VECTO TRONG KHONG GIAN.
§ SU PONG PHANG CUA CAC VECTO

1. Vecto trong khong gian

Khdi niém vecto va cdc phép todn vecto di duge dé cép trong chuong trinh
hinh hoc 16p 10. Tuy nhién, khi dé tat ca cdc vecto ma ching ta xem xét
déu nidm trén cing mo6t mit phéng.

O chuong II, ching ta da lam quen véi viéc A
nghién ciru hinh hoc khong gian ma déi
tugng cua noé 1a cdc hinh c6 thé khong ciing
nim trong mot mat phing. Ching han, ti
dién ABCD 1a mot hinh c6 tinh chdt d6 va

nhu thé céc vecto AB, BC, CD khong cing
nam trong mot mat phing nao ca (h.82).

Trong chuong nay, chiing ta sé néi dén cic

vecto trong khong gian. Vecto, ciac phép todn i

vecto trong khong gian dugc dinh nghia hoan Hinh 82

toan giéng nhu trong mat phing, chiing ciing

c6 cdc tinh chét da biét nén khong nhic lai. Sau diy, ching ta néu lén mot
s6 hoat dong va vi du nhim muc dich 6n tap lai nhimg kién thic di c6 vé
vecto trong mit phang dé 4p dung véao khong gian.
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ﬁ Cho hinh hép ABCD.A'B'C'D’ v6i tam O /‘g
(h.83). Bl
a) Hay chi ra trén hinh 83 nhing vecto bang

nhau khéac vectd O va kiém tra tinh ding dén

clia ddng thirc
AC’ = AB + AD + AA’. (1) A
b) Chitng minh rang i
AB+BC +DD=AD+D'C'+BB=AC. B
Hinh 83
& CHU ¥

Cong thitc (1) goi 1a quy tdc hinh hép (€ tim tong cua ba vecto).
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ﬁ Cho tir dién ABCD véi trong tam G va céc trung diém céc canh clia n6 (h.84).
Hay chi ra trén hinh 84 nhiing vectd khac 0 béng nhau va kiém tra xem déng thic
AB + AC + AD = 4AG
c6 ding khéng ?

Hinh 84 Hinh 85

R
Cho hinh lang try ABC.AB'C’. D&t AA’ = a, AB = b, AC =¢ (h.85).
1) Hay biéu thi mdi vects B'C, BC’ qua cAc vecto @, b, .
2) Goi G’ 1 trong tAm tam giac AB'C". Biéu thi vecto AG’ qua a, b, .
Vidul
Cho tie dién ABCD.
1. Goi M va N ldn luot la trung diém ciia AB va CD. Chitng to rdng
MN = %(AD + BC) = 2(AC + BD).

2. Chitng minh rdng diém G la trong tdm cua tit dién ABCD khi va chi khi
mot trong hai diéu kién sau xdy ra :

—_— g

a) GA+GB+GC+GD =0 ;
b) E:%(E+ﬁ+?’—6+“ﬁﬁ) véi moi diém P.
Gidi (h.86)

1. Sir dung quy tic ba diém, ta c6
MN = MA + AD + DN,

MN = MB + BC +CN.
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Do MA+MB=0 .
va DN +CN =0
nén MN = %(E + B_C'}. M
Tuong tu nhu trén, ta cé
SR QS B D
MN = E(AC + BD).
2.a)Tacé *
GA + GB = 2GM, | C
Hinh 86

GC + GD = 2GN.
Diém G 1a trong tam cla tf dién ABCD khi va chi khi
GM + GN =0 hay 2{@+G_N')=ﬁ.
Diéu nay tuong duong véi GA + GB + GC + GD = 0.
b) G 1a trong tdm cla uf dién ABCD khi va chi khi
GA + GB + GC + GD = 0.
Diéu nay c6 nghia 1a v&i diém P bat ki, ta co

e e

PA ~PG 4 PB ~ PG+ PC-PG+PD~PG =0,

hay ~ Fézi(ﬁ+ﬁ§+ﬁ+ﬁ). L]

Vidu2
Cho tir dién ABCD ¢c6 AB=c¢,CD=¢'"AC=b,BD=b"BC =a, AD =a’".
Tinh goc gifta cdc vecto BC va DA.
Giai. Ta c6
BC.DA = BC(DC + CA) = CB.CD — CB.CA

= %(CBE +CD* —BD?) —%(CB2 + CA? - AB%)
= %(ABZ +CD? - BD? - CA?).

Tir d6 géc (BC, DA) xéc dinh bdi

P2 _p?_p

CBS(B_C:, E";) =

2aa



. Su déng phing clia céc vecto. Diéu kién dé ba vectd déng phang

Ta biét ring, v6i hai dudng thing phan biét cho truée trong khong gian,
lu6n c6 mat phing song song véi hai dudng thang d6. Nhung néi chung,
khong c6 mat phing song song véi ba dudng thing phan biét cho trudc.
Néu c6 mat phing nhu vay thi ta néi ring ba vecto nam trén ba dudng
thing 4y 14 déng phéng.

DINH NGHIA

Ba vecto goi la dong phdng néu cdc gid cua chiing cing song
song vdi mot mdt phdng.

Trén4 hinh 87, gid cua ba vecto a./'
a, b, ¢ déu song song vGi mat \;;
phing (P) nén ba vecto @, b, ¢ ol

déng phing.
B
Nhdén xét v
Tir dinh nghia trén, suy ra : Néu ta C 0 :

ba vectd @ b, ¢ déng phing khi
va chi khi b6n diém O, A, B, C cing nim trén mot mat phing hay ba dudng
thang OA, OB, OC ciing nim trong mot mat phing.

Bai toan 1

Cho tir dién ABCD. Goi M va N lan
lugt la trung diém cua AB va CD.
Chitng minh rang ba vecto BC, MN,
AD déng phdng.

ﬂ 4 (D& giai bai toan 1)
Goi P va @ I4n lugt Ia trung diém clia AC va |
BD. Khi d6 MPNQ la hinh binh hanh. Tt N D
d6, hay suy ra diéu phai ching minh (h.88). Hinh 88
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Diéu kién dé ba vecto dong phing

Tir dinh nghia ba vecto déng phing va su khai trién mét vecto theo hai
vecto khong ciing phuong trong hinh hoc phéng, chiing ta c¢6 thé chimng
minh dugc dinh 1i sau (h.89).

PINH LI 1
' = = ™

Cho ba vecto a, b, ¢, trong dé a va b khong cung

—

phuong. Diéu kién cdn va du dé ba vecto d, b, ¢ dong

phang la cé cdc s6' m, n sao cho & = md + nb. Hon nita, cdc

L s6 m, n la duy nhdt. )

/ :

c

A

a

0 b B
Hinh 89

5
Chiing minh rang

1) N&u c6 ma + nb + pZ = 0 va mét trong ba s6 m, n, p khac khéng thi ba vecto a,
b, ¢ déng phang ;
2)N&u @, b, ¢ \aba vecto khong déng phang va mi + nb + pé =0 thim=n=p=0.

Bai toan 2

Cho tir dién ABCD. Cdc diém M va N
lan luogt la trung diém cua AB va CD.
Ldy cdc diém P, Q ldn luot thujc cdc
duomg thing AD va BC sao cho
PA = kPD, QB = kQC (k # 1). Chitng
minh rdng cdc diém M, N, P, Q cing
thude mot mdt phdang (h.90).

6 (D€ gidi bai toan 2)

1) Tir hé thitc PA = kPD, hay chimg td Hinh 90
i MA}— iMD_



Tuong tu, ta cling cb
MO = MBI— f::‘:MC_

2) Ti hai déng thirc trén, chitng minh rang
MP + MO = %ﬁ
Vay cac diém M, N, P, Q ciing thuéc mét m&t phing.

Dinh I 1 néi dén diéu kién dé c6 thé biéu thi mot vecto qua hai vecto
khong ciing phuong. Pinh 1 duéi day sé néi vé biéu thi mot vecto qua ba
vecto khong déng phéng.

DINH LI 2

Néu @, b, ¢ la ba vecto khong déng phdng thi véi méi vecto

d, ta tim dugc cdc s6'm, n, p sao cho d = ma + nb + pé. Hon
nita, cdc s6'm, n, p la duy nhat.

Chitng minh
Tir diém O, ta dit OA=d, OB=bh,
OC=¢, OD=d thi O, A, B, C khong
cling thu6c mot mat phéng.
Tir diém D ké dudng thing song song (hodc
trung) véi dudng thing OC, cit mat phang
(OAB) tai diém D’ (h.91). Khi d6

OD = OD’ + D'D.
Theo dinh Ii 1, ta c6 cdc s6 m, n sao cho
OD’ = mi + nb. Ngoai ra do DD va ¢
cing phuong nén c6 s6 p dé DD = p¢. Vay Hinh 91

OD = ma + nb + pe.
Gia sit con c6 OD = m'@ + n'b + p thi
(m—-m"a+(n-— n'}g +(p=-p')K = 0.

Via, b, ¢ khong déng phang nénm —m'=n—n"=p—-p'=0hay m=m’,
n=n', p=p’. Suy ra cdc s6 m, n, p la duy nhit. O
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Bai toan 3
Cho hinh hép ABCD.A'B'C'D’. Xét cdc diém M va N ldn luot thudc cde duong
rhr:f'ngA'C va C'D sao cho MA’ = kMC, NC’ = IND (kva | déu khdc 1).

Par BA=d, BB'=b, BC =¢.
a) Hay biéu thi cdc vecto BM va BN qua cdc vecto d, b, C.

b) Xdac dinh céc sé k, | dé duong thang MN song song véi duong thang BD'.
Giai (h.92)

a) Tir gia thiét ta c6 : B A‘ D
g p— a \
—y } o L C
BM = =2 =280 q5u6 L
o o
— i3 \ k. i Sl N
B =B g 5 ok e
1 -k 1-k 1 -k b \/ N
ey = . fﬁ:‘ ------ et + o
BN = M! do d6 2%
1-1 B’ C
= l 1 - Hinh 92
BN = - + b+c.

a
1= el

b) Vi BD’ va C'D 1a hai dudng thing chéo nhau va N thuoc dudmg thing C'D
nén dudng thing MN khong thé tring véi dudng thing BD'. Viy dudng

thing MN song song véi dudng thing BD’ khi va chi khi MN = pﬁ.

Do MN = BN — BM nén ta c6

W=[—L—LJE+( — )5+(_1+ . )E’.

1-1 1-k% 1-1 1-k% 1-k

Mit khéac BD'=d+b+¢ (quy tac hinh hop) ma a, 5, ¢ la ba vecto
khéng déng phing nén

1-1 1-x 7
W=pﬁ<=-* - =p ¢i=—l,k=—3,p=l-
-1 1-% 4
k
14+ ——=
i~k £



Vay khi k = =3, [ = —1 thi dudng thing MN va dudng thing BD' song song
vdi nhau. Ld

Cau héi va bai tap

Ba vecto @, b, ¢ c6 déng phing khong néu mot trong hai diéu sau day
xay ra ?

a) C6 mot vecto trong ba vecto d6 bing 0.

b) C6 hai vecto trong ba vecto d6 cing phuong.

Cho hinh choép S.ABCD.

a) Chitng minh riing n€u ABCD 1a hinh binh hanh thi SB + SD = SA + SC.
Diéu nguoc lai c6 ding khong ?

b) Goi O la giao diém clia AC va BD. Chiing t6 ring ABCD la hinh binh hanh
khi va chi khi SA + SB + SC + SD = 4S0. |

Cho hinh lang tru tam gidc ABC.A'B'C". Goi G va G’ ldn luot 14 trong tadm
ciia tam gidc ABC va A'B'C’, I 1a giao diém cla hai dudng thing AB’ va
A'B. Chitng minh ring cdc dudng thing G/ va CG’ song song véi nhau.

Cho hinh hép ABCD.A'B'C'D’. Goi M va N lan lugt 1a trung diém cua CD va
DD’ ; G va G' lan lugt 1a trong tdm cia céc ti dién A'D'MN va BCC'D’. Chiing
minh ring dudng thing GG’ va mat phing (ABB’A’) song song v6i nhau.
Trong khong gian cho tam gidc ABC.

a) Ching minh ring néu diém M thudc mp(ABC) thi c6 ba s6 x, y, z ma
x+y+z=1saocho OM = xOA + yOB + zOC v6i moi diém 0.

b) Nguoc lai, néu c¢6 mot diém O trong khong gian sao cho
OM = xOA + yﬁé + z(TC", trong d6 x + y + z = 1 thi diém M thudc
mp(ABC).

Cho hinh chép S.ABC. Liy cic diém A’, B, C' ldn lugt thu6c cic tia SA, SB,
SC sao cho SA = aSA’, SB = bSB’, SC = ¢SC’, trong d6 a, b, ¢ 1a cdc s6 thay
déi. Chitng minh ring mat phing (A'B’'C’) di qua trong tdm cia tam gidc
ABC khivachikhia+ b+ c=3.
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