§2. Gi6i han cua hédm sdé
A. KIEN THOC CAN NHS
1. Gidi han hitru han

e Cho khoidng K chita diém x; vi him s6 y = fix) xdc dinh trén K hodc trén
K\ {xp}.

lim f(x) =L khi va chi khi v6i day s6 (x,) bat ki, x, € K\[x,} va

X=3Xp
X, = Xy, taco lim f(x,) = L.
¢ Cho ham s6 y = f{x) xdc dinh trén khoang (x; : b).

lim f(x)= Lkhi va chi khi véi diy s6 (x,,) bat ki, x, < x,, < b va x,, = xy,

X=X
taco lim f(x, )= L.
® Cho ham s6 y = f{x) xdc dinh trén khoang (a ; xy).

lim f(x)= L khi va chi khi v6i ddy s6 (x,) bit ki, a < x, < xp va x,, = Xy,
X —}.l'“

ta co lim f(x,) = L.
® Cho ham s6 y = f(x) xdc dinh trén khoang (a ; +e<).
lim f(x) = L khi va chi khi véi day s6 (x,) bit ki, x, > a va x, — +ee thi

1 =3+oa
lim f(x,) = L.
¢ Cho ham s6 y = fix) xdc dinh trén khoang (—e= ; a).

lim f(x) = L khi va chi khi véi day s6 (x,) bét ki, x, < a va x,, — —oo thi
X —p—sm

lim f(x,) = L.

2. Gidi han vo cuc

Sau day la hai trong s6 nhiéu loai gidi han vo cuc khac nhau :
e Cho ham s6 y = flx) xdc dinh trén khoang (a ; +eo).

lim f(x) = —eo khi va chi khi véi day s6 (x,) bat ki, x, > a va x, — +es,
X—34e

ta c6 lim f(x,) = —oe.
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e Cho khodng K chita diém x; va ham s6 y = f{x) xdc dinh trén K hoac trén
K\ {_r(}}.
lim f(x) = 4eokhi va chi khi véi diy s6 (x,) bit ki, x,e K \[x,} va

X—h iy
X, = Xg, tacé lim f(x,) = + oo
» Nhan xét : f{.x) cd gidi han +c< khi va chi khi —fi(x) ¢ gidi han —es.

3. Cac gidi han dac biét

a) lim x = x,.

X=Xy
. . s B e .
b imc=¢; <€) Im e=¢; d) Iim — =0 (¢ la hang s6).
X—4xy x—ytea x—pteo X

e) lim x* = 4oo, v6i k nguyén duong.

A —foo

k

f) lim x* =—oo, néuklasolé; g) lim x° =4eo, néu k la s6 chan.

X——ea Xr——ea
4. Dinh li vé gidi han hitu han

Pinh Ii 1
a) Néu lim f(x)=L va lim g(x) =M, thi

X3y A=,

e lim [f(x)+gx)]=L+M;
XAy

o lim [f(x)—g(x)]=L-M ;

X=Xp

o lim [f(x).g(x)] =LM ;

X—rdpy

. fx) L ,
. Ili}n}[] o M (néu M = 0) ;

b)Neéuf(x) =20 v lim f(x)=L, thi L=0 va lim f(x) = VL.

X= .'[',n X=> ""-[:I

» Chi y : Dinh Ii 1 van dang khi x — 4+ ho&c x — —e=.
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Pinh li 2

lim f(x) = L khivachikhi lim f(x) = lim f(x)= L.

X=>Xg

x=xg

5. Quy tac vé gidi han vd cuc

a) Quy tdc tim gioi han cua tich f{x).g(x)

X=1p

lim f(x) lim g(x) lim f(x)g(x)
X1, X=Xy X=Xy
+oo +e
L>0
L<0 i —
—_— 4o
b) Quy tdc tim gigi han ciia thuong ”;E:]}

lim f(x) lim g(x) i lim £
s R Déu cua g(x) i 11}1;“ o)
L dn Tuy ¥ 0
L>0 0 = e
L<0 0 = ==

ks +oo

(Ddu cua g(x) xét trén mot khoang K nao do dang tinh gi6i han, véi x # xgp).

B. ViDU
e Vidul
252 =
Cho ham s6 _ﬁx%ziﬂjgf%—g

Dung dinh nghia chimg minh riang lim1 f(x)=35.
I—
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Giai
Ham s6 da cho xdc dinh trén R\ {1},

Gid st (x,) 1a day so bat ki, x, # 1 vax, — 1,

7 o 2x, —1x, +—=
i FlE= M 2t R g 3
H=4+oe H=p+oa Xy — 1 H=—b+oo X, — 1
= lim 2(x, + i] = 5. Do dé, lim f(x)=5.
N=—ptoo 2 X3l
o Vidu?2
X, néux=0
Cho ham s6 fa={" ™
1l —x, néux <0,

Dung dinh nghia chimg minh ring ham s6 f(x) khong ¢6 gidi han khi x— 0.

Giai
Ham s6 da cho xdc dinh trén R.
o o . 1
Lay day so (x,) vo1 x,, = >
Tacox,—0va lim f(x,)= lim x, = lim S 0. (1)
e ] n—ptoo 1—s+oa M
, ; 1
Lay day so (y,) vbi y, = ——.
Tacoy,—0va lim f(y,)= lim (1-y,)= lim (1+ }— . (2)
H—p e H—3 e H—stes

T (1) va (2) suy ra ham so f(x) khong ¢6 gidi han khi x — 0.

> Nhan xét

Pé dung dinh nghia chitng minh ham sé y = f(x) khéng c¢6 gidi han khi x — Xy, ta
thudng lam nhu sau :

« Chon hai day s6 khac nhau (a,) va (b,) thod man : a, va b, thuéc tap xac dinh
clia ham sb y = flx) va khac x, ; a, — xg: b, = X, ;
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 Chimg minh rang lim f(a,) # lim f(b,) hoac ching minh mét trong cac gidi

f1—3 oo 11— e
han nay khéng tén tai.

Luu y : Trudng hdp x —}J.'E-;-, X = X, hay x — o ching minh tudng tu.

* Vidu3
Tinh
a) lim (dﬁ 4k -1] . BEm It . & Tl G el
A——2 X=33 X 2 N3 —o
d) ]imI;Iz : g i e
x=>4 (I - 4) e X
Giai
a) lim (\FE 45— 1) =22 +5-1=2;
x——2
x4l 3%l
li = =4
o e e
. 3 2 . 3 | 1 1
¢) lim (=x" +x"—x+ D= lim x (-1 +———2+7)=+m.
Xy X—p—o0 Ay X
d)Tacé lim(l—x)=-3<0. (1)
x—d
lin:jl[xw-fl)g =0va (x—4)> >0 v6i moix # 4. 2)
X—»
A £ , s " . f{r] . .
Ap dung quy tac vé giGi han vo cuc doi vai thuong m tr (1) va (2) suy
: I - x
ra lim —it,
.r—>4{x_4)
e) Ta c6 lim (2x-1)=5>0, lim (x-3)=0 va (x - 3) < 0 véi
r=—3 x—=3
; R ol |
moix < 3. Do d6, lim = —oo,
x—3 X =3

» Nhan xeét

Trong cac vi du trén ta da ding truc tiép cac dinh Ii v& gidi han cla tdng, hiéu,
tich, thuong va can clia cac ham sé hodc cac quy tac vé gidi han vd cuc.
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o Vidu4

Tinh cédc giéi han sau :
2
. X +2x-3 i =X
a) im—— ; b) hm —:
x—l 23(2 —x=1 x92x+7 -3
& iiin 2x° +3x—4 d) lim \/Jr2 - X — \[ﬂlxz +1
X=dtoo —13 v )_'2 #*1 ' X =0 Zx+3
e) lim - 13 f) lim (\.I'él:-;2 —Xx + 2x).
x—=)" X X+ I X =—p—00
Giai
2 o G _
a) l_im o B ;_21 _3 = l_im bl 31} = lim i]:x':?)] = %
=12y P | r—] 2(x — 1)(x + =) x=1
P 2

. P _ (2=2)vx+7+3 ‘
b) lim —=—2 = lim ( )zlxm—(JI+?+3)=—ﬁ,
=24y +7 =3 x—2 x—2 r—2
3 4
B
A N 2 .3
b g 2 A, e o @ W
X =t —_{'3 — ‘{'2 - I .\'—>+U¢'_1 i l L
] |
: il —= =[x J4+—
d) lim St ek LTSRS G il 3
X—y—oo 2x+ 3 B Y —3—oa 2x+ 3
—,1',/I—i+_r |I4+L2 -\/l-l+\/4+i2
= |ini * L = lim al ;S
X—p—oa 2t+ 3 A —— 2+ i 2 )
v

e) liml[ I _1]=1immzu i O

s Xy E+1 rm0- X(X+1) T o (x+1)
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A, 7

X—p— X—p—o= 412 =5 i e
__1' —X
= lim = lim ————= lim ——
X—3—oa X—p—se X=3—oa
|J.|,/4———2.1 —x1|'4———2r 1’4——+2
Nhan xét

Khi tinh gigi han ma khéng thé ap dung truc tiép dinh |i vé gidi han trong sach
giao khoa, ta phai bién déi bidu thirc xac dinh ham sé vé dang ap dung dudc cac
dinh Ii nay.

Sau day la mét s cach bién ddi thudng dugc ding.

o Tinh Tim 2 i Tim w(x) = lim v(x) =0

.1.'—3.'.'[] ]'{ _1") X—rap X —}.'l.'“

— Phan tich t&r vd méu thinh tich cdc nhan tr va gian udc. Cu thé, ta bién doi
nhu sau :

.u(x) . (x = xp)A(x) LA L, A(x)
1 =y = 1 tinh i
e V) g (X — 1)B(X) o B T D B

— Néu u(x) hay v(x) ¢6 chita bién s6 dudi diu can thi ¢6 thé nhan tr vi mau
vdi biéu thire lién hop, trude khi phan tich chang thanh tich dé gian udc.

