§3. CAC HE THUC LUQONG TRONG TAM GIAC
VA GIAI TAM GIAC

Chiing ta biét ring mot tam gidc duge hoan toan xdc dinh néu biét mot s6
yéu t8, ching han biét ba canh, hodc hai canh va géc xen giita hai canh dé.

Nhu vay gilta cdc canh va cdc géc cia mot tam gidc ¢6 mot méi lién hé xac
dinh nao d6 ma ta s& goi 1a cdc hé thitc lwgng trong tam gidc. Trong phén
ndy chiing ta s& nghién citu nhitg hé thitc d6 va céc ing dung cua ching.

~ Do6i véi tam gidc ABC ta thudmg ki hiéu : @ = BC, b= CA, ¢ = AB.

At Tam giac ABC vubng tai A co duong cao AH = hva co BC = a, CA= b, AB = ¢. Goi
BH = ¢'va CH = b’ (h.2.11). Hay dién vao cac 6 tréng trong cac hé thirc sau day dé
dugc cac hé thirc lugng trong tam giac vuéng :
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he = b’ x

Hinh 2.11

ah=bx

1 1 1
¥ &

sinB = cosC = ==; sinC =cosB= —
a a

tanB = cotC = ==: cotB = tanC = == ,
c b

Trudc tién ta tim hiéu hai hé thic lvong co ban trong tam gidc bat ki la dinh

Ii cosin va dinh 1i sin.

Binh Ii césin
a) Bai todn. Trong tam gidc ABC A

cho biét hai canh AB, AC va goc A,
hdy tinh canh BC (hinh 2.12).

GIAI
% 7 —s2 e —i2
Tacé BC :|BC| =(AC~—AB

ST — 2
= AC  +AB -2AC.AB
Hinh 2.12
50 ok el
BC?=AC +AB —2|AaC||ABlcosA .
Vay tacé BC? = AC* + AB®> -2AC.AB.cos A
nén  BC=VAC? +AB? -2AC.AB.cosA .
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Tir két qua cua bai todn trén ta suy ra dinh Ii sau day :
b) Dinh li cosin

Trong tam gidc ABC bdt ki véi BC =a, CA=b,AB=ctacé:

.
a*=b* +¢* =2bc cosA
b® = a* + ¢* —=2ac cosB

¢ =a* +b* —2ab cosC.

éz Hay phat biéu dinh Ii csin bang ld.

Aa Khi ABC la tam giac vuéng, dinh If cosin trd thanh dinh If quen thudc nao ?

Tir dinh 1i cosin ta suy ra :

Hé qua

2 2 2
b 4e =
cosA=——L—a
2bc
2 2 2
+c“-b
dosB=2 T 2 ;
2ac
2 2 2
ax ‘i -
cosC=-a——F.
2ab

¢) Ap dung. Tinh do dai dudng trung tuyén cua tam gidc.

Cho tam gidc ABC c6 céc canh BC = a, CA = b va AB = c. Goi m,, my, va
m, 1a do dai cdc dudng trung tuyén ldn lugt V& tir cdc dinh A, B va C cua
tam giac. Tacé:

5 R+ <a”
m, = -

= 4
N e
mp = 4

5 Ha®+b2)-c*
m. = .

o 4

3
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That vay, goi M 1a trung diém cha canh BC, dp dung dinh Ii c6sin vio tam
gidc AMBtaco :

2

m§ =c2 +[§) —2{'.%.1::053 — cz +£E1— —accos B

7 2
a +c"-b
VicosB= ————— néntasuyra:
2ac
) a* @ +c?-b% 2% +c2)-a?
m; =c“+—-ac. = ;

2ac 4
Chitng minh tuong tu ta ¢ :

2(a® +c%)- b2

2
my = 2

s 2a® +b%)-c?
mi. = 4 g

Acx Cho tam giac ABC ¢6 a =7 ¢m, b = 8 cm va ¢ = 6 cm. Hay tinh do dai dudng trung
tuyén m, cla tam gidc ABC da cho.

d) Vi du

@ Vi du 1. Cho tam gidc ABC c6 cic canh AC.= 10 cm, BC = 16 cm va géc
C = 110°. Tinh canh AB vi céc géc A, B cita tam gidc d6.

GIAl
Dit BC=a, CA=b,AB=c.
Theo dinh 1i c6sin ta c6 :
¢ = a*+b>=2abcosC
= 16°+ 10% - 2.16.10.cos110°
¢? = 465,44,

Viy ¢ =4/465,44 =21,6 (cm).

Hinh 2.14
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Theo hé qua dinh Ii cosin ta c6 :

b2 +c? - 10% +(21,6)* -16°

= (),7188.
2bc 2.10.(21,6)

COs A=
Suyra A= 44°2°, B=180° —(A+C)=25°58'.

@ Vidu 2. Hai luc _;_ﬁ. vi E cho trudc cuing tdc dung 1én mot vat va tao thanh
g6c nhon (E )Tz] = or. Hiy lap cong thite tinh cudng do cha hop luc 5.
GIAI
bat A—B=1T| 'A_D'=E va vé hinh
binh hanh ABCD (h.2.15).

— e e

Khids AC=AB+AD=fj+f,=s.

vay il =[acl=[f + 7.

Hinh 2.15

Theo dinh Ii cosin d6i véi tam gidc ABC ta c6

AC? = AB? + BC? =2 AB.BC.cos B,

hay |;'12 = E'Z +l_y_"£|2 —2|E|.|E\.cns(!80" - a).

Do dé m = J};z +Ez +2‘E1.\El.cosa’.

2. Dinhlisin
&5 Cho tam giac ABC vubng & A ndi tiép trong dudng tron ban kinh R va c6 BC = a,
CA = b, AB = ¢. Chimg minh hé thirc

a b ¢ _
sinA sinB sinC

D6i v6i tam gide ABC bat Ki ta ciing ¢6 hé thie trén, H¢ thic nay duge goi la
dinh If sin trong tam giéc.
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a) Dinh li sin

Trong tam gidc ABC bdt ki voi BC =a, CA=b,AB=cva R
la bdn kinh duong tron ngoai tiép, ta cé :

.a _ ..-‘J _ ‘c' ~ R
sinA sinB sinC

CHUNG MINH. Ta chitng minh hé thitc = 2R. Xét hai truong hop :

sin A

® Néu goéc A nhon, ta vé dudng kinh BD cua dudng tron ngoai tiép tam gidc
ABC va khi d6 vi tam gidc BCD vubng tai C nén ta ¢6 BC = BD.sin D hay
a=2R.sinD (h.2.16a).

Ta c6 BAC = BDC vi d6 la hai géc noi ti€p ciing chén cung E@ Do dé
=R,

a=2R.sin A hay

®

sin A

Hinh 2.16

e Néu g6c A tu, ta cling vé duomg kinh BD cta dudng trdn tam O ngoai ti€p tam
gidc ABC (h.2.16b). Ta giic ABDC n6i ti€p dudong tron tam O nén
D=180° - A. Do d6 sinD = sin(180° - A). Ta ciing ¢6 BC = BD.sin D hay
a=BD.sinA.

Vay a = 2Rsin A hay = = 2R.

®

sin A
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Céc dang thirc

: =2Rva —
sin B sinC
b C

Vaytacé —— = —— = —— =2R
sin A sin B sinC

= 2R dugc chimg minh tuong tu.

éa Cho tam giac déu ABC c6 canh bang a. Hay tinh ban kinh dudng trén ngoai tiép tam
giac dé.

b) Vi du. Cho tam gidc ABC ¢6 B =20°, C =31° va canh b = 210 cm. Tinh

A, cic canh con lai va ban kinh R cua dudng tron ngoai ti€p tam gidc do.

GIAl c

210

Hinh 2.17

Tacé A = 180° —(20° +31°),dod6 A = 129° (h.2.17).

b ’
Mat khdc theo dinh Ii sin ta c6 : -2 =

sin A - sinB  sinC

2R (1)

bsinA _ 210.sin129°

sin B sin20°

Tu(l)suyra a= = 477,2 (cm).

