MOT SO BAI TOAN THUONG GAP
VE PO THI

1. Giao diém cua hai dé thi
Cic dé thi clha hai ham s6 y= f(x) va y=g(x) cat nhau tai diém
M(xy 5 ¥o) khi va chi khi y, = f(x) va yy = g(xg), tic 1a (xg 5 yp) la mot
nghiém cua hé phuong trinh
y=f(x)
{y = g(x).
Nhu vay hoanh do giao diém cta hai d6 thi trén 1a nghiém cla pﬁuo‘ng trinh
f(x) = g(x).
S6 nghiém ciia phuong trinh trén bing s6 giao diém cta hai dé thi.
Vi du 1. Véi cdc gid tri ndo clha m, dudong thang y = m cit dudng cong
y=x* = 2x% = 3 tai bon diém phan biét ?
Giai
Hoanh do giao diém clia duong thang va dudng cong dé cho 12 nghiém cua
phuong trinh x* — 232 =3=m, ticc I

-2 -m-3=0. (1)
Pat X = +*, X >0, ta dugc

X% =2X =m=3=0, (2)

Puong thing cat dudng cong di cho tai bon diém phan biét khi va chi khi
phuong trinh (1) ¢6 bon nghiém phan biét. Diéu nay xay ra khi va chi khi
phuong trinh (2) ¢6 hai nghiém duong X, X, phén biét, tic la

A'>0 m+4>0
XX, >0 Si-m—-3>0& d<m<-3.
X, +X,>0 2>0 O
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Nhan xét

C6 thé gidi bai todn trén bing d6 thi nhur sau :

D6 thi cia ham s6 y = x* — 2x% — 3 duoc cho trong hinh 1.15.

D6 thi ctia ham s6 y = m 1a mot dudng thing song song hoac triing véi truc

hoanh. Dya vio d6 thi ctia hai ham s6 di cho, ta thiy ngay rang duong thing va
dudng cong da cho ciit nhau tai bon diém phan biét khi va chi khi —4 <m < -3,

IE Chimg minh réing voi moi gia tri cia m, duong thdng y =x —m cét dudng cong

- 2 -
y= % tai hai diém phén biét.

Su tiép xiic cua hai dudng cong

DINH NGHIA
Gia sir hai ham s6 f va g ¢6 dao ham tai diém ;. Ta néi ring hai
dutng cong y = f(x) va y = g(x) tiép xiic v6i nhau tai diém
M(xy : yp) néu M la mot diém chung chia ching va hai dudng
cong c6 ti€p tuyén chung tai diém M. Diém M duoc goi la

tiép diém cia hai dudng cong di cho.
Hién nhién cdc d6 thi cha hai y
ham s6 da cho tiép xic véi
nhau tai diém M(xg ; ¥p)
(h.1.20) khi va chi khi N

Yo = f{_l-ﬂ }‘ Yo = g{xﬂ} /
v f'(x) = 8'(xp)
Tir d6 dé dang suy ra rang Hinh 1.20

Hai dudng cong y = f(x) va y = g(x) tiép xic véi nhau khi va
chi khi hé phuong trinh
{f{x) = g(x)
fi(x)=g'(x)

c6 nghiém va nghiém cta hé phuong trinh trén 1a hoanh do tiép
diém cta hai dudng cong do6.



Vi du 2. Chiing minh réng hai dudng cong

2

y=,1'3+§-.1.'-—2v5 y=x"+x-=2

4
ti€p xiic vdi nhau tai mot diém nao dé.

Xdc dinh tiép diém va viét phuong trinh tiép tuyén chung ctia hai duting cong
da cho tai diém do.

Gidi

Hoanh do tiép diém ctia hai dudng cong di cho 1a nghiém ctia hé phucng trinh

li
P +=x—-2 =x*+x-2
4
(I) 5 )
(_1’3 + —x - 2) = {.tz +x-2)
4
Taco
_13—_1'2-1-%:0 l
{I:I it — X = E
3x2 +Z=2,r+ 1

Vay hai dudng cong da cho ti€p xic vé6i nhau tai diém M[% . —%)
Hé s6 goc cha tié'p tuyén chung tai diém M cla hai dudng cong da cho la

y'(-é—) = 2. Phuong trinh tiép tuyén chung cia hai dudng cong tai diém M la

| 3 9
y—Z(.r—E)—Z, hdyy—h—z-

@ Chimg minh rang dudng cong y = O -x tiép xac vai parabol y = 2] tai
mot diém néo do.

Xac dinh tiép diém va viét phuong trinh tiép tuyén chung cla hai duong cong tai
diém do.

