LOGARIT

Trong bai nay ching ta s& tim hi€u mét trong nhimg phép todn quan trong c6
nhiéu ing dung trong thuc tién, d6 la logarit.

1. Dinh nghia va vi du
Trude tién, ta ¢6 nhimg luu v sau vé luy thira cua co sé a :

Cho s6 a duong. VGi méi s6 thuc a tuy v, ta luon xédc dinh duogc luy thira a“.
Hon nira, ta co

a” 1a mot s6 duong ;
Neua=1thia® =1 =1 véimoi ¢ € R ;
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Néu a > 1 thi a® < a” khivachikhi a < f ;
Néu0< a <1 thi @* < a” khivachi khi a > S.

Tir d6, suy ra
NéuO< a #1thi @ = a” khivachikhi a = 3.

Ngugc lai, ta thira nhan rang khi @ 1a mot s6 dwong khdc 1 thi v6i méi s6
duong b, c6é mots6 a dé

4" =k
Theo luu y & trén, s6 a d6 1a duy nhat. Tir d6, ta ¢6 dinh nghia sau :

DINH NGHIA 1
Cho @ 1a mot s6 duong khic 1 va b 1a mot s6 duong. S6 thuc
dé a® = b duge goi la logarit cu s6 a ciia b va ki hicu 1
log, b, tirc la

a =log,b < a” =b.

Vidul

" 2 3 ] ” -2 . x
log;( 100 =2 vi 107 =100 ; lﬂgmm= 2Vl =—= 100"

CHUY

1) Khong c6 l6garit ctia s6 0 va s6 4m vi a” lu6n duong véi

moi « .
2) Co s6 cua logarit phai duong va khdc 1.

3) Theo dinh nghia l6garit, ta c6

log,1 =0,log,a=1;
Iogﬂ;a’}:b,‘u’beﬂ{: - (1)

a“%? =p vbeR b0 (2)

Hai cong thic (1) va (2) néi 1én rang phép ldy logarit va phép ning lén luy thira
la hai phép todn nguoc cla nhau. Cu thé, véi s6 @ duong khdc 1 ta ¢6
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V&i moi s6 thuc b

b+ . @’ > logaah:b:

nang lén luy thira Iy logarit co s6 a
cosd a

Vi moi s6 thue b duong

s L h
b log, b * q'%%? =

lay logarit co s6 a ning 1én luy thira
casda
Vidu 2

.

I &
lGE;%‘E = log, 33 =% : logl4 = iggl(%] N

2 2

[H1] Tinn
1

! log, 12 l 1
a) log, 5 ; logjg 3= : B) 97857 L0125 T80

2 N

[H2] voi gia tri nao cia x thi logy (1—x) =2 ?

Tinh chat
a) So sanh hai logarit cung co s6

Tir nhimg luu ¥ cua muc 1, dé dang chiing minh duge

PINH Li 1

b.

Cho s6 duong a khic 1 va cic s6 duong b, c.

1)Khi @ > 1 thi log,b > log,c < b>c

2)Khi0<a<1thilog,b>log,c < b <ec.

Ta chiing minh 1).
Vi a > | nén, theo luu ¥ cua muc 1, ta céd

b

log log, ¢
log, b > log,c & a®” >a®‘ < b>c.




[H3| Hay chung minh 2).
Tiur dinh Ii 1, ta co

HE QUA

Cho s6 a duong khéc 1 va cdc s6 duong b, c.
1)Khi @ > 1 thi log,b>0< b>1.
2)KhiO<a<l1lthilog,h>0 b<l.

3) log, b =log,c < b=c.

3
Vi du 3. Hay so sinh Iog3% va log, 3
5° &

Gidi.‘.’i%-::l vé%c:l nén log3%>lug31=0.
5 5

3 = 3 3
ViE:»lvagczlnénlogzgﬁilog%l:(}.