_ bsinC _ 210.sin31°

o=

- = = 316,2 (cm).
sin B sin20°

6 __ 4112  307.02(cm).

" 2sinA 2.5in129°
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3. Céng thic tinh dién tich tam gidc
Ta ki hiéu h,, h, va h. 1a cdc dudng cao cta tam gidc ABC lan lugt ve tir

cac dinh A, B, C va § 1a dién tich tam gidc do.

&? Hay viét cac cong thire tinh dién tich tam giac theo mét canh va dudng cao tuang (ng.

Cho tam gidc ABC c¢6 cic canh BC =a,CA=b,AB=c.

Goi R va r 14n luot 1a ban kinh duong tron ngoai tiép, ndi ti€p tam gidc va
at+b+c

p= 14 mra chu vi cua tam giac.

Dién tich S ctia tam gidc ABC dugc tinh theo mot trong cac cong thire sau

b labsinc=lbt.‘sinﬂ=~1—('a5in3 g (1)
2 2 2
abc
S=——; 2
4R @)
S=pr; (3)
S=p(p-a)p-b)p—c) (cong thic He-rong). @)

Ta chitng minh cong thite (1).

Ta da biét S = %aha véi h, = AH = ACsinC = bsinC (k€ ca C nhon, tit hay
vuong) (h.2.18).

A

>
o

1]

= I—

m
T
jui}
%
o
f
L%
T
@
o
T

a) o) c)

Hinh 2.18
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Dodé § = %absinc.

|
Céc cong thire S = Ebcsin AvaS= %m sin B dugc chitng minh tuong tu.

&a Dua vao cong thire (1) va dinh Ii sin, hdy ching minh S = %-

Aa Ching minh céng thire S=pr (h.2.19).

Hinh 2.19

Ta thira nhin cong thirc Hé-rong.

@ﬂ Vidu 1. Tam gidc ABC cé cdccanha=13m,b=14mvac=15m.
a) Tinh dién tich tam gidc ABC ;
b) Tinh ban kinh dudng tron noi tiép va ngoai tiép tam gidc ABC.
GIAI
a)Tacop= %— (13 + 14 + 15) = 21. Theo coéng thitc Hé-rong ta ¢6 :

§=\2121-13)21-14)21-15) = 84 (m>).

¢ 4
b) Ap dung cong thitc S=prtacoér= E =% =4,
P

Vay dudng tron ndi ti€p tam gidc ABC ¢6 ban kinh 1a r =4 m.,
Tir cong thic S = E_b_f.,

4R
abe 13.14.15

= 8,125 (m).
45 336

ta co R=
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@ Vi du 2. Tam gidc ABC c6 canh a = 243, canhbh=2va C =30°. Tinh canh ¢,
g6c A va dién tich tam gidc do.

GIAI
Theo dinh 1i cosin ta c6

V3

2 =a® +b% -2abcosC =12 +4—2.2J§.2.T' =4,
Viy ¢ = 2 vA tam gidic ABC ¢6 AB=AC =2. Tasuyra B=C = 30°.
Dodé A = 120°,

TacHS= %acsinB = %2@2% =3 (don vi dién tich).

4. Gidi tam giéc va ing dung vdo viéc do dac
a) Gidi tam gidc
Giai tam gidc 12 tim mot s6 y&u t6 clia tam gidc khi cho biét cdc yéu t6 khdc.

Hinh 2.20. Giac ké ding dé ngam va do dac

Muén gidi tam gidc ta thudng sir dung cdc hé thic da dugc néu Ién trong
dinh 1f cosin, dinh Ii sin va cdc cong thife tinh dién tich tam giac.
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EH' vi du 1. Cho tam gic ABC biétcanh a =174 m, B = 44°30' va C =64°.
Tinh géc A va cic canh b, c.
GIAl
Tacé A = 180° — (B + C) = 180° — (44°30° + 64°) = 71°30".
Theo dinh Ii sin ta cé .a = ‘h = _C s
sinA sinB sinC
_asinB _17.4.0,7009
sin A 00,9483
asinC _17,4.0,8988

- = w 165wl
‘T §nA 09483 (m)

do dé b = 12,9 (m),

@ Vi du 2. Cho tam gidc ABC c6 canh a = 49,4 crﬁ, b=26,4cmva C =47°20"
Tinh canh c, A va B.
GIAI
Theo dinh 1i c6sin ta c6
= a* +b* —2abcos C
= (49,4)° + (26,4)" - 2.49,4.26,4.0,6777 = 1369,66.

Vay ¢ = /1369,66 = 37 (cm).

b’ +c? —a®  697+1370-2440
2bc 2.26,4.37

Tacécos A = =-=0,191.

Nhuvay A lagéctivatacé A = 101°.
Dodé B =180° —(A + C) = 180° —(101° +47°20") = 31°40" .

Vay B =~31°40'.

@ Vi du 3. Cho tam gidc ABC c6 canha =24 cm, b= 13 cm va ¢ = 15 cm.
Tinh dién tich § ctua tam gidc va ban kinh r clia dudng tron noi tiép.
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GIAI

Theo dinh li c6sin ta co

b +c>—a® _169+225-576
2bc 2.13.15

nhurvay A 12 géc ti vata tinh duge A = 117°49° = sinA = 0,88.

COsA =

= —0,4667,

Tacé S = %bcsinﬂ = %.13.]5.(},88 =85.8 (cm?).

Apdgngcﬁnglh{rc5=prtace:’}r=ls—-‘e"lp=r24—+123+—15=26nén
p
85,8
=~——=3,3 (cm).
r==e (cm)

b) Ung dung vao viéc do dac

@ Bdi fodn 1. Po chiéu cao clia mot cdi thap ma khong thé dén dugc chan thdp.
Gia sit CD = h 12 chiéu cao chia thip trong d6 C 1a chan thap. Chon hai diém A, B
trén mat dét sao cho ba diém A, B va C thing hang. Ta do khodng céich AB va
cdc gbc CAD, CBD. Ching han ta do dugc AB = 24 m, CAD =a = 63°,
CBD = /3 =48°. Khi dé chiéu cao h clia thap dugc tinh nhu sau :

>

Hinh 2.21

)
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Ap dung dinh If sin vio tam gidc ABD ta c6
AD _ AB
sinf sinD

Tacé @ = D + £ nén D = a—f=63"-48° =15°
ABsinff  245in48° -
sinf@—=f)  sin15°

Trong tam gidc vuong ACDtaco h=CD = ADsine¢ = 61,4 (m).

Do dé AD =

= 68,91.

Bdi tod@n 2. Tinh khodng cich tir mot dia diém trén bd song dén mot géc
cdy trén mot cu lao o giira song.

Dé do khodng cdch tir mot diém A trén b song dén goc ciy C trén cii lao
gilta song, ngudi ta chon mot diém B ciing & trén bdy v6i A sao cho tir A va B
¢6 thé nhin thay diém C. Ta do khoang céch AB, géc CAB va CBA. Chang
han ta do dugc AB = 40 m, CAB = a =45°, CBA = 8 ="10°.

Hinh 2.22

Khi d6 khoang cich AC dugc tinh nhu sau :
Ap dung dinh Ii sin vio tam gidc ABC, ta c6

AC _ AB
sinB sinC

(h.2.22).



ABsin f _ 40.sin70°

Vi sinC =sin(a+ f) nén AC = — =
sin(e+ /) sin115°

= 41,47 (m).

Vay AC = 41,47(m).

Cau hdi véa bai tap

Cho tam gidc ABC vudng tai A, B=58° va canh ¢ = 72 cm. Tinh c. canh b,
canh ¢ va dudng cao h,,.

Cho tam gidc ABC biét cdc canh @ = 52,1 cm, b = 85 cm va ¢ = 54 cm. Tinh
cdc goéc A,BvacC.

Cho tam gidc ABC c6 A= 120°, canh b = 8 cm va ¢ =35 cm. Tinh canh a, va
cdc goéc B, C ciatam gidc doé.
Tinh dién tich S clia tam gidc c6 s6 do céc canh ldn lugt 14 7, 9 va 12.

Tam gidc ABC c6 A=120°. Tinh canh BC cho biét canh AC = m va
AB =n.

Tam gidc ABC c6 caccanha=8cm,b=10cmvac= 13 cm.
a) Tam gidc dé c6 goc tu khong ?
b) Tinh do dai trung tuyén MA cua tam gidc ABC do.

Tinh géc 16n nhét cua tam gidc ABC biét
a)Ciccanha=3cm,b=4cmvac=6cm;
b) Ciccanha=40cm, b= 13 cmva ¢ =37 cm.

Cho tam gidc ABC biét canh a = 137.5 cm, B =83 va C =57°. Tinh géc A,
bdn kinh R cia dudng tron ngoai ti€p, canh b va ¢ cua tam gidc.

Cho hinh binh hanh ABCD ¢6 AB = a, BC = b, BD = m va AC = n. Chiing
minh ring m® +n? = 2(a” + b%).
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10. Hai chiéc tau thuy P va Q cdch nhau 300 m. Tir P va Q thing hang véi chan A
ctia thdp hai dang AB ¢ trén b bién ngudi ta nhin chiéu cao AB chia thip duéi

cc g6c BPA=35° va BOA = 48°. Tinh chiéu cao ciia thép.

11. Mu6n do chiéu cao cua Thdp Cham Por Klong Garai & Ninh Thuén (h.2.23),
ngudi ta ldy hai diém A va B trén mat dat c6 khoang cich AB = 12 m cling
thang hang v6i chan C cia thép dé dat hai gidc k€& (h.2.24). Chan cha gidc k&
¢ chiéu cao h = 1,3 m. Goi D la dinh thdp va hai diém A;, B; ciing thing

—

hang v6i C; thudc chi¢u cao CD clia thdp. Ngudi ta do duge DA|C) = 49° va
DB,C; =35°. Tinh chiéu cao CD clia thép dé.

D
e, i\ A1 12 m (3™ B
1.3m
C L1
A 12m B
Hinh 2.23 Hinh 2.24
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Rgudi ta da do Rhoang cach
” giira Trai Dét va Mat Trang nhu thé nao ?

Mat Trang
Loai nguti da biét dugc khoang cach gilra
Trai Dat va Mat Trang cach day khoang
hai ngan nam vdi mét dé chinh xac tuyét
voi la vao khoang 384 000 km. Sau dé
khoang cach gilta Trai D4t va Mat Trang
da dugc xac lap moét cach chac chan vao
nam 1751 do mét nha thién van ngudi
Phap la Giodep La-lang (Joseph
Lalande, 1732-1807) va moét nha toan
hoc ngudi Phap la Ni-cé-la La-cay
(Nicolas Lacaille, 1713-1762). Hai 6ng da
phéi hap t6 chirc dimg & hai dia didm rat
xa nhau, mét ngudi & Bec-lin goi la diém
A, con ngudi kia & Mai Hao Vong (Bonne-
Espérance) mét mii dat d cuc nam chau
Phi, goi 1a diém B (h. 2.25). Goi C la m6t
diém trén Mat Trang. Tir A va B ngudi ta
do va tinh dugc cac goc A, B va canh AB
cla tam giac ABC.

Trong mat phang (ABC), goi tia Ax la

dudng chan trdi vé tir dinh A va tia By 1a
dudng chan troi vé tir dinh B. Ki hiéu

a:@,ﬁ:f}ﬁ}.

Goi O |a tdm Trai bat, taco : Tréi DAt

u= ;?EE=F§E=%AOB.

Tam giac ABC cé ﬁ=a+u,.§=ﬁ+u. Hinh 2.25

Vi biét do dai cung AB nén ta tinh dugc goc AOB va do db tinh dugc dé dai canh
AB. Tam giac ABC dugc xac dinh vi biét "géc - canh - goc" clia tam giac doé. Tir do
ta co thé tinh dugc chiéu cao CH cla tam gidc ABC la khoang cach can tim. Ngusi
ta nhan thdy rang khodng cach nay gan bang mudi I&n dd dai xich dao cla
Trai D4t (= 10 x 40 000 km).
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