Vi du 3. Ching minh rang dudng thing y = px + ¢ la ti€p tuyén cta parabol
y = ax’ + bx + ¢ khi va chi khi phuong trinh

ax® + bx +c = px + q
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hay

ax> +(b-p)x+c—qg=0 23
¢6 nghiém kép, tic la

A = (b- p)? -4da(c-q)=0.
Chitng minh
Ta da biét : Dudng thing va parabol di cho tiép xic v6i nhau khi va chi khi hé
phuong trinh
ax> +bx+c=px+q
(cur2 +bx+c¢) =(px+gq)

hay

a_t2+(b"p)dr+f-q=0
2ax +b = p (4)

cO nghiém.
Néu dudng thang tiép xiic véi parabol thi hé phuong trinh trén ¢6 nghiém. Gia
sit x = x, la nghiém cha hé phuong trinh trén. Khi do, vi @ # Onén tir (4) ta

co xy = Pz;ah Thay vao (3), ta dugc

(p=b* . (p-b)
a 22 +(b-p) 70

+c—-gq=0.
Tir d6 suy ra
(b - p)* —4a(c—q)=0.

Vay phuong trinh (3) ¢6 nghiém kép.

Pao lai, néu phuong trinh (3) ¢6 nghiém kép x, thi x; = pz_ab- Hién nhién

X = x, cing la nghiém cta phuong trinh (4). Vay hé phuong trinh trén c6
nghiém. Do dé duong thang 12 tiép tuyén cla parabol.
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CHU Y

C6 thé dp dung diéu khiang dinh trong vi du 3 dé xét sy tiép xic cla

dudmg thing va parabol.
Vi du 4. Viét phuong trinh clia dudng thing di qua diém A(1 ; =2) va tiép xic
vOi parabol y = 2% =2y,
Gidi
Phuong trinh ctia duong thing di qua diém A(1 ; =2) va ¢6 hé s6 goc m 1a
y=mx-1)-2.
Hoanh do giao diém cua dudng thang va parabol da cho 1a nghiém cua
phuong trinh ¥ —2x=m(x—1)-2, ticla

x* = m+2)x+m+2=0. (5)

Pudmg thang ti€p xic véi parabol khi va chi khi phuong trinh (5) ¢6 nghiém
kép, tiic 1

A=(m+2° -4m+2)=0
S m+2)(m-2)=0 < m=2 hoac m=-2.

Vay c6 hai tiép tuyén cia parabol di cho di qua diém A. D6 Ia hai
dudng thing
}1=2(—T_1)_2 hay y:z_r—.d.

vil y=-2(x-1)-2 hay y=-2ux.

Cau hoi va bai tap

a) Khao sit su bién thién va vé doé thi (¢) cua ham s6
f(x) = 2x° 4+ 3x% + 1.
b) Tim céc giao diém cua dudng cong (€) va parabol

(@) : g(x)=2x" +1.



¢) Viét phuong trinh cdc ti€p tuyén cla () va () tai méi giao diém cia chiing.

d) Xdc dinh cdc khodng trén dé (€) ndm phia trén hoéc phia dudi ().

58. a) Khao sit su bién thién va vé dé thi ciia ham s6

_ 2x =1
T ox+1

\r!

b) Vi céc gid tri nao cia m, dudng thiang d,, di qua diém A(=2 ; 2) va ¢6 heé
s6 goc m cat do thi ciia ham s6 di cho
e Tai hai diém phan biét ?

e Tai hai diém thudc hai nhdanh cta dé thi ?

59. Chiing minh rang cédc do6 thi ciia ba him s6

60. Ching minh ring cdc dé thi céia hai ham s6 f(x) =+ 2x vi o(x) =

F{x) = —x? +3x46, g(x)= 2 — % bl va h(x) = .1:2 + 7x + 8

ti€p xiic véi nhau tai diém A(-1 ; 2) (tic 1a ching c6 cling tiép tuyén tai A).

9

v 3 3x

2 2 x+2
ti€p xtic v6i nhau. Xdc dinh tiép diém cua hai dudng cong trén va viét phuong
trinh ti€p tuyén chung cua ching tai diém do.

61. Mot vién dan duoc ban ra

56

v6i van 16c ban diu
vp > 0 tir mdt nong sing

- |

dat o goc toa do O, ()
nghiéng mot géc a véi
mat ddt (nong sting nim
trong mat phang thing e -
ding Oxy va tao vdéi truc 5 = >
hoanh Ox géc a) (h.1.21).
Biét quy dao chuyén dong Hinh 121
cua vién dan la parabol.

(¥e) : Yiss _i_’ (1 + t.atrl:aa:),x2 + xtana

. 2vy
(g la gia téc trong trudng).



62.

63.

64.

I

2]. (7,) luon ti€p xic vdi parabol (I')

Chitng minh ring véi moi a € (0;
c6 phuong trinh 14

V
}! — --i_rz - _ﬂ

21!& 2¢g

va tim toa do tiép diém ((I") duoc goi la parabol an toan).

Luyén tