' DANG LUONG GIAC CUA 56 PHUC VA
UNG DUNG

1. So phirc dudi dang luong giac

a) Acgumen cua sé phiic z # 0

DPINH NGHIA 1

Cho s6 phitc z # 0. Goi M 1a diém trong mat phang phiic biéu
dién s6 z. S6 do (radian) clia méi goc luong gidc tia ddu Ok, tia
cudi OM duge goi 1a mot acgumen ciia z .

CHU Y YA
Néu ¢ la mét acgumen

cia z (h4.5) thi moi
acgumen cua z c6 dang

@+ k2n, k € Z. (Nguoi M(z)
ta thudng néi : Acgumen ® .
cua z#0 xdc dinh sai 0 X
khiac k2m, k € Z).
Hinh 4.5
Vidu 1 (h.4.6). i
_"I“
a) SO thuc duong tuy y ¢6 mot acgumen caEn
ol
la 0.
b) S6 thuc dm tuy y ¢6 mot acgumen
. E(1 + 1)
la .
¢) Cic s6 3i, —2i va 1+ theo tha ty B-2) O aq X
c6 mot acgumen 1a =, - va Z. D(-2i
Jtacg 3 T3 2 (=21)
Hinh 4.6
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Nhan xét

Hai s6 phitc z va [z (vdi z 20 vallasé
thue duong) c6 acgumen sai khic
k2m,k € Z,vi cac diém biéu dién cla:
chung ciing thuéc mot tia goc O (h.4.7). N(lz)
M(z)

by |

[E] Biét s6 phic z # 0 co mét acgumen la .
Hay tim mét acgumen ctia méi sé phire sau :

]
=Y

=;:"),

A Hinh 4.7

- I
=z 3 Z ;-2 ;- (d€yrang

b) Dang luong gidc cua so phic ¥

Xétsophic z=a + bi #0 (a, b € R). M(a + bi)

Ki hiéu r 1a médun cia z va ¢ la mot }
acgumen cua z (h.4.8) thi dé thdy ring : r :
a=rcose, b=rsing. ¢ i

Viy z =a+ bi # 0 c6 thé viét duéi dang
z =r(cose + ising). Hinh 4.8

Ta co

DINH NGHIA 2

Dang z = r(cosg + ising), trong d6 r >0, dugc goi la dang
luong gidc cua so6 phite z # 0. Condang z = a + bi (a, b € R)

duoc goi la dang dai 56 cua sé phiic z.

Nhdn xét. Dé tim dang lugng gidc r(cose + ising) cua s6 phitc z = a + bi
(a, b € R) khdc 0 cho trudc, ta cin :

1) Tim r : d;S 1a modun cua z, r = Va® + b* ; 80 r do cing la khoang cédch
tir goc O dén diém M biéu dién s6 z trong mat phing phic.

2) Tim ¢ : d6 la mot acgumen cta z; ¢ la s6 thuc sao cho cosg = 2 v
r
sing = = ;80 @ d6 ciing la s6 do mot goc lugng gidc tia ddu Ow, tia cudi OM.
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Vidu 2

a) S6 2 c6 modun bang 2, c6 mot acgumen bing 0 nén né c6 dang luong gidc
2(cos0 + isin0) ;

b) S6 —2 c6 modun bing 2, ¢6 mot acgumen bang m nén né c6 dang lugng
gidc 2(cosm + isinm) ;

¢) S6 i c¢6 médun bing 1, c6 mot acgumen bang ; nén nod c6 dang luong

File cosn + isin i
1é — = ¢
& 2 2

d) S6 1 + i c6 modun bang v2, c6 mot acgumen bing % nén né co dang

luong gidc V2 (eos% + isin%) :

e) S6 1 - v@i ¢6 modun bing _‘“2 + («.@)2 = 2, ¢6 mot acgumen la ¢ sao

cho cosp = % sin.;p:_—;a Liy ¢ = —g thi

1—3i = 2(% - %f] = z[cos[—%J + isin(—%ﬂ.

CHU Y
1) |zl =1 khi va chi khi z = cos@ + ising (¢ € R).
2) Khi z =0 thi |z| = 7 = 0 nhung acgumen cta z khong xéc dinh
(doi khi coi acgumen cta 0 la s6 thuc tuy y va van viét
0=0(cos@ + isine)).
3) Cin dé y doi hoi r > 0 trong dang lugng gidc r(cos@ +ising) cla
80 phic z # 0.
Vidu 3
a) S6 phitc —(cos ¢ + ising) c6 dang lugng gidc la
cos(p + m) + isin(@ + m).
b) S6 phiic cosg —ising c6 dang lugng gidc la
cos(—¢) + isin(—¢).

ﬁ-i_il Cho z = r(cos@ + ising) (r > 0), tim médun va mét acgumen cua % tr do
1

z

suy ra dang lugng giac clia



2. Nhan va chia s6 phirc duéi dang luong giac

Ta da bi€t cong thitc nhan va chia s6 phiic dudi dang dai s6. Sau day la dinh I
néu [én cong thifc nhan va chia s6 phitc dudi dang luong gidc ; ching cho cic
quy tic tinh todn don gidn vé nhan va chia sé phiic.

DINH LI

&1

Néu = r(cos@ + ising),

t-a

"=r'(cos@' +ising’) (r=0,r'=0),

thi zz' = rr'[cos(e + @) + isin(p + ¢")],

-

"? 2= Z— [cos(g' — @) + isin(p' — @)] (khi r > 0).

No6i mot cich khdc, dé nhan cdc s6 phic dudi dang luong gidc, ta 1dy tich cic
modun va tong cdc acgumen ; dé chia cdc s6 phitc dudi dang luong gidc ta ldy
thuong cdc modun va hiéu céc acgumen.

Chimg minh
zz' = [r(cose + ising)] [r'(cos@' + ising')]
= rr'[cos@cos@’ — sin@sing' + i(sin@cos@' + cos@sing')]
= rr'[cos(¢ + @") + isin(p + @")].
Mat khac, ta co % = %[ces{—m} + isin(—¢)]. Theo cong thitc nhin sé phiic,
ta co

. : , oy
=E =:—_[cos(ga — @) +isin(@' — @)] O

ta | B

Vidu4. Taco l1+i= ﬁ[cos%+isin—i—}

X : T .. T
va - \E+f = 2[cos-+tsm—),

6 6
nén B JE cos(i—i]+fqin(£—-iﬂ
J3ai 2L \4 6 T4 06

B iun )

—2- kcosﬁ + r‘sinﬁ
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Nhan xét. Néu thuc hién phép chia trong vi du 4 duéi dang dai s6, ta dugc

1+

\E+i
o _N20+43) . om_ V2(3-1)

- 3 MpT 4

= %[1 +V3+(3- HE] nén tir két qua trén suy ra

cos

3. Cong thite Moa-vro (Moivre) va g dung
a) Cong thirc Moa-vro

Tir cong thitc nhan sé phic duéi dang lwong gidc, bang
quy nap toin hoc dé dang suy ra rang véi moi s6
nguyén duong n,

[r(cose + ising)]" = r" (cosng + isinne)

vaikhi r =1, tacé

(cosg + ising)" = cosng + isinng.

A. De Moivre ol e = ;
(1667 — 1754) Ca hai cong thitc d6 déu duge goi la cong thite Moa-vro.

3
Vidu5. (1+i) = [ﬁ(cos% + isin%ﬂ

= (2)° (cm—+mn%“]
_ M(._;C_ij

2
=—4(1 +1i).

b) Ung dung vao lugng giac

Cong thic khai trién luy thita bac ba ctia nhi thitic cos@ + ising cho ta

(cos@ + isin ;o)'}’ = cos @ + 3cos’ @(ising) + 3cose(isin (p)z + (isin (9}3
- cns3¢9 - 3C{)s¢?sin2 @ + .r'{fh:t;:'s2 @sing — sin3’;a}.

Mat khic, theo cong thiic Moa-vro,

(cos@ + isin 90)3 = cos3@ + isin3¢.
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“ T do suy ra
cos3p = cos® @ — 3c05(asin2 P = 4cos“gp — 3cos g,
sin3¢ = 3cos® gsing — sin31;0 = 3sing — 4sin3¢J.

Tuong tu, bing cich d6i chiéu cong théc khai trién lug thia bac # cta nhi
thitc cos@ + ising vdi cong thiic Moa-vro, ¢ thé biéu dién cosng va sinng
theo céc luy thira ca cosg, sing.

¢) Can bac hai cua sé phirc dudi dang luong gidc

Tir cong thirc Moa-vro, dé thdy s6 phiic z = r(cose + ising), r > 0 co6 hai
can béc hai la

J;(ccrs% - r'sin%)

vi —w'{;{cns—g— + isingi} = J;(cos(% 4+ )+ f'sin(ig- + n)].

Céu hoi va bai tap

s kz (ke R) trong

s 1
27. Hiy tim dang luong gidc cta cédc s6 phic : 7 ; —z ; =

t

méi trudng hop sau ;-
a) z=r(cos@+ising) (r>0);
bz=1++3i

28. Viét cdc s0 phic sau duéi dang luong gidc :

1-iV3 |

a)l—iv3:i1+i:0-iv3)a+i): .

b) 2i(\3 = i) ;

l -
2+2°

c)

d)z=sing + icose (@ € R).