3

2
Tir do suy ra logy 3> log, 3
3 z

b) Cac quy tac tinh logarit

Tur dinh nghia logarit va tinh chét cla luy thira, ta suy ra cic quy tac tinh
logarit.

PINH Li 2

Véi s6 a duong khic 1 va cic s6 duong b, ¢, ta co

1) log,(bc) = log, b +log,c ;
b
2) log, (:] = log, b —log,c ;

3) log, b” = alog,b.
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CHUY
Bing quy nap, suy ra ring véi céc s6 duong by, b,, ..., b,, taco
loga(blblé'“bn) = loga J"JI ¥ loga % tot Iogu bri*
Khéng dinh sau ding hay sai ? Vi sao ?
VX e (—o0; —i}. luga{xz —D=log,(x+1)+log,(x-1).

Tir dinh 1i 2 dé dang suy ra

HE QUA

Véi s6 a duong khic 1, s6 duong b va s6 nguyén duong n, ta cé
1
1) lugag =-log,b ;

2) log,, 4p = %IugH b.

Vidud
log;16  log;16 _ log,2*  4log,2 "
log, 15 - log;30 — 15~ jog,27!  —log;2
log, 30 7

IEJ Tinh logs \E —%Iogj 12 + logs 50.

3. Doi co so cua logarit

Trong tinh todn, d6i khi ta cdn biét m6i lién hé giira nhimg l6garit véi co s6
khac nhau. ]

Sau day la cong thitc déi co sé cha logarit.

DINH Li 3

Vi a, b 1a hai s6 duong khic 1 va ¢ 1a s6 duong, ta cé

log, ¢
log, b

log, ¢ = hay log,b.log,c = log, c.




Chitng minh
That vay, ta cé ¢ = b'°%°, tirdé

log, c = lﬂga{blo‘g-"f) = log, c.log, b.
Vi b #1nén log,b # 0, dodé

Tir cong thite déi co s6 cla logarit, v6i ¢ = a, tasuy ra

HE QUA 1

V@i a va b la hai s6 duong khac 1, ta co

log, b = hay log, b.log,a = 1.

log, a

Ciing trong cong thic déi co s6 do, vai b = a“ (a# 0),1ac6

HE QUA 2

Véi a la s6 duong khac 1, ¢ la s6 duong va @ = (), ta cé

I _— 1 ;
0g,a ¢ =—log,c.

Vidu5. log, (log;4.log,3) = log, (2log;2.10g,3) = log, 2 = log,, 2
1 ) 4
1

1

Tim x, biét logy x + logg x = %

Nhdn xét. Nho cong thitc d6i co s6 cua logarit, khi biét logarit co s6 a, ta c6
thé tinh duoc 16garit co s6 bét ki. Ching han, ta c¢6 thé tinh dugc cic logarit
cos0 2, coso 3, ... theo logarit co so 10.
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4.

88

Logarit thap phan va ing dung

Trong thuc hanh ta hay diing hé d€m thap phén (hé dém co s6 10) ; chinh vi vay
l6garit thap phén (logarit co s6 10) chi€ém mot vi tri quan trong trong tinh todn.
Nam 1617 nguoi ta da xay dung dugc bang 16garit thap phan dé tim gid tri gin
ding logarit thip phian cia mdt sé thuc duong bdt ki (xem biai Em c¢é biét
"V¢é lich sir phat minh logarit va bang l6garit” trang 91). Ngay nay thay vi ding
biang, nguoi ta thudng dung may tinh bo tii.

DINH NGHIA 2
Logarit co s6 10 cia mot s6 duong x duge goi la logarit thap
phan cua x va ki hiéu 1a logx (hoac la lgx ).
Logarit thap phin cé ddy du cdc tinh chit cua logarit vdi co s6 16n hon 1.

e Trudc khi ¢6 mdy tinh, dé tinh céc luy thira véi s6 mii phic tap, nguoi ta
thuong dung phuong phap "logarit hod" véi logarit co s6 10 va cdc tinh todn
dugce thyc hién nho bang s6.