¢ Tinh lim nr) khi lim w{x) = tee va lim v(x) = Zoe
x—stea p X)) x—ytos x—stea

— Chia tir vi mu cho x" véi n 12 s6 mi bic cao nhat cha bién s6 x (hay
phan tich tir vi méu thanh tich chita nhan tir x” r6i gian udc).

— Néu u(x) hay v(x) c6 chira bién x trong dau can thiic, thi dua x” ra ngoai
ddu can (véi k 1a s6 mi bac cao nhat cua x trong dau cén), truée khi chia tu
va mau cho luy thira cua x.

e Tinh lim [H{x] - v(.x‘)] khi lim u(x) = 4e0 va lim v(x) = 4eeo

X1 A=y X,
hodc lim u(x).v(x) khi Iim u(x) =0 va lim v(x) = teo.

X—» .1'[] .'I.'_}.l'“ X— .1'|- i
Nhan va chia vdi biéu thitc lién hdp (néu cb biéu thirc chita bién s6 dudi diu can
thitc) hodc quy déng mau dé dua vé ciing mét phan thirc (néu chira nhiéu
phan thic).



C. BAITAP

2.1. Dung dinh nghia tim cédc gi6i han

. &98 X+
a) lim e : b) lim :
r53—X A—3on _rz +1

A i
X ., néu x =0

2

2.2. Cho ham s6 f(x) =
x“ =1, néu x <0.

a) V& do thi ctiia ham s6 f{x). Tir d6 du dodn vé giGi han cuia f(x) khi x — 0.
b) Dung dinh nghia ching minh du dodn trén.

2.3. a) Chimg minh rang ham sé y = sinx khéng c6 gidi han khi x — +oo,
b) Giai thich bang d6 thi két luan & cau a).

2.4. Cho hai ham s6 y = f(x) va y = g(x) cung xdc dinh trén khoang (-« ; a).

Dung dinh nghia ching minh rang, néu lim f(x)=L va lim g(x)=M

X—y—oe X—y—oo
thi lim f(x).g(x) = L.M.
X—p—eo
2.5. Tim giGi han cla cdc ham s sau :
2 —2x -3 2x° +15
Af)=2"%X"2 thix—3; b) h(x) = =2 khix — -2
x=1 (x +2)

Dk()=V4xl —x+1 khix—>-o0; d)fix)= X +x>+ 1 khix— —o0:

x—15
xX+2

e) h(x) = khi x — -2 vikhix — -2".

2.6. Tinh cac gi61 han sau :

. 43 . HEars
a) lim ——— > . b) lim ¥ 1.
x—=3 y" 4+ 2 —=3 x—0 X

L]

&y i s d) lim

xX—>5
voeo y2 ] r>54x =5

o 2 —
e) limi; ) limL”;

X —res JI + \1{5 x—=2 P



Je-1 1—2x+ 3%

g) lim——-1 h) lim :
=y +3 =2 oo ,\'3 9
2 _ - 5
=0 x“\x*+1 3= x' 4+ x+3

2.7. Tinh gidi han cua cdc ham s6 sau khi x — +o0 va khi x — —w

f 2 :
a) (x) = 1—_%‘ : b) flx)= x + Vil —x+1;

x+2

c) fix)= \[xz - X - \[_,;2 + 1.
2.8. Cho ham s6 Vi

-

¥ —15x+12
,rz —5x+4
¢6 dd thi nhu hinh 4.

a) Dua vao do thi, du dodn gidi 3

Hie =

-

han ctia ham s6 f{x) khi x — 17; e 1.

~ I -
r—=1 ;x—=4 :x—= 4 ;

x — +ovikhi x = — . 0

b) Chimg minh du dodn trén.

mmmm e e [ e e

P T L ] -

2.9, Cho ham so

| :
— , néux>1
f (x)=4qX— I ,\'3 -1 Hinh 4

mx + 2, néux<l.

V@i gid tri nao cia tham s6 m thi ham s6 f(x) cé gidi han khi x - 1 7 Tim
gidi han nay.
2.10. Cho khoang K, xy€ K va ham s6 y = f{x) xdc dinh trén K\ {x,}.

Chung minh riang néu lim f(x) = 4eo thi ludn ton tai it nhat mot s6 ¢ thude
..1'—).\'[]

K\{xy} sao cho f(c) > 0.
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2.11. Cho ham s6 y = f{x) xdc dinh trén khoang (a ; +ee).

Chiing minh ring néu lim f(x) = —eo thi ludn t6n tai it nhat mot s6 ¢

X —pton

thuodc (a ; +e=) sao cho flc) < 0.



