PHUONG TRINH MAT PHANG
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Lam cho hoc sinh :

Hiéu dugc ring trong khong gian toa do, méi mat phing déu cé phuong
trinh dang Ax + By+ Cz + D =0, trong d6 ba s6 A, B, C khong dong thai bing 0
(hoic twong dwong véi A* + B* + C* # 0). Nguoc lai méi phuong trinh nhu
thé déu 14 phuong trinh clia mét mat phang nio do.

Khi cho phuong trinh ctia mat phiang, hoc sinh phai xdc dinh duge vecto
phéip tuyén cia né, xic dinh duogc toa dé cia mot s6 diém cua nd. Hoc sinh
nhén ra cdc trudng hop dic biét vé vi tri cha mat phing (so vdi hé truc toa
do) cin ci trén phuong trinh cua no.

Biét cach viét phuong trinh mit phing di qua mot diém cho trude va cé
vectd phap tuyén cho trude, dong thai biét cich dua vé truong hop co ban
d6 dé viét phuong trinh mat phang trong nhiing trudng hop khic.

Co thé nhan biét nhanh chéng vi tri twong d6i cia hai mat phang can ci
vao phuong trinh cta ching.

Nhé va van dung duge cong thic tinh khodng cdch tir mot diém t6i mot
mat phang, va dp dung vao cdc bai todn khdc.

NHUNG PIEU CAN LUU Y

SGK khong dua ra khdi niém cap vecto chi phwong ctia mat phang va do dé
ciing khong gidi thiéu phuong trinh tham sé clia mat phiang. Nhu vay, hoc
sinh chi biét mét loai phuong trinh mit phing ma trude day ta goi la
phuong trinh téng quét (nay chi néi gon 14 phuong trinh mit phing).

Cong thifc tinh khodng cédch tir mot diém t6i mot mat phing duge dua ra
nhung khong ching minh vi né hoan toan tuong tu nhu trong hinh hoc
phang. Chi cdn lam cho hoc sinh nhé duge cong thic dé va vin dung no
trong cdc bai todn tim khoang cich khdc : khoang cich gitta hai mat phang
song song, giita mot dudng thang va mot mat phang song song,...



Ciing xin luu ¥ rang SGK khong néu diéu kién dé hai diém nam ciing phia
hay khic phia d6i véi mat mat phang.

3. SGK khong c6 mot muc riéng ndi vé goc (goéc gitia hai dudng thang, goc
giita duong thing va mat phang, géc giita hai mat phang). Hoc sinh di biét
cdch tinh géc giita hai vecto, va tir d6 tinh duge goc giita hai dudmg thing.
Ngoai ra, & 16p 11, khdi niém géc giira dudng thing vi mat phiing, goc
gilta hai mat phang dugc dinh nghia dya vio goc gitta hai dudng thang.

111 - TRA LOI E VA HUONG DAN HOAT PONG

1
ﬂ Mait phing trung truc (P) cua doan thiang AB l1a mit phang di qua trung
diém / clia AB v ¢6 vecto phép tuyén la AB .
Tacé I=(-2;-1;2)va E =(=6:2;-2). Vay (P) co6 phuong trinh :
—6x+2)+2(y+1)-2(z-2)=0 hay 3x-y+z+3=0.

), 2

Gid st (xp @ v 3 2p) 1a mot nghiém cia phuong trinh :
Ax+By +Cz+D=0(2) (v6i A* + B+ C* > 0),
e 1a Axp+ Byy+ Czy+ D = 0 hay D = —(Axy + By, + Cz).
Goi (P) 1a mat phing di qua diém M(x; : vy 1 Zy) va c6 vecto phdp tuyén
(A B:C) thi(P) c6 phuong trinh :
A(x =xg) + B(y —yp) + C(z —=29) =0

& Ax+ By + Cz —(Axy+ Byy+ Czp) = 0,
hay Ax+ By+ Cz + D =10, day chinh la phuong trinh (2).

/"% a) Mat phang (&) di qua géc toa do (0 ; 0 ; 0) khi va chi khi
AO0+BO0+CO+D=0hayD=0.

b) Mit phing (&) song song hoidc chifa truc Ox khi va chi khi ni=0

(trong dé "= (A B; C) la vecto phip tuyén cua (&) ), nghia la
Al+B0+C.0=0hayA=0.
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Tuong tu, mit phiing (@) song song hoic chita truc Oy khi va chi khi B = 0,
mit phang (&) song song hoic chia truc Oz khi va chi khi C = 0.

c¢) Mat phing(e) song song hodc triing v&i mp(Oxy) khi va chi khi nva k

ciing phuong, tic laA =B = 0.

Tuwong tu, mp(¢) song song hodc tring véi mp(Qyz) khi va chi B=C =0,

mp (&) song song hodc tring véi mp(Oxz) khi vachiA=C =0.

Néu hai mat phing (&) va (&) song song hodc tring nhau thi hai vecto

J_i:{f’. ;B C) va n(A"; B ; C") cung phuong. Bai vay, néu hai vecto novan'
khong ciing phuong, tic 1AA:B: C # A": B": C', thi (&) va (&) cat nhau.

4

a) Néu j = g — % & DE thi hé gém hai phuong trinh cua (@) va (&) vo
nghiém, suy ra hai mit phiing (@) va (&) song song.

b) Néu i, —% =%=§ thi ¢6 56 ¢ 0 sa0 cho A = A", B=1B’, C = IC’,
D=tD' . Khido:

biém M (x5 ¥¢ : 7p) thude (@) khi va chi khi
Axg+ By + Czp+ D =10
& A+ By + Czy+ D) =0
& Axg+ By +C'zp+ D' =0
= Mye ().
Viy truong hop nay xay ra khi va chi khi (&) va (&) trung nhau.

Hai mit phiing (&) va (&) vuong géc v6i nhau khi hai vecto (A ; B C)
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vi (A’ B’ : C’) vuong goe véi nhau, tic 1h AA’ + BB’ + CC’ = 0.

5

a) (@) va (/) song song khi 2_-m 10 m+ 1

[ =8 " Basls o8 e ey g

khong ¢6 s6 m nhu thé.
b) Ciing khong cé m dé () va () tring nhau,
¢) Tir a) va b) suy ra véi moi m, hai mat phang (@) va (/) luén ludn cat nhau.



d) (e) va (f) vuong goc vdi nhau khi hai vecto phdp tuyén cua chiing
vuong goc, tirc la :

242m+10(3m+ 1)=0haym = —%.

6

Hai mat phang d6 song song véi nhau. Bai vay, khoang cdch giita chiing
bing khoang cdch tir mot diém M nao dé cua mat phang thi nhét dén mat
phang thit hai. Ta c6 thé ldy M = (0 ; 0 ; 3), va khoang cdch cin tim 1 ;

5 4.3 + 4| _ 16 :4Jﬁ
\/*E=2+22+42 V56 T

IV — TRA LOI CAU HOI VA GIAI BAI TAP
15. a) Cdch 1. Tacé MN = (=1:—2:4),MP = (-2:1;3), suy ra

[W,M_ﬂ = (=10:=5;-5).

Mat phing (MNP) di qua diém M va c6 vecto phép tuyén n ciing phuong
vdi vecto [Hﬁ] boi vay ta c6 thé ldy n= (2:1;1). Vay mp(MNP) co
phuong trinh :

2x—=2)+y+(@+1)=0 hay 2x+y+z-3=0.

Cdch 2. Phuong trinh mp(MNP) c6 dang Ax + By + Cz + D = 0. Toa do cua
cdc diém M, N, P la nghiém clia phuong trinh dé nén :

24-C+D=0 (1)
A-2B+3C+D=0 (2)
B+2C+D =0. (3)

Khir D tir cdc phuong trinh trén (bing cdch 1ay (1) trir cho (2) va ldy (2) trir
cho (3)), ta co

A+2B-4C =10
A=-3B+C =0.
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Khir A tir hai phuong trinh trén, ta duge 5B — 5C = 0 hay B = C va do do
A=2C, D = 33C. Ta dugc phuong trinh : 2Cx + Cy + Cz — 3C = 0. Hién
nhién C # 0 (vi néu C = 0 thi A = B = C = 0) nén chia hai vé& cua phuong
trinh cho C, ta dugc :

2x+y+:z-3=0.
b) Cach 1. Gia st mat phang (P) di qua A, B va song song véi Oz ¢ vecto
phdp tuyén n thi n phai vuong goc vdai AB(4 :1:2) va vuong gdc vai
k(001 1), vay c6 thé 14y

(|
Ngoai ra, (P) di qua diém A nén phuong trinh cta (P) la
lix—1)—4(y-1)+0=0 hay x—4y+3=0.

Cdch 2. Mit phing (P) song song véi Oz nén ¢6 phuong trinh :
Ax+By+D'=0v6i D' #0.

Miit phiing dé di qua A va B nén toa do clia A vi B thoa man phuong trinh dé :
A'+B'+D' =0
{ﬁﬂ’ +28 4+ D" =1

1 2
0 1

2 4
10

k]

0 0

_|4 1

] =(1;-4:0).

= 4A'+ B =0,

Taco thé liy A'= 1, B =—4 va do d6 D' = 3 va duge phuong trinh ctia (P) la
x=4dy+3=0.
¢) Mat phang (P) cin tim phai song song vdi mat phang x — 5y + z = 0 nén

hai mat phang c6 ciing vecto phdp tuyén la (1 ; =5 ; 1). Ngoai ra, mp(P)
phai di qua diém (3 ; 2 ; —1) nén né ¢6 phuong trinh 1a

x=3)-5(y—-2)+z+1)=0 hay x-5y+z+8=0.
d) Mit phang (P) cén nm phai vuong goc vai mat phing v —y +z+1=0
nén vecto phiap tuyén nocia (P) phax vuong goc vdi n = =(:=1:1) :

mp(P) lai di qua hai diém A, B nén n vuong goéc véi AB=(-1:-1:1),
viy c6 thé Iy n = [AB, n’} = (0; 2 ; 2). Phuong tinh ciia (P) 12

20y~ 11+2(z—1)=0 hay y+z-2=0.



16.

e) Mat phing di qua M(a ; b ; ¢), song song véi mp(Oxy) ¢6 vecto phép
tuyén la k(0 ; 0 1) nén co6 phuong trinh 1.(z —¢)=0hay z —¢c=0.
Tuong tu, mat phang di qua M(a ; b ; ¢), song song v&i mp(Oyz) c6 phuong
trinh x —a = 0 ; mat phing di qua M(a ; b ; ¢), song song vdi mp(Oxz) cb
phueng trinh vy —bH =0,
g)GiasuA=(a;0:;0,B=0:b;0)vaC=(0;0;¢).ViG(l;2;3)1]a
trong tim tam giic ABC nén

at0+0_, . 0+4b+0 _, 0+40+c_

3 ' 3 3

suyraa=3,b=6,c=9.

3

Viy phuong trinh (theo doan chiin) ctia mit phing cén tim 13

X ¥ z
Sy,
3 6 9

h) Néu mat phiang di qua H(2 ; 1 ; 1) va ¢iit cdc truc toa do tai A, B, C thi w
dién OABC c¢6 cic canh OA, OB, OC d6i mot vuong goc, boi vay H la truc
taim cua tam gidc ABC khi va chi khi OH L mp(ABC). Viy mp(ABC) di

qua H va cé vecto phip tuyén la ﬁ{? ; 1; 1) nén co6 phuong trinh :
2x-2)+(y-D+(z-1)=0 hay 2x+y+z-6=0.

a) Hai vecto phdp tuyén khong cing phuong nén hai mat phang cét nhau.

b) Hai vecto phép tuyén khong ciing phwong nén hai mat phang cit nhau.

c}% = % = % _3] nén hai mit phang song song.

d) Hai vecto phép tuyén khong ciing phuong nén hai mat phang cat nhau.

e) Céc hé sd clia hai phuong trinh tuong tmg ti 1é nén hai mat phang tring nhau.

) : : i . ) ; yaas B om B8
a) Hai mat phang da cho song song khi va chi khi i - 7
Vivn=—1,m=-4.
¥oog 2 3 coa o awens 201 oom =2
b) Hai mat phang di cho song song khi va chi khi i # 3
i

. |
=4 =—,
Vaym=4,n=>
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18.

19.
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Hai mit phing di cho ¢é cdc vecto phdp tuyén lin luot 1a n] (25;=—m;3),

E =(m+3;-2;5m+1).Suyra

[F,, E} = [-sz —m+6;-Tm+ '.I';m'2 +3m-4).
Hai vecto doé ciing phuong khi va chi khi [n, n;} =0, tic 1a ;

-sz-m+6=ﬂ
-Tm+7=0

m* +3m—4 = 0.

Hé phuong trinh trén c6 nghiém duy nhidt m = 1, khi d6 hai mat phang c6
phuong trinh 1a 2x —y+3:-5=0 vi 4x -2y +62—-10=0 nén ching
trung nhau. Viy

a) Khong c6 gid tri m nao dé hai mat phiang dé song song :

b) Khi m = 1, hai mat phing dé tring nhau ;

¢) Khi m # 1, hai mat phéng dé cit nhau,

d) Hai mit phiing d6 vuéng géce véi nhau khi va chi khi ’;;’E =0 hay :

2(m+3)+2m+3{5m+1}=[}1:}19m+5}=[}<:?m=—-%.

a) Diém M(x;y;z) cdch déu hai mit phiang da cho khi va chi khi :

Rx—y+4z+5 [3x+5y-z-1
V4 +1+16 VO +25+1
&SPy -y+4z+5=V3Bx+5y-z-1|
& 52x -y +4z+5) =+33x + 5y -z - ).
Vay tap hop cdc diém M 1a hai mat phing :
25 =33 - (5 +5V3)y + (@5 +3)z + 55 + 43 = 0,
V5 + 33 = (5 - 53)y + (45 —B)z + 55 -3 = 0.

b) Tap hop cdc diém M la hai mat phang c6 phuong trinh :
—4x+ 16y -20z-1=0 ; 32x-2y—-8z-13=0.



20.

21.

22.

¢) Tap hop cdc diém M 1a mot mat phang c6 phuong trinh :
Xx+2yv+z+2=0.

Hai mat phiang da cho song song véi nhau. Lay diém M(xg ; g ; zg) nam trén

mét phiing thi nhat, tie 1a Ay + By +C3+ D=0 hay Ay, + By, + Czy =D,

thi khoang cdch d giiia hai mat phing bing khoang cach tir diém M tGi mat

phing thi hai, tie i

|Axg + Byg +Czg+D|  |D" - D)
VA% + B +C? JAZ+ B2+
Me Oz nén M =(0:0:¢).
a) Do dai MA bing khoang cdch tir M tGi mat phang da cho nén

d=

R r@-of =11
J22 432 412
ol =l
2 ! TR
Txdésuyrac=3.Vay M=(0:0:3).
b) Biém M cich déu hai mat phang da cho nén |-E é l| = [{I + 51 hayc=-2.
| Vi3

Vay M =(0:0;-2).

Chon hé truc toa do Oxyz vé&i cic tia Ox, Oy, Oz lan lugt 1a cdc tia OA,
OB,OC.KhidotacoA=(a;0;00,B=0:b;0),C=(0;0;¢c)véiaz>0,
b=0,c>0.

T e e —

a) Ta cé6 AB=(-a;b;0), ;'!.E =(—a:0:¢c) nén ABAC = az > (0. Vay
g6c A cia tam gidc ABC 1a goc nhon.
Chimg minh tuong tu, ta ¢6 cic goc B va C cua tam gidc do ciing nhon.

Y

b) Mat phiang (ABC) c¢6 phuong trinh é- 1%

+Z =1, vay né c6 vecto phép
Z

tuyén 14 n = [%%l] Miit phing (OBC) chinh 1a mit phing (Oyz) nén
;

cO vecto phap tuyén la i(1;0:0).Goi & 1agéc gitta mp(ABC) va mp(OBC) thi :
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23.
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le b2 2 2.9

Tuong tu, ta co

A/
2 c“a
cos” fi = - TR
a’b? + b*e? + o2a’

EhE

a
b ) >
azb' + b".c'z +c“a

cos” y= 5
Tur do suy ra

c052a+c052ﬁ+c052y =],

Mat cau da cho co tam 1a /(1 ; 2 ; 3) va o ban kinh

R=vV2+22+32 42 =4,
Vi mit phing (P) song song véi mat phang 4x + 3y =12z +1 = 0 nén ¢é
phuong trinh :
dx+3y— 122+ D=0vn D=1.
Khoang cdch d tir 161 mp(P) 1a
d=|4+6—36+ﬂ| _ |-26 + D|

V16 +9 + 144 13
Mat phing (P) tiép xtic véi mat ciu khi va chi khi d = R, hay :
26 + D|
3 =4 e |26+ D[=52e -26+D =15

< D =78 hoac D = -26.

Viay c¢6 hai mit phang thoa man yéu ciu la
dx+3y-12z+78=0
vi 4x + 3y -12z2—-26=0.