Chii . C6 thé dung mdy tinh bo tdi dé chuyén d6i dang dai s6 voi dang
lugng gide cla s6 phitc z # 0. Chang han, dung mdy tinh bo tai CASIO
fx —500MS dé :

1) Déi tir dang dai s6 z = 1 + J3i thanh.dang lugng gidc z = r(cosg + ising)
thi (dat & ché do "radian”) én lién tiép

Pol( 1 ; v 3 )
(e 1a r = 2) ; dn ti€p

: trén man hinh hién 2

RCL| | F |:tén man hinh hien F=1,047197551 (tic la ¢ ~ %}.

3
thi (dat & ché do "radian") an lién ti€p

2) Déi tir dang luong gidc z = 2(cos— + isin g) thanh dang dai s6 z = a + bi

SHIFT Rec( 2 , SHIFT | | = = | 3 ) -

trén man hinh hién 1 (tdc a = 1) ; an tiép

|RCL| | F |:trén man hinh hién F = 1,732050808 (tic 1a b =~ /3).

29. Diing cong thifc khai trién nhi thic Niu-ton (1 + i)' va cong thitc Moa-vro dé
thh €% < CE + Ch— .+ €k =Cl5.

30. Goi M, M' 1a cic diém trong mat phiang phic theo thit ty biéu dién céc s6
z=3+i, z'=3-3)+ (1 +3V3)i

) Tinh =
b) Ching minh ring hiéu s6 acgumen cta z' véi acgumen cta z la mot s6 do
cua goc lugng gidc (OM, OM ). Tinh s6 do do.
: ) 2 . 1 :
31. Cho cac s6 phitc w = iz_-{l +i)va g = 5(—1 s nﬁ].

- 2% Tr 5 n & # LY
a) Chimg minh rang z;, = cos tisings, 2) = %8, I = :usz la cic nghiém

ctia phuong trinh z° —w = 0.
b) Biéu dién hinh hoc cdc s6 phiic zy, z, 2.
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32.

33,

34.

35.

36.

Luyen tap

St dung cong thiic Moa-vro dé tinh sindg va cos4¢ theo cic luy thira ctia
sing va cosg.

Tinh

L+ j~Di3

Cho s6 phitc w = —%[l +ix/3). Tim cdc s6 nguyén duong n dé w" 1a s6 thuc.

W3-, ( : ]m; {mf

Hoi c6 chang mot s6 nguyén duong m dé w™ 1a s6 o ?

Viét dang lugng gidc cua s6 phitc z va cua cdc can bac hai cua z cho mbi
truong hop sau :

a) |z| = 3 vA mot acgumen cua iz 1a %T—c ;

1 ' o 3n
b = — vamit a— la ——-
) |zl 3 va mot acgumen cua 57 7
Viét dang luong gidc cua cac s6 phifc sau :
T 1
1 —itan—; b) tan— +1 ;
a) :an5 - ) tan g tis

c) 1 —cos@+ising (@ e R, g+ k2n, k e Z).

Bai doc thém

CAN BAC n CUA SO PHUC

Tuong tu dinh nghia can bac hai clia s6 phic, ta goi s8 phic z sao cho z" = w 13
mét céin bac n clia sé phifc w (1 1a s& nguyén cho trudc, n > 1),

R6 rang chi cé moét can bac n cia w =0 1a 0.
Khi w # 0, ta viét w duéi dang lugng gidc w = R(cosa + isina), R > 0. Ta cén
tim z = r(cos@ + ising), (r>0)saocho z" = w.
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Theo céng thitc Moa-vrg, z" = w ¢6 nghia la
r" (cosng + isinng) = R(cosa + isina).

ticla r" =Rvanp=a + k2n, (k € 7).

Tirdo r = 4R, ga=%m;timla

: [ (a I-:En'] - [a HRH
z=%R|cos| —+—— |+ fsin| —+— | |.
i n n n

Ldy k =0, l..... n — 1, tadudc n can bac n phan biét clia w.
Vi du

T . g .
S6 w =i= cos— + isin— cb ba can bacbala
2 2 B[:*_s}

y

Aizl‘l‘

z cm“ +;r'~;ir=Tt
...I n 6 [ 6 I

%(ﬁﬂ’):

COS[E + E] + :'sin[E + 2“)
6 3 6 3

%(—ﬁ +1) ;

COS(E + EJ + isin[E + E) =—i;
6" 3 : 6 3 '

(trén hinh 4.9 c6 ba diém A, B, C theo thif tu biéu dién z,, z,,

L ]
bd

=3

1"

Cizy)

Hinh 4.9

:3).

Chu y : Néu w # 0 thi cac can bac n (n>3 cho trudc) clia w duge bidu dién
trén mat phéng phirc bdi cac dinh clia mét n-giac déu ndi tiép dudng tron tdm O ban

kinh 4lwl.



