Pat AC'=x, AD'=y,AA'=z. Taco: (x"+z"=b" = (y" =

2+,2_a2 .

y e = 72_52"1'612-'(.‘2
. 2

oL |
Tudosuyra Vp- :EVAC'HD'_A'CH‘D

= é‘\l?(az +b% =A@+ -+ -d).

¢) Ta ¢6 O la tam cua hinh hop chit nhat AC'BD’ A'CB’D nén né la tam cua
mit cau ngoai tiép ti dién ABCD. Ban kinh cua mat ciu ngoai tiép 1 dién

, Jz_:a,z B a8

ABCD 1a r = AB _ Nyt =\/2{a +b™+c¢7) +

2 2 8
Goi H va K theo thi tu 1a chian duong vuong goc ke tir O dén (ABC) va (ABD)
(xem h.2). Vi OA=0B=0C nén HA =HB = HC, tuong tv KA = KB = KD.
Vi AABD = ABAC nén HA = KA. Do d6 OH = OK. Tuong tu, ta chimg minh
duoc khoang céch tir @ dén cdc mit cua ti dién ABCD bang nhau nén O cing
la tim cua mét ciu noi tiép i dién ABCD.
Goi r’ 14 bian kinh mit cau noi tiép tir dién ABCD.

Khidotacod Vypep =Voupe +Vosep +Voepa T Vopas
=MVoupe =37 80
v 2,32 22 2 33 o 3
Do dé rrzg ABCD=i\,2(ﬂ +bh —c"Wa” +c“=-b" )b  +c" —a ),
4 Sype 16 NP(p—a)Xp—b)(p—c)

) a+b+c
trong do p = .




(h.5) Gia sur dudng cao S/ cua hinh
nén (H) cat hai day cua hinh tru (H")
tai / va I'.

Khids L =3
Rk

R-r _ h—SI’ _E
R h h

Tir dé suy ra I = MRR' N

Do do

iy L _2h(R-r)

Vi Zen_s
Dods —HL-II-T)

3
Vim R

b) 1—'}Hf} 16n nhit khi f(r) = »* (R — r) (v6i 0 < r < R) 1a 16n nhat. Khao sat

ham s6 fir), v6i 0 <r < R. Ta c6 f '(r) = 2Rr — 3" = 0, khi r =0 (loai), hoic
2R

I = i Lap bang bién thién ta thdy f dat cuc dai tai r = % Khi do

4 2
‘.»’}H:}—EFTR h.

a) Co6 hai truong hop xay ra :
Truong hop 1
(P) di qua A, song song véi hai dudng thang d va BC. Vecto chi phuong clia
dla ¥(=3;-1;2) va BC(-2:4;0).
Dod6 fip =7 ABC=(-8;~4;~14).
Phuong trinh mat phang (P)1a —8(x—1)—4(y—2)—14(z—1)=0
hay 4x+2y+7z-15=0.
Triuong hop 2
(P) di qua A, di qua trung diém F(1 ; 1 : 1) cta BC, va song song véi d.
Tacé: FA(0;1;0); FAAT=(2;0;3).
Suy ra phuong trinh cia (P)la2(x— 1)+ 3(z—1)=0 hay 2x+3z-5=0.
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b) Goi (Q) va (R) theo thit tv 12 mat phang trung truc ctia AB va BC.
Nhimg diém céich déu ba diém A, B, C la giao tuyén 4 = (Q)N(R).

(Q) di qua trung diém E[%;%;I)cﬁa AB va cé I:'Q —AB = (1;=3:0) dodod

phuong trinh cua (Q) la x - % - 3(}-‘ b %] =0 hay x-3y=0.

(R) di qua trung diém F(1:1:1) cia BCvacé iip =BC=(-2;4;0) do

d6 phuong trinh cia (R) lax -2y + 1 =0.

TacH: ﬁQ AHR:([};U:—ZL

Liay D(-3 ; -1 ; 0) thudc (Q)N(R).

Suy ra A 14 dudng thang di qua D va c6 vecto chi phuong i#(0; 0 ; 1) nén cé
x==3

phuong trinh la {y=-1

=1

I-]

6. a) Ta chimg minh dugc d khong song song vdi d” vi ching ¢d cdc vecto chi
phuong khong ctung phuong.
Giai hé phuong trinh

3+t=1+1¢ t'=1
1-t=2t' & qt=-1 = hé phuong trinh v nghiém.
2t =—141¢" 2t =—141¢'

Do dé d va d’ chéo nhau.
b) LavAB +1t; 1 —r:20)thubcdvaB(l +1¢ ; 2t ; -1 + ¢") thuoc d'. Ta co
MA=(1+1:2-1:2t), MB(=1+1";1+2t";: =1+1").
—1+t'=k(1+1) r=1
M,A,Bthﬁnghﬁngﬂ:’ MB=kMA < 1+2t'=k2-Ne=<1'=-1
—1+t'=k2¢ k=-1,
TudésuyraA(4;0;2),B(0;-2;-2).
7. Goi (Q) 1A mat phing di qua A va song song vdi (P) thi phuong trinh ctia (Q)

lax+2)+2(y+1)—(z—1)=0 hay x+ 2y —z+ 5 = 0. Goi H 1a hinh chiéu
vuong géc ciia B 1én (Q). Gid st 4 la dudng thing qua A va song song Véi

172



(P), I la chan duong vuong goc ké tir B dén A. Khi d6 [ (Q) va BH < BI.
Do dé AH chinh 1a duong thang phai tim.
Goi d la dudng thang di qua B va vuong géc véi (Q). Phuong trinh cta d 12

x=6+t

y=6+2t

z=5-1.
Pé tim giao diém H = d M (Q) ta thay phuong trinh cua d vio phuong trinh
cua (Q), taco:

6+1+206+2)—-(5-0+5=0=r=-3.

DodoH=(3:0;8).

x=-2+5t¢
Phuong trinh dutng thing AH 1a {y=—1+¢
z=1+4+71.

a) Mat cdu (S) tam /(1 ; —2: — 1) bankinh R=~1+4+1+19 =5.

APV = 1-2(-2)+2(-1)-12]
Jirara

Do dé (P) cat (S) theo mot duong tron, goi dudng tron do 1a (C).

b) Goi d la dudng thing qua / vi vuéng géc véi (P). Phuong trinh cua d la
x=1+t

=3=R

Tam cua (C) 1a diém H = d N (P). DEé tim H ta thay phuong trinh cua d vio
phuong trinh cua (P). Ta cé

1+t=2(=2=-204+2(-1+20)-12=0.
Suyrat=1,dodé H=(2;-4;1).

Bén kinh ciia (C) bing VR>—IH? =25-9 =4,

a) D& thily C(1:1:0),B(1:0: 1), D0 1:1),C'(;1:1),D0; 13 1),
b) Tacé AC=(1:1:-1),

BC =(0:1:1),

BD=BD =(-1;1:0),
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10.
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dodé A’C.BC’=0 va A'C.BD=0.
Tuwdosuyra A'C L (BC'D).

¢) (h.6) Goi IJ la dudng vudng

goc chung cia B'D” va BC', i,

la vecto phdp tuyén ciia mat
phang (P) qua B'D’ va song
song vai A'C, #, la vecto phdp

tuyén clia mat phang (Q) qua
BC' va song song voi AC.

Khidé i, = A'CABD =(1; 1

i,=ACABC'=(2:-1;1).
Phuong trinhcia (P)la: (x—-1)+v+2(z-1)=0 hayx+y+2:-3=0,.
Phuong trinhcua (@) la: 2(x—1)—y+z=0 hay 2x—y+z-2=0.
Phuong trinh cia (BD") 1a: x=1-¢, y=¢, z=1.
Phuong trinh cha (BC) la: x=1, y=t, z=t.
I 1a giao diém _Fﬂa dudng thang B'D’ va (Q), dé tim toa do clia [ ta the phuong
trinh duong thang B'D’ vao phuong trinh cta (Q).

Tacé2(1-0—-t+1-2=0, ]'ld}'f—— —. Turdo suy ra /(

wlm

1
= 513,
e

. " 2 1
Tuong tu, ta tim duoc J (1 :5;5}'

a) S_B.={l 23 —2). Phuong trinh (P) : x + 2y -2z =
b) Phuong trinh duong thang SB : x =1, y = 21, z = 2 — 2¢. Dé tim B’ ta giai hé

x+2y-2z=0 (4 8 10
= B | e
x=it; y=2t, s=2-2¢ 9 9 9

Tuong tu, C(0:1:1).

— (4 4 R
¢)(h.7) CB z[a;——;—J vuong goc vai AC =(0:1:1).

1 1 16+1+1 1
Khidé Sype=—ACCB=-2.[— " =—.
ME= D 2 81 3



Miit khéc SB’ = \SA — AB” = 4~? =

4 .

=

d) Pudng thiang qua B vd vuong géc v6i (P)
¢o phuong trinh :

Vay Vgape =

x=1+ty=2+2t,z=-2t,

Pé tim giao diém B, clia dudng thing nay véi
(P) ta giai hé

x=1+t, y=2+2t, z==-2t 4 8 10
=Byl —i—i— |
x+2y-2z= 89" 9
Tir d6 suy ra diém d6i xtng v6i B qua (P) 1a B, [_l 2. E]
9°"9° 9

e) Dé thiy BC L AC, BC' LAC’, BB' L AB' nén A, B, C, B', C’ ciing thuoc

.

mét ciu tam I[% + 13 OJ la trung diém ctia AB, bin kinh /A = i+ 5

2
. 1 5
Phuong trinh mat ciu doé 1a (.1‘—5) +(y- 12 +22 = -
Vi diém C’ thudéc mit cdu, nén mét phang tiép xtc véi mét ciu tai C’ phai vuong

g0c VOl E=[—% : 0 ; 1) . Phuong trinh clia mat phang d6 la x —2(z— 1) =0

hay x—=2z+2 =0.

IL BE THI
A’ D’
Pé 1 T
Cau 1. (h.8) ViAB = AD, nén A'B=A'D. LS B ¥
Do d6 tam gidgc BA’D vuong can ¢ B’ L <.
A’. Ta cé £ o0 B Ty
BD? = AB> + AD? ~2AB.AD.cos120° | / AT [TEEEPD
302 [
= BD=a3 B C
Hinh 8
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3 2
:>A'B=BD£=HJE = A'A= A1BE_ABE=JG=G‘JE_
2 2 2 2
a’ 3a\5_\,@a3

{IEJE:,V —_
9 ABCDA'B'C'D' 9 9 4

Z o
Sipep =@ sin 120° =

Cau2.a) Tacé: ABS;—6:2), dodé c6 thé chon (4 ;-3 ;1) lam vecto chi
phuong cta duding thing AB. Suy ra phuong trinh tham s6 cia dudng thing
x=4¢
ABla <y=5-3t
z=1+1¢
b) Tir phuong trinh cua mat cau (S) ta thiy tam cta né la /(1 ; -2 ; 2), ban
kinh ctia né bing R= 1+ 4+4+16 =5.

Tacé: IA(<1:7:-1): IAAG=(4: =3 =25)

!EAE‘ J650

= d([,AB) = = =5=R.

26

Tir d6 suy ra duding thang AB tiép xtic v6i mat cdu ().

be 2 S
Cau 1. (h.9) Ké CM L AB, khidé CM = AD =a.
Tam gidc vuong MCB c6 MBC = 45°

suy ra MC = MB = %AB.

Do d6 ACB =90° = SCB =90°.
Tir dé suy ra goc gitra (SBC)

- & D C
vii (ABCD) biang SCA = 60°. Hinh 9
3&2
Tacé: AC=aV2 : SA=AC.tan60° =a 23 =a 6 : S, o=
ABCD 7

N

i
1 3a 6 3
Suyra V =——aJ_=—a.
Y S.ABCD =375 5
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Cau 2. (h.10) a) Vecto phdp tuyén cla (P) la 7ip(0 ;3 4). Do d6 phuong trinh
miit phang (P) 1a 3(y—1)+4(z—=5)=0 hay 3y + 4z - 23 = 0.
b) Goi I la tim cua dudng tron
(S)A(P), M 1a mot diém nam trén
duong tron do.
Khi do IM = 4,
Al L(P) va Al = d(A,(P)). i

|—6+4- 23| 25 _

~J'3“+4“ 5

Suy ra bin kinh mit cau (S) bing

AM =V IM? + AI* =16 +25 =J41 . Hinh 10

Do dé phuong trinh mait cau (S5) la

Taco: d(A,(P)) =

(=1 +(y+2)? +(z=1* =41.

be 3
Cau 1. (h.11) Goi H va I lan luot 1a trung diém

cua AC va AB, khi d6 A'H L (ABC) va
HI 1 AB.

A?
Suyra Al L AB.Dodé A'IH =60°. /\

;f-f Il

T&CéZHI=-B—C~=f£; B ;ajr ’I Cr
2 2 :‘;:f; i
£ ri :
A'Hz.‘f.’.tanﬁﬂ“:%gr\/_:_ Y

a3 = azxf_ 7> ke

AB[

o Hinh 11
Tirdo suy ra :

V Py — _ =
ABC.A'B'C ) ) 4
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Cau

178

2.a) Goi ii(l1;-2:-1) la vecto chi phuong cua d, gia st Vi(a:; b:c) l1a
vecto chi phuong cla giao tuyén A=(P)N(Q). Khidoé v Li va v Lii,.

Vi = 8==3"

P a+b+c=0 i 3

a-2b—-c=0 2

: b=—-—c.

3

Suy ra c¢6 the chon v(1; 2 ; —3) lam vecto chi phuong ctia A4,
Do ii AV =(8:2:4) nén ta chon HQ={4;1;2}.

Chon diém (2 ; —1 ; 0) thudc d, ta ¢6 phuong trinh cia (Q) 1a
4x-2)+1(y+1)+2z= 0 hay dx+y+2z-7 =0,

b) Thay phuong trinh cua d vio phuong trinh cua (P), ta ¢6
241t-1-2t—-t-3=0.

Suyrat=—1.DodoM(1;1;1).

x=1+t
Tir gid thiét suy ra N phéi thuoc A:{y=1+2r va MN = 34/14 .
z=1-3t

Tac6:MN =314 & 2 +4r7 +9°7 =914 = 1* =9 & 1 =13,
TudésuyratoadocuaNla(4:;7;—8) hoac (-2;-5;10).



