ON TAP CUOI NAM

A. Bai tap tu luan C
1. a) (h.68) Mat phing (POR) chia khéi lang tru
ABC.A'B'C’ thanh hai khoi da dién =4 va
o/t5, trong dé oA chia tam gidic ABC con
=/, chita tam gidac A'B'C’. Mit phing (A'B'C’)
chia khéi lang tru POR.P'Q’'R’ thanh hai khéi

da dién =/, vi =/, trong d6 =/ chitatam gidc

P'Q'R’. Goi V., Vs, V3 ldn luot 12 thé tich clia cdc

khéi da dién o/, /5, o5 1a co
Hinh 68

Vasc.asc =Vi +Va, Vporpor =V2 +V3.
Vi phép tinh tién theo vecto AA’ bién tam gidc ABC thanh tam gidc A'B’C’
vi bién tam gidc POR thanh tam gidc P'Q'R’ nén khoi da dién ~%| bién
thanh khoi da dién =45, vi viy ta c6 V| = V4 Tir do suy ra
VABC.A'H'C” = VPQR.P'Q'H‘ :
b) Vi lang tru POR.P'Q'R’ 1a lang tru ditng ¢6 chiéu cao PP’ = AA" nén
Vasc.asc' = Veorror = Spor-AA”.
2. Goi (G la trong tdm cha i dién ABCD va A', B', C', D'’ lin luot 14 trong tam cla
cdc tam gidc BCD, ACD, ABD, ABC thi phép vi tu tAm G véi i s6 k = +%~ bién
t dién ABCD thanh ti dién ABC'D”,
V.
3. (h.69) Cic tir dién BACE'. C'B'CD’, DD'AC,

B&i vay Vypep = |‘£~'|3 Vagep =

r
A'AB'D’ déu ¢6 thé tich biing % Bai vy :

Y.V
=7

Vacgp =V -4

Hinh 69
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(h.70) Goi M, N. P, Q. R, § lin lugt 12
trung diém cua cdc canh AB, CD, AC,
BD, AD, BC cua tit dién déu ABCD thi dé
thay cic tam gidic MPR, MRQ, MOQS.
MSP, NPR, NRQ, NQS, NSP la nhiing
tam gidc déu, viy ta ¢6 hinh tim mat déu
MNPORS. Vi cic tir dien AMPR, BMQOS.
CPSN, DONR déu la nhitng tit dién dong

dang vai tir dién ABCD vai ti s6 k = % nén

6 thé tich bing %

Vv
raV ; el X
Suy ra Virprosn g =7
(h.71) Khi quay quanh duong chéo AC
thi hinh tron (@ ; R) sinh ra khoi cau (5),
doan thing BD sinh ra hinh tron (¢) va

hinh vuong ABCD sinh ra hinh tron xoay

% g¢dm hai hinh nén ¢6 chung day la (¢)

vGi dinh 1a A va C. Bai viy, =4 sinh ra

khoi tron xoay gém nhitng diém thuoc

hinh cdu (S) nhung khong thuoe & va thé

tich V' cua khéi dé la :
4

1 2

7 3 2 3
V=Vg -V, ==nR> - 2.-nR*.R = ZnR>.

3 3 3
a) (h.72) Khi quay luc gidc déu ABCDEF
quanh dudng thang AD, ta dugc khéi tron
xoay hop boi ba khoi : khoi non 9, sinh
bai tam gidc ABF, khéi tru ‘'C sinh boi
hinh chit nhat BCEF va khéi non 91, sinh
boi tam gidc DCE. Hai khoi non va khoi

tru déu c6 ban kinh ddy 1 R = 3—2‘" cx ? :
Khéi tru ¢6 chiéu cao a va cdc khdi noén
¢o chiéu cao —% Viy khoi tron xoay sinh

boi luc gidc di cho co thé tich 1a :

Hinh 72



V=u{2£]2.a+23 [i] %

b) (h.73) Goi A 1a dudng thiang néi trung diém
cua AB va ED. Khi d6 BC va AF cat nhau tai
diém O trén A, CD vi FE cat nhau tai diém O’
trén A. Goi V, V|, V, 1a thé tich cua cdc khéi
tron xoay lan lugt sinh ra bai lue gide déu
ABCDEF, tam gidc OCF va tam giic OARB khi
quay quanh A, ta co :

]
]
& i
]

LY

Ed

(:Il
3
V = %mz.a 3= m;ﬁ : Hinh 73
Vo = ij’[ 3]2 H\}‘E — mﬁ-\{i
£T3%a) 2 24
?v@m}
Dodé V =2V, = V,) = +
o do ( 1 2} 12 )
(h.74) a) Goi A’, B' lin luot 14 hinh chiéu cua B g g
A, B trén mit phang chita dudng tron ddy co : il
duong kinh CD. dé thiay A, B thuoc duong tron b i HE
nay. Khi dé6 A'B" L CD nén A'CB’D la hinh vuong I.J.::—:—-J:tjl
b~ % | =
c6 dudng chéo CD = 2R, do d6 A'C = Ry2, Ll

ngoai ra AA" = R2 nénta suy ra AC = 2R.

Tuong tu ta co AD = BC = BD = 2R.

Vay ABCD 1a tit dién déu.

b) Goi O, O’ ldn 17|.n:_n la trung diém cla AB va CD. Khi dé, khoang cich d

giita hai duong thang 00’ va AC bang khoang cich giita 00" va mp(AA'C)
R2

va bing O'H (H 1a trung diém cla A'C). Viy d = ~5 s

Tuong tu, khoing cdch gifta mdi dudng thing AD, BC, BD va 00" déu

RI

Hinh 74

. Tir d6 suy ra cic canh AC, AD, BC, BD déu ti€p xiic vdi mat

R2
5=

bing ——
tru 'C c¢6 truc 1a OO’ va ¢é ban kinh
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a) Taco:
AB =(3:-3:-8),AC = (4:0;~4),AD = (0;=3:1).
[ﬁ,ﬁ}znz;—zn;rz) i [E,E]E =72 %0.

Suy ra bon diém A, B, C, D khong déng phang.
b) Gia st mat cau (S) cé phuong trinh

X+ }‘2 + 2% + 2ax + 2by+2cz+d =0.

Vi mit cdu di qua bén diém A, B, C, D nén ta c6 :
1+25+9+2a+10b+6c+d =0
16+4+25+8a+4b-10c+d =0
25+25+1+10a+10b—-2c+d =0
l+4+16+2a+4b+8c+d =0

-3a+3b+8c=5
=< —a g =
3b -c=-7.

Tt d6 ta tim duge @ = -1, b= =2, ¢ =1, d = =19. Vay phuong trinh mit ciu

(S) la: _rz+y2+:2—2,1'—4y+22—19={}1

Mat cdu () cé tam [ = (1:2;—1) vabinkinh R= /1 +4+1+19 = 5.

c) mp(ABC) c6 vecto phip tuyén " cung phuong véi vecto
[ﬁﬁ] = (12;-20;12) nén c6 thé ldy n= (3:-5:3). Ngoai ra, mat phing
do di qua diém A(1 ; 5 ; 3) nén c6 phuong trinh :
(x=1)-3y-5)+3z-3)=0 hay 3x—-5y+3:+13=0.
Khoang cich tir D dén mit phang dé 1a
- 3.1-52+34+13 _ 18

VR4t VB

d) Mit phing (&) vuong goc véi CD c6 vecto phdp tuyén 1a CD = (—4;-3:5)
nén c6 phuong trinh : <4x -3y + 5z +d = 0.

Mat phang dé tiép xtic véi mat cdu (S) khi va chi khi khoang cdch tir tim
I(1 ;2 ; —1) clia miit cdu (S) t6i mit phing (@) biing 5, tirc 1a :

[-4.1-3.2-5.1+d]| -15 + d|
=5 —— =5

J16 +9 + 25 J50

& d=15+252.



Viy ta ¢6 hai mat phiang cin tim véi phuong trinh :
—Ax -3y +5z+15+25J2 = 0.

e) Tam mat cdu (S) 1a /(1 ; 2 ; —1). Khoang cdch tir / téi (Oxy) la
dy = |1 =1 nén () ciit mp(Oxy) theo dudng tron ¢é bén kinh

1 =1,JR2 —dlz = 25-1=26.
Khoang cidch tir I t6i mp(Oyz) 1a dy = 1 nén (S) cit mp(Oyz) theo dudng
tron ¢6 bén kinh r, =R —d3 =~/25-1=2/6.
Khoang cdch tir / téi mp(Oxz) la dy = 2 nén () cat mp(Ouxz) theo dudng
tron ¢6 bdn kinh r; = «.,,‘R2 — d% = m = -J’E

x=1+2¢
a) Dutmg thing A c6 phuong trinh tham s6 1a qy = —1—1¢
z =3t
Vi méi diém M(x ; y ; z) c6 hinh chi€u trén mp(Oxy) la M'(x ; y ; 0) nén hinh
chiéu d, cia A trén mit phiing (Oxy) ¢6 phuong trinh tham sé 1a
x=1+2¢
y=-1-t
z=10.

Tuong tu, hinh chi€u d, clia A trén mat phing (Oyz) la

x=0
y=-1-t¢
z.=3

hinh chi€u d; cia A trén mat phang (Oxz) la

x=1+2¢
y=0
¥ =3
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b) Mat phéng () da cho ¢6 vecto phdp tuyén n=(1:5; 1).
Puding thang A cé vecto chi phuong w2 -1, 3).

Vi n.u=0 nénA song song hoac nim trén mat phang ().

Lai ¢6 diém M(1 ; —1 ; 0) cia A nim trén (&) nén A nam trén ().

¢) Khoiang cich h, gilta Oz vi A bang khoang cich tir O t6i duong
thing d, . Xét trong mit phiing toa d6 Oxy thi O = (0 ; 0) con dudng thing

d; ¢6 phuong trinh : x+2y+1=0.
Viy tacod
pe Il
2422 O
Tuong tu :
Khodng cich h, giita Ox va A bing khoang cdch tir O 16i dutmg thang d> nén :
3 W10

"R 0
Khoing céch hy gitta Oy va A bang khodng cdch tir O t6i duong thing ds nén :
e 1 313

d) Liy diém P = (1 +2t;—-1—17;3t) nam trén A va diém Q@ = (r';¢ ;1)

nim trén A’. Ta co
Q—P:(I+2r—r';—1—r—r’;3r—r’}.
PO 1a duding vuéng goc chung ctia A va A’ khi va chi khi OP vuéng géc
vOi ca hai vecto chi phuong cuia A va A’ la E(E;— 1; 3) va E{T 5 B W
Nhuvay tacé  QP.uy = 0va QP.uy =0 hay la:
{2[1 +2t =)= (=1=-t-1)+33t-1t)=0
| 2 ghm Jomgpiog Gy’ =)

pocoed
14t —4t'+3=0 -
s i 26
{4r~3r'={} p=_8
_ 13
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: o ﬁi.-i._i) ; ‘"'=(E._i.,ﬁ
Hodo Q'( 313 13 =362 26/

Pudng vudng géc chung cia A va A" di qua @, nhan v=(4:-1;-3) lam
vecto chi phuong nén ¢é phuong trinh :

-
x=-73 + 4t
6
) e
RN
6
Z=—ra 3.
e) Trong mat phang toa do Ouxy, hinh chiéu d, clia duong thing A co
phuong trinh x+2y+1=0

va hinh chiéu d; cua A’ ¢é phuong trinh x = y.

Giao diém ctia hai dudng thing d, vi d| 1al= [—% : —% : -:}]_

Khi d6, duting thing di qua I, song song vdi Oz sé ciit ca hai dudng thing
A va A’, Phuong trinh dudng thing doé la :

X

Il

L

Tt
Il
I

| =

If
e

,.
L]

10. a) Giasu M = (x; v ; z), khi d6 :
MA® — MB* =2
el =t (-l— P F Q-2 = (2= —gh( ~ )52
S Ax sy <= =1 = (*)
Vay quy tich cdc diém M 1a mat phiang c6 phuong trinh (*).
b) Gia sit N = (x: y: z), khi d6 :
NA® + NB* =3
SU-x+1- +Q-" +Q-07 +y +(1-2% =3

‘::_-[-2+}|2+:2—3_\.—+}'—3:+4=D

dGHECHEC
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2 5"5 " E ,hﬂnklnh T

¢) Mat phiing (OAB) di qua O, c6 vecto phip tuyén E:[E{, (TB] = (-1:3;2)

311_3] V3

Viay quy tich cdc diém N 12 mit cdu c6 tim / (

nén co phuong trinh :
-x+3y+2z=0.

Diém M(x ; y ; z) cich déu mp(OAB) va mp(Oxy) khi va chi khi :

-1+ 3y + 2:{

N1+9+4

=|z| & —x +3y + 2z = +V14:

& -x+3y+2FM4)z=0. (%)
Viay quy tich cdn tim 1a hai mat phang cé phuong trinh ().
a) D& thdy dudng thang A di qua diém c6 dinh A(1:1:5). Tac6 u(a:b;c)
13 mot vecto chi phuong clia A, Goi @ 1a géc giita dudng thang A vi truc Oz,
Khi do

i

cﬂs(u,k = \E = cosd5° .

cos@ =

Vay ¢ = 45°,
b) Toa do giao diém M(x: y; z) cla dudng thing A va mp(Oxy) thod min
hé phuong trinh :

o T xr—1=at
y=1+bt i
= 4 5
1.'_":54‘(.'? P =—-—
=
z=0 7= [

(Déyring c 20 vinfuc=0thia=b=0,voli).
Tir d6 suy ra toa do (x ; v : z) cua M thoa man diéu kién

=1+ (-1 =(a® + bz)(-i)h =25 vaz=0.
[

Vay quy tich di€ém M khi A thay déi 1a dudng tron tam /(1: 1; 0), bdn kinh
bing 5 va nam trong mit phing (Oxy).



12. (h.75) Chon hé truc toa dé Oxyz sao cho :T
O tring A, tia Ox 12 tia AB, tia Oy 12 tia & -
AD, tia Oz latia AA . Khido A=(0:0;0),
H- [ ""...‘\ C-

B=(a;0;0),D=(0;b;0),A'=(0;0;0c), ) =
C=(a:bh:0,D'=0:b:c)B'=(@:0;:c) I AN
C=(a;b;o). ! QL"‘-——__--_:—,‘;D >
a) Phuong trinh mp(A'BD) la : 5 ;:,::,,rﬂ"'” / i
L alea] =l x
- S B
Bdi vay khodng cdch tir A t6i mat phing Hinh 75
(A'BD) la
|—I| abe
2.3

&= ] 1 ] I3 2 2.2
o T N . \lﬂ‘“.l’:r +b°c” +¢“a
2 2 2
a b ¢
by AC =(a;b;0), C'D=(-a;0;-c), [A'CZC'D] = (=bc; ac ;ab)

Viy khodng cich tir A' ti duding thang C'D i :
. |[,4C il D] ) \(azhz B2 4 (2
& e

¢) BC’ = (0, b, ¢), CD’ = (—a;0:¢), BC = (0, b, 0).
Viy khoang cich gilta BC'va CD’ la
. [B¢.cp'] ] ) " |
[BC.cp’]| VP8 + b2c* + PP

B. Cau hoi trac nghiém
1. (C). 2. (C), 3. (D), 4. (B). 5. (A). 6. (B). 7. (A). 8. (C), 9. (A). 10. (B), 11. (A),
12. (C), 13. (B). 14. (D), 15. (A), 16. (B), 17. (D), 18. (D). 19. (A). 20. (A),

21. (D), 22. (D), 23. (B).
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C. Mot so dé kiém tra

be L.

130

Cdu 1. (h.76) a) Tam gidc SAC la tam gidc
déu c6 canh bing a2 nén c6 duong cao

SH =ay2.32 J' *"‘j_

la dudng cao cua hmh choép. Suy ra thé tich
cua hinh chop la
v =12 ﬂ_ﬁ_ - E:J‘_."'{__fl
32 6

b) Goi O la trong tam cua tam gidc déu SAC thi O 1a tim mat ciu ngoai

Hién nhién SH ciing

Hinh 76

ti€p hinh chép. Bin kinh mat céu la

2 rwr

R = 09——9

¢) Hai hinh chép dé déi xing vai nhau qua mp(SBD) nén bang nhau.

CEEHE,E}TECé AB:J{:[-4}2+{2+]]2+(2_2]2 =3J§1

BC =JA-1% +(-1-2)% + (5-2) =32,

CA =J(4- R o R R T e
Suy ra AB = BC = CA va do d6, ABC la tam giac déu.

mp(ABC) c6 vecto phéap tuyén n = (1;1:1) va di qua diém A(4:-1:2) nén
cO phuong trinh: x -4+ y+1+z-2=0hay x+y+z-5=0.
Mit phang (ABC) cit cic truc toa do tai cic diém M(5:0:0), N(0:5:0)

va P(0 ; 0 : 5). Vay mat phing d6 vi cdc mat phing toa do tao thinh ti
dien OMNP c6 thé tich 1
| 535 . 125

V=-OMONOP = — = —,
6 bl 6 6



¢) Tam duong tron ngoai ti€p tam giac déu ABC la trong tam G cua tam

. i .

4+1+]; 1+2 l:2+2+5 =008 Fene olia
3 3 3

dudmg tron ngoai tiép tam gidc ABC la dudng thang di qua G, cé vecto chi

gidc do, vay G =(

phuong n(1:1:1) nén cé phuong trinh :

xX=2+1t
= {

[ R

=3+t

d) ABCD la tir dién déu khi va chi khi D nam trén truc ctua duong tron
ngoai tiép tam gidgc ABC va DA =AB = 32. Dodé D= (2 +1;1:3+1) va

DA% = 18, suy ra
2+t-42+0+1)2 +@B+1-22 =18 = t=+2,
Suy ra ¢6 hai diém thod min yéu cdu bai todn :
D, =(4;2;5) va Dy =(0;-2;1).
beé I1.

Cdu 1. (h.77)

a) Goi AH 1a dudng cao cua hinh ti dién déu
ABCD thi AH la truc cua ca hai dudng tron
ngoai tiép tam gidc BCD va tam gidac B'C'D".
Bai vay, néu goi / 1a giao diém cia dudng
thing AH va mit phing trung truc ctia doan
thang BB’ thi IB=I1C =ID = IB" = IC' = ID",
hay sdu diém B, C, D, B’, C’, D' nam trén
mdt cau tam I, ban kinh /B. Hinh 77

C

Goi K 1a trung diém cua BB’ thi tir hai tam gidc vuong dong dang AIK va
ABH . ta co:

UK _AK _ .. _BHAK _ "3 "4 _3a
BH ~ AH AH oy T
3
2 2 2
" % 2 2 Ya a 11la
vV B2 = IR+ KBt =20 3
ay N 2 16
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Bén kinh mat cdu 1a R = B = a1l _ Jz_z'

TN
b) Hai hinh chép D.BCC'B’ va D.ABC ¢6 chung chiéu cao, con dién tich
hinh thang BCC'B’ bang 3/4 dién tich tam gidac ABC, boi vy thé tich V cua

hinh chép D.BCC'B 1a :
2 3
S A= 1 a~+/3 C."v‘{_ o \E

3 31
V==V == = - =
4 AECRE g 4 4 16

Cdu 2.
a) Gia sir mat cdu (S) ¢6 phuong trinh :
4 }-‘2 +2% + 2ax + 2by+2cz+d = 0.

Vi miit ¢du di qua A, A", B, C nén toa do cia céic diém d6 phai thoda min
phuong trinh mat ciu, tirc |a :

d+4da+d =0
W+12a+d=0 v 7
=>a=-4b=-5,c=-5,d=12
9+6b+d=0 2 2
16+8c+d=0
Viy phuong trinh mat ciu la :
2+‘|r'2 —~Bx=Ty—-Tz+12=0.

Toa do cdc diém B’ vi C' cling thoa min phuong trinh trén nén cic diém dé
ciing nam trén mat céu.

b) Vi G la trong tam cua tam giac A'B'C'nénG = (2; T—} ]).

Ta c-ﬁ?ﬂ:(—i; 3.0, E=(-2;ﬂ:4], vay Eﬁ =0 va E’O_ﬂ' =10,
suy ra OG L AC,0G L AB, do d6 OG L mp(ABC). Vi i dién OABC cé
ba canh OA, OB, OC d6i mot vuong goc nén néu H la truc tim cia tam
gidgc ABC thi OH L mp(ABC). Vay ba diém O, H, G cing nim trén mot
dudng thing. Phuong trinh dudng thing dé 1a :

i:l—v F__.—}!zi
i il i da
3

¢) Giao tuyén A ctua hai mit phing (ABC") va (A'B'C) gébm nhiing diém
M(x; y; z) thoa mdn hé :



X W
=4t =]
Ix+2y+2z =
o “ {21 1} 12
2 o X+ a3y + 3z =124,
Aol
. : : 5 -6, 24 . 4
Suy ra dudng thing A di qua diém M, = = ?’[} va ¢O vecto chi
phuong & = (0 ;= 1; 1).
Viiy khodng cich tir O t6i A la :
214 |y 6" |6 24
) 5 +° 5| +| 5 5
[omgu] \l-1 1| |1 o 0 -1 18
|H| \(I2l2+12~1-12 3

Pé I11.
Céu 1. (h.78)

a) Goi N’ la diém déi xiing vai N qua tim O cua hinh hop. Khi d6, mp(@)
ciit hinh hop theo thiét dién 1a hinh binh hanh DNB'N".

b) Tam O cua hinh hop ciing la tam cua hinh
binh hanh DNB'N’. Phép doi xing qua tam O
bién cic dinh cia hinh hop thanh cdc dinh cua
hinh hép, bién cdic dinh cua hinh binh hanh
DNB’'N' thanh cédc dinh cta hinh binh hanh dé.
Bai vay, phép doi xitng qua tam O bién cdc dinh
cta hinh da dién =% thanh cdc dinh cta hinh da

dién =Jf,. Do dé =%, vi =/, bing nhau. Hinh 78

c¢) Goi V 1a thé tich khéi hop da cho thi thé tich V| cua khéi da dién o/ la
p 7 V
%. con thé tich V, cua khoi tir dién AA’BD la % Suy ra V_] =3,
2

Cidu 2.

a) Khodng cdich tix diém A(1:- 3:— 1) 16i truc Ox 1 d = \/{—3}3 + (=% =410,

khoang céch tir diém B(=2 ; 1 ; 3) t6i truc Ox 1a d’ =12 + 3% = /10 Vay
hai khoang cich dé bang nhau.
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b) Vi diém C nim trén Oz nén C = (0:0; ¢), khidé CA =(1:-3:-1-¢),
CB = (=2:1:3-¢). Tam gidc ABC wvudng tai C khi va chi khi
CB.CA =0 hay 2-3+ (-1 —¢)(3—¢) =0.
Vay ¢’ = 2¢ -8 =0, do d6 ¢ = 4 hoiic ¢ = -2.
Ta ¢6 hai diém thod man yéu cdu la C; =(0:0:4) vaC,=(0:0;-2).
c¢) Hinh chiéu cta diém A(1 ; =3 ; —=1) trén mp(Oyz) 1A A" = (0 ; =3 ; —1),
hinh chiéu ctia diém B trén mp(Qyz) la B’ =(0:1;3). Vi AR = (0:4:4)
nén dudmg thing A'B’ ¢é phuong trinh

x=0

y=-3+1

z=—1+1.

d) Mit cdu cdn tim ¢6 tam [ ndm trén mét phing (Oxy) nén /= (a ; b ; 0).
Mait ciu di qua O, A, B nén O = Al = Bl. Nhu vy :

{mz = Al {az b =-al? +(=3-b2 +1
—

or* = B’ @ +b=(2-a +(1-b7 +9
__53
~2a+6b+11=0 =70
—
4a—-2b+14=0 - 18
i

Suy ra mat ciu ¢6 tam : [ (—%S— = —l-ﬁﬁ: D) vat ¢O ban kinh

2 2
o l=s3\ [ 18V _ [a105 _ [s21
;_m_\/ m) +( 5) _‘sz‘ 20

2 2
; i 53 18 2 _ 821
A cdu ¢ X+ = pop o] gt =
ay mit ciu cd phuong trinh (r+ Iﬂ) +(} + 5) 20
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