Vi du 6. DE tinh 2,1*** ngudi ta 1am nhu sau :
— Tinh log2,1>*
log2,13% =3,2l0g2.1 = 1,0311 ;
— Tir d6 suy ra 2,1>% ~ 10" ~ 10,7424 . O

o Ngudi ta con ding phuong phéap "lo6garit hod" va céc tinh chat cta logarit dé
giai quyét mot so bai todn lién quan dén luy thira.

Vidu7

Mot ngudi giri 6 triéu dong vao ngan hang theo thé thic lai kép, ki han 1 nam
vai lai sudt 7,56% mot nam. Hoi sau bao nhiéu nam ngudi gii s€ ¢6 it nhat
12 triéu dong tir s6 tién gui ban ddu (gia sir i suat khong thay déi) ?

Giai

Theo cong thiic 1ai kép C = A(1 + )", sau N nam giri, ngudi gl s& c6 mot

sO tién la
6(1 +0,0756)".

Tir do, ta phai tim N sao cho
12 =6(1 +0,0756) ™. (1)



Ldy logarit thap phan hai v& clia dang thic (1), ta dugc
log12=log6 + N log1,0756.

log12 — log6
S N = ~9,51.
Sf logL0756 =

Viy sau khoang 10 nam ngudi gui sé ¢6 it nhat 12 triéu déng tir s6 von 6 triéu
dong ban dau. |

® R6 rang khi x = 10" thi logx = n. Con véi s6 x > 1 tuy ¥, viét x trong hé
thap phén thi s6 cdc chit s6 dimg truée ddu phay cha x 1a n + 1, trong dé n 1a
phan nguyén cua logy, n = [logx].

That vay, vi 10" 12 s6 tu nhién bé nhat ¢6 n + | chit s6 nén s6 céc chit s6
ding trude ddu phdy ctia x bing n + 1 khi va chi khi 10" < x < 10", wic 1a
n < logx < n+1 ;diéu nay ching to n = [logx].

Vi du 8. Dé tim s6 cic chir s6 ctia 2°°% khi viét trong hé thap phan nguoi ta
lay gid tri gan ding cua log2 1a 0,3010 va duoc

[2008.log2] + 1 = [2008.0,3010] + 1 = [604,408] + 1 = 605.
Vay s6 22 ¢6 605 chit so.

Khi viét 2'°% trong hé thap phan ta duoc mot s6.c6 bao nhiu chir s ?
(Idy gia tri gén dung cda log?2 la 0,3010).

Céu hoi va bai tap

23. Chon khing dinh diing trong cdc khing dinh sau :
a) Co s6 cia logarit 1a mot s6 thuc bat ki ;
b) Co s6 cua logarit phai 1a s6 nguyén ;
c¢) Co s6 cua logarit phai la s6 nguyén duong ;
d) Co s6 cua logarit phai 1a s6 duong khic 1.
24, Trong cdc khiang dinh sau day, khing dinh nao ding, khing dinh nio sai ?
a) Co logarit cua mot s6 thuc bat ki.
b) Chi c¢6 logarit cia mot s6 thuc duong.
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¢) Chi c6 logarit cia mot sé thue duong khéc 1.
d) Chi c6 logarit cua moét s6 thue 16n hon 1.

25. Dién thém v&€ con lai cia ding thic vad b sung diéu kién dé co dﬁqg
thic diing.

a) log,(xy) =...; b)..=log,x-log,y ;
c) log, x* =...; d) ¢'°%" =
26. Trong m6i ménh dé sau, hay tim diéu kién clia a dé c6 ménh dé ding :
a) ]og'u x<log,y<=>0<x<y;
b) lﬂéax <log,y = x>y>0.

27. Hay tim logarit cia moi s6 sau theo cosé 3 :

1 1
3; 81; 1; —; 33 —_—
9 W3
28. Tinh logy 125 ; logﬂjvl- ; log | 2 ; log, 36
L 2 — 64 +
5 4 6
. : log, 5 logg 52
1 1 '
29. TJ h |Ug3IE . 5'0332 i = v (_) )
9. Tinh 3 3 : m : 7
30. Tim x, biét
a) logsx =4 ; b) log,(5—x)=3;
c) logs(x +2) = 3 d) log, (0,5 + x) = —1.
6

31. Biéu thi cdc l6garit sau day theo légarit thap phan (r6i cho két qua bing mdy
tinh, lam tron dén chit s6 thap phan thit hai) :

log;25 : logs8: logg0,75: logy,s1,13.
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VE LICH SU PHAT MINH LOGARIT VA BANG LOGARIT

Logarit la phat minh cla Né-pe (J. Napier hay J. Neper
1550 - 1617) — moét dién chl va nha thdn hoc ngudi
Xcot-len. Né-pe bi toan hoc 16i cuén va éng coi toan hoc
la niém vui gidi tri cGa minh. Trong vong 20 nam trdi,
nhing lic ranh rdi, Né-pe da phat trién Ii thuyét l6garit va
ong da trinh bay vdn dé nay trong mét cuén sach viét
bang chir La-tinh in nam 1614 v6i ddu dé "M6 tad mot
bang Ibgarit ki diéu® (tir "Idgarit’ 66 géc la nhiing tir Hi Lap
logos nghia la ti 1&, arithmos nghia 1a s8). Ong hi vong
phat minh cla minh sé giup don gidn hoa nhiéu phép
tinh trong thién van, dé 1a nhilng phép tinh déi hdi nhiéu
cong slfc va thai gian.

John Napier
(1550 — 1617)

Thuc té, légarit cla Né-pe da lam cubc cach mang trong thién van va trong nhiéu
linh vuc toan hoc bang cach thay thé viéc thuc hién "phép tinh nhan, chia, tinh can
béc hai, can bac ba ciia nhimg s6 16n ma bén canh viéc tiéu phi thoi gian mét cach
té nhat, ngudi ta con hay bi'nhdm Ian" bang thuc hién cac phép tinh cong, trir don
gian nhimg s& tuong (ng. Phat minh clla Né-pe 1a mét phuong thirc tiét kiém thai
gian dang ké.

Mét s& nha sl hoc coi rang viéc sir dung l6garit dé don gidn cac phép tinh da giup
nha thién van ngudi Ditc Gié-han Ké-ple (J. Kepler) phat hién ba quy luat chuyén
déng cla hanh tinh ma diéu nay lai giup nha véat I ngudi Anh Niu-ton (. Newton)
phat hién Ii thuyét hdp dan. Sau phat minh cla Né-pe 200 nam, nha toan hoc Phap
La-pla-xd (P. Laplace) viét rang : Lagarit, bang cach gidm bét cong sifc tinh toan, da
kéo dai tudi tho gap hai lan cho cac nha thién van.

Cac bang lbgarit ban dau clia Né-pe con nhiéu khiém khuyét. M6t nha toan hoc
ngudi Anh l1a Hen-ry Bric (H. Briggs) doc céng trinh cla Né-pe (bang chif La-tinh)
ngay sau khi n6é dugc cong bé, lap tife thdy dudc y nghia cha phat minh ki diéu nay.
Bric viét thu cho Né-pe dé nghi gap gd trao ddi va néu ra nhiéu cai tién cho phat
minh dé. Hai nha toan hoc gap nhau vao mua hé nam 1615. Bric dé nghi dinh nghia
lai Ibgarit thap phan (l6garit ca s8 10). Thuc ra, Né-pe cé nghi dén diing cd sé 10
nhung da khéng da sltc 1am nén cac bang mdi. Né-pe dé nghi Bric xay dung céac
bang nhu thé.

Sau d6 hai nam, cac bang logarit thap phan dau tién da dudc Bric xay dung. Né-pe
mé&t nam 1617 trudc khi Bric hoan thanh cac bang d6. Nhiéu nha toan hoc da tiép
tuc xdy dung cac bang légarit thap phan trong dé cé bang cia Bra-di-xo ma ngay
nay ching ta van cén dung.
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32.

33.

Khi viét s6 thap phan duong @ dudi dang ki hiéu khoa hoc a=a.10", véi
I<a<10,ne Z thi

loga=loga+n. ; (1)

Nhu vay, chi cdn biét loga voi moi @ thuéce [ 1 ; 10) thi s& tinh dugc lbgarit thap
phan clia mét s6 thap phan duong bét ki. Ngudi ta goi loger trong (1) 1a phén dinh
tri, n 1a phdn dac tinh clia loga. Trong cac bang s6, ngudi ta cho san gia tri
gan ding phan dinh tri logar. Bang cla Bra-di-xo cho loga vdi bén chit s
thap phan.
Vi du. Cho biét log 2,319 = 0,3653. Tinh log23,19 va log0,2319.
Giai
log 23,19 = log(2,319.10) = log 2,319+ 1 = 0,3653 + 1 = 1,3653 ;
log0,2319 = 10g(2,319.107") = log 2,319 -1

=0,3653-1=-0,6347.

Luyén tap
Hay tinh :
a) logg 12 — logg 15 + logg 20 ; b) %mg? 36 — log, 14 — 3log, 321 ;
C} ngS 36 L Iogj ]2 . d) 36|Ugb5 + lol—h)gz e Slﬁgzi'
logs 9
Hay so sinh :
a) log; 4 va 1034% : b) 386! vy 710807

34, Khong dung bang s6 va mdy tinh, hay so sdnh :

a) log2 + log3 vai logs ; b) logl2 —log5 véi log7 ;
c) 3log2 +log3 vai 2logs ; d)1 + 2log3 v6i log27.

35. Trong méi trudng hgp sau, hdy tinh log, x, biét log, b =3, log,c = -2 :
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a' b
=,
5

a) x = a°b*\e ; b) x =




36.

L F i

38.

39.

40.

41.

Trong mdi trudng hgp sau, hiy tim x :

a) logy x = 4logya + Tlogy b ; b) logs x = 2logs a — 3logs b.
Hiy biéu dién cdc logarit sau qua a va f:

a) log 57 50, néu log,15 = a, log;10 = § ;

b) log41250, néu log, 5 = a.

Pon gian cdc biéu thic sau :

| S 4 1 3 9
a) Iog§+alog4+4lcg\f§ : b) lng§+alog36+§10g5 ;
¢) log72 - 21qg% + logy/108 ;  d) log% —1og 0,375 + 21og+/0,5625 .
Tim x, biét :
a)log,27=3: b) logx% =13 ¢) log, /5 = -4.

S6 nguyén t6 dang M, = 27 — 1, trong d6 p 1a mot s6 nguyén t6 duge goi 12
$6 nguyén t6 Mec-xen (M. Mersenne, 1588 — 1648, ngudi Phdp).

O-le phat hién My, nam 1750.

Luy-ca (E. Lucas, 1842 - 1891, ngudi Phdp) phat hién M,,; nam 1876.
M]393269 dm;)‘c phﬁt hi&n nam 1996.

Hoi rang néu viét ba s6 dé trong hé thap phan thi moi s6 ¢6 bao nhiéu chir s& ?
(Dé thay rang s6 chir s6 ctia 2” — 1 béng s6 chif s6 clia 2” va dé tinh s6 chir
s6 ctia My, ¢6 thé ldy log2= 0,30 va dé tinh s6 chif s6 clia M,39g569 €6 thé
lay log2 ~ 0,30103 (xem vi du 8)).

Mot nguoi gui 15 triéu dong vao ngan hang theo thé thic 1di kép ki han mot
quy voi lai suat 1,65% mot quy. Hoi sau bao lau ngudi d6 c¢6 dugce it nhit
20 triéu dong (ca von lan 1di) tir s6 von ban ddu ? (Gia sir 1di suit khong
thay doi).
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