CHUGNG II VECTO TRONG KHONG GIAN.
QUAN HE VUONG GOC TRONG KHONG GIAN

§1. VECTO TRONG KHONG GIAN
A. CAC KIEN THUC CAN NHO

I. CAC PINH NGHIA

1. Vecto, gia va do dai cua vecto
o Vecto trong khong gian 1a mot doan thang c6 huéng.

Ki hiéu AB chi vecto c6 diém dau A, diém cudi B. Vecto con duoe ki hiéu la

=

a! h, I*E’I‘:

* Gid cta vecto 1a dudng thang di qua diém dau va di€ém cu6i cla vecto dé.
Hai vecto duge goi la ciing phuong néu gia cua ching song song hoac tring
nhau. Nguoc lai hai vecto ¢6 gid cit nhau hoidc chéo nhau duoce goi la hai
vecto khong ciing phuong. Hai vecto cing phuong thi ¢6 thé ciing hidng hay
nguoc huong.

o D6 dai ciia vecto la do dai cia doan thang c6 hai diu mat la diém diu va
diém cudi cua vecto do. Vecto ¢6 do dai bang 1 duoc goi la vecto don vi. Ta ki
hiéu do dai cua vecto la |AB| . Nhu vay |AB| = AB.

2. Hai vecto bang nhau, vecto - khong

e Hai vecto @ vi b dugc goi 1a bang nhau néu ching ¢6 ciing do dai va cling
huéng. Khi dé ta ki hiéu a =b.
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e Vecto - khong 1a mot vecto dic biét ¢ diém diu va diém cuéi trung nhau,
nghia 12 véi moi di€m A tuy ¥ ta c6 AA =0 va khi d6 moi duong thing di qua
diém A déu chia vecto AA . Do dé ta quy udc moi vecto 0 déu bing nhau, ¢6
do dai bang 0 va cung phuong, cing huéng v6i moi vecto. Do dé ta viét
AA = BB véi moi diém A, B tuy §.

I1. PHEP CONG VA PHEP TRU VECTO
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1. Dinh nghia

e Cho hai vecto & va b. Trong khong gian ldy mot diém A tuy y, vé
AB=d, BC =b. Vectd AC duoc goi l1a téng cta hai vecto d@ va b, dong thoi
dugc ki hieu AC = AB+BC = d+b.

» Vecto b la vecto d6i cia a néu lb|=|f;f'| va d, b ngugc hudng véi nhau,
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2. Tinh chadt
o G+bh=h+a (tinh chat giao hodn)

(@+b)+C =a+(b+&) (tinh chit két hop)

d+0=0+3 =& (tinh chat cia vecto 5)
¢d +(-d)=-d +d =0.
3. Cac quy tac can nho khi tinh toan

a) Quy tdc ba diém
Vi ba diém A, B, C bétki ta co :

N T ==Y

AB +BC = AC
BC = AC - AB

BC = AC+(~AB) = AC + BA = BA+AC (h.3.1).



b) Quy tdac hinh binh hanh
Vi hinh binh hanh ABCD ta c6 :

AC = AB+AD (h.3.2).

¢) Quy tdc hinh hop

Cho hinh hop ABCD.A'B'C'D’
vol AB, AD, AA’ 1a ba canh c6
chung dinh A va AC’ la duong
chéo (h.3.3),taco:

—_— —  —

AC = AB+AD+ AA’.

d) Mo rong quy tdac ba diém

Cho n diém Ay, Ay, ..., A, bitki (h.3.4), Hinh 3.3

e

ta co : A1A2 +A23"13 G G An—-!An :A|Aﬂ 2

Hinh 3.4

IIL. TICH CUA VECTO VOI MOT SO

1. Pinh nghia. Cho s6 k # 0 va vecto a # 0. Tich cia vecto a vdi s6 & la mot
vecto, ki hiéu 14 ka , cung huéng véi @ néu k > 0, nguge huéng véi @ néu
k < 0 va co do dai bang |k].lal.

2. Tinh chdt. VGi moi vecto @, b va moi s6 m, n ta c6 :

em(a + b) = ma+mb;

o (m+n)a = mad+nd;

e m(na) =(mn)a;
eld=a;(-1)a=-a:

e().d = (1;;;.{'}:5.
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IV.
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PIEU KIEN PONG PHANG CUA BA VECTO

1. Khdi niém vé su dong phdng ctia ba vecto trong khong gian

Cho ba vecto @, b, & déu khdc 0 trong khong gian. Tir mot diém O bit ki ta
Ve {ﬂ=ﬁ,{ﬁ =B, (E =¢ . Khi d6 xay ra hai truong hop :

e Trudng hop cic duong thing OA, OB, OC khéong cling nim trong mot mit
phing, ta néi ba vecto a, b, & khong déng phing.

e Trudong hop cic dudng thing OA, OB, OC cing nim trong mot mat phang

thi ta néi ba vecto @, b, ¢ déng phing.

2. Pinh nghia

Trong khong gian, ba vecto duoc goi la dong phang néu cdc gia cua chiing
5 Ex - [ 3
cung song song voi mot mdt phang.

3. Diéu kién dé ba vecto dong phang /

Binh Ii 1. Trong khong gian cho hai

vecto khong cung phuong a va b va

mot vecto . Khi dé ba vecto @, b, ¢
doéng phang khi va chi khi c¢6 cap s6

m, n sao cho ¢ = md-+nb. Ngoai ra
cap s6 m, n la duy nhat (h.3.5).

4. Phdn tich (biéu thi) mot vecto theo
ba vecto khong dong phang T
Pinh li 2 C

-

Cho a, b, ¢ la ba vecto khong dong ?C

phiang. V6i moi vecto X trong khong
gian ta déu tim duge mot bo ba s6 m, 2 A W | .

n, p sao cho X = ma +nb + pc. Ngoai A .
ra bo ba s6 m, n, p 1a duy nhat.

— - s Hinh 3.6
Cuthé OX =X, OA=d, OB=b,

O0C =2 (h.3.6)




vi OX = OA’+ OB +0C’ vé6i OA’ = md, OB’ =nb, OC’ = pt.

Khi d6 : ¥ = ma +nb+ pe.

B. DANG TOAN CO BAN

E Van dé 1

Xac dinh cac yéu to clia vecto

1. Phuong phdp giai
a) Dua vao dinh nghia cic yéu t6 cua vecto ;

b) Dua vao cac tinh chét hinh hoc ctia hinh da cho.

2. Vidu

Vi du 1. Cho hinh ling tru tam giac ABC.A'B'C’. Hay néu tén cdc vecto bing
nhau ¢6 diém ddu va diém cuéi la cdc dinh cla lang tru.

Gidi %
Theo tinh chit cta hinh lang tru ta suy ra :
AB=AB, BC=BC, CA=CA
AB=-BA, BC =—CB, CA=-AC
AN =BB =CC' = -A’A=-BB =-C'C
AB=-BA, BC=-CB, CA=—AC

Vv (3 Hinh 3.7

V¥ du 2. Cho hinh hop ABCD.A’B’'C’D’. Hiy ké tén cdc vecto cé diém diu va

diém cu6i 1a cdc dinh ctia hinh hop 14n luot bing céc vecto AB, AA” va AC.
Giai

Theo tinh chét ctia hinh hop (h.3.8) tacé: AB=DC =A'B'=D'C’

AA’ = BB =CC’ = DD’
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Ta cling ¢o : T T B
AA =-BB=-CC=-DD ;;/‘"a

I{?z—f'ﬂ', V.V... \

U
B
E Vin dé 2 po
Hinh 3.8

Chimg minh cac déng thitc vé vecto

1. Phuong phap giai

a) Sir dung quy tic ba diém, quy tac hinh binh hanh, quy tac hinh hop dé bién
d6i v€ nay thanh vé kia va nguoc lai.

b) Str dung cdc tinh chét cua cic phép todn vé vecto va cdc tinh chat hinh hoc
cta hinh da cho.

2.Vidu

i du 1. Cho hinh hop ABCD.EFGH. Chitng minh ring AB+ AD + AE = AG.
Fi]

H C
1 \
Gia ,1/ ; B

Theo tinh chit cta hinh hop : \

AB+AD+ AE= AB+ BC+(CG = AG. e G

Dua vao quy tac hinh hop ta c6 thé .
viét ngay két qua : '

—p | el ek ey

AB+AD+ AE=AG (h.3.9).

Vidu 2. Cho hinh chép S.ABCD cé day la hinh
binh hanh ABCD. Chiing minh riang

e I )

SA+SC =5B+S5D.

>

Gidi
Goi O 13 tam ctia hinh binh hanh ABCD (h.3.10).
Tacé: SA+SC =250 (1)
_— = S Hinh 3.10
vi SB+SD =250 2) =

So sdanh (1) va (2) ta suy ra g_.z‘l—lrﬂ_{f:@—i-S_.D
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Vi du 3. Cho hinh chép S ABCD c¢6 day la
hinh chit nhat ABCD. Ching minh ring
SA +35C =3B +3D .

Giai
Goi O la tdm hinh chir nhiat ABCD (h.3.11).

Tacé : |04l =|0Bl =[oc| =|op]

4B =5 iy T D, R S
SA  =(SO+0A = SO +0A +2.50.0A Hinh 3.11
e e e B o - e 5.
SC™ =(S0+0C)* = SO +0C +250.0C
—_—2 2 —_—7 —2 —=7 —_ o —
= SA +SC =250 +0A" +0C + 250 (0OA+0C).
Ma OA+O0OC =0 nén SA +5C =250 +0A +0C .

. -

Tuong tu ta co : SB +SD -ZSO +0B +0D .

—2

i 0 4l
Trdétasuyra: SA +SC =8B +S5D .

Vi du 4. Cho doan thang AB. Trén doan thang AB ta ldy diém C sao cho

£4 =, Chiing minh ring v6i diém S bét ki ta luén ¢6 :

CB n
Se=—" sy T @ A c B
m-+n m+n
Giai
S i . CA _
Theo gia thiét ta c6 —= = (h.3.12).
CB n
Ta suy ra AC o T X
TACHCB  mn L
—5 AC = (AC + CB) =5 AC=—2 AR,
m+n m+tn

—_—  ——s ——

Vitaco AC=5C-54 va AB SB- SA nén :
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SC —SA (SB—SA) = SC=85A- SA+ SB
m-+n m-+n m-+n
5 5C=— 84 + —— 9B,
m+n i+

EZE: Van di 3

Chiing minh ba vecto 4, 5, ¢ dﬁn& phéng,

1. Phuong phdp giai

a) Dua vao dinh nghia : Ching (0 cic vecto d, 5 ¢ ¢O gid song song voi mot
miit phéing.

b) Ba vecto d, B,E’ déng phang < c6 cap s6 m, n duy nhat sao cho

¢ = md+nb, trong d6 @ va b la hai vecto khong cung phuong.

2. Vidu

Y du 1. Cho tt dién ABCD. Trén canh AD ldy diém M sao cho AM =3MD va
trén canh BC ldy diém N sao cho NB=-3NC. Chitng minh rang ba vecto
AB, DC, MN déng phing.

A

2

Gidi
Theo gia thiét MA =-3MD
vi NB=-3NC (h.3.13).

—_— —s —

Mit khic MN = MA+ AB+ BN (1)

vi MN =MD+DC+CN

— 3MN =3MD+3DC +3CN 2)
Cong dang thie (1) va (2) véi nhau vé theo vé, ta c¢é
AMN = MA+3MD + AB+3DC + BN +3CN < MN =L 2B+>DC.

0 0

—_— — —

Hé thiic trén chiing to rang ba vecto MN, AB, DC déng phing.
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3.1

3.2.

3.3

V{ du 2. Cho hinh hop ABCD.EFGH. Goi I la giao diém hai dudng chéo cua
hinh binh hanh ABFE va K la gl.m diém hai ducmg chéo cua hinh binh hanh

BCGF. Chiing minh ring ba vecto BD IK GF déng phing.

>

Gudi
Vecto BD 6 gid thudc mit phang

(ABCD). Vecto IK ¢6 gid song song voi
duong thang AC thudc mat phang (ABCD).

Vecto (TF. cO gid song song voi duong
thang BC thuoc mat phing (ABCD). Viy ba

vecto BD, IK, GF d6ng phang (h.3.14).
Cdch khac.

Hinh 3.14

Tacé BD=BC+CD = -GF +(AD-AC)
= —GF-GF -2IK (vi AC =2IK).

Vay BD =-2GF —2IK. Hé thiic nay ching to rang ba vecto BD, GF, IK
déng phang.

C. CAU HOI VA BAI TAP

Cho hinh lap phuong ABCD.A'B'C'D’ canh a. Goi O va O’ theo thi tu la tim
cua hai hinh vuong ABCD va A'B'C’'D".
a) Hiy biéu dién cic vecto A0, AQ’ theo cic vecto c6 diém diu va diém

cuoi la cac dinh cua hinh lap phuong da cho.

b) Chimg minh ring AD+D'C’+D'A’ = AB.

Trong khong gian cho diém O va bon diém A, B, C, D phan biét va khong
thang hang. Chiing minh rang diéu kién cén va di dé bén diém A, B, C, D
tao thanh mot hinh binh hanh la :

OA+0C =0B+0D.

Cho tit dién ABCD. Goi P va Q lan luot 1 trung diém cta cic canh AB va
CD. Trén céc canh AC va BD ta lan lugt 1ay céc diém M, N sao cho

131



3.4.

3.5.

3.6.

3.1
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i o] = ikl =k (k> 0).

AC BD
Chitng minh riang ba vecto PO, PM, PN doéng phang.
Cho hinh liang tru tam gidgc ABC.A'B'C’ ¢6 d6 dai canh bén bing a. Trén
cdc canh bén AA’, BB, CC’ ta ldy tuong tng cdc diéem M, N, P sao cho
AM + BN + CP = a.

Ching minh ring mit phang (MNP) ludn luén di qua mot diém ¢6 dinh.
Trong khong gian cho hai hinh binh hanh ABCD va AB'C'D’ chi ¢6 chung
nhau mot diém A. Ching minh riang cdc vecto BB',CC’, DD’ doéng phang.

Trén mit phéing (@) cho hinh binh hanh AB,C\D,. V& mot phia d6i v6i mat
phang (@ ta dung hinh binh hinh A, B,C,D, . Trén cac doan A\A,, B B,,
C,C,, DD, taln lugt ldy cac diém A, B, C, D sao cho
AA, BB, CC, DD,

— — = = 3
AA, BB, (CC, DD,

Ching minh rang tir gidc ABCD la hinh binh hanh.

Cho hinh hop ABCD.A'B'C’'D’ ¢6 P va R lan luot 1a trung diém cdc canh AB
va A'D". Goi P, O, O', R" lan luot la tAm do6i xing cua cac hinh binh hanh
ABCD,CDD'C’,A'B'C'D", ADD'A",

a) Chiing minh ring PP + Q_QL;+E‘E’? - 0.

b) Chitng minh hai tam gidc POR va P'Q’R’ c6 trong tam triing nhau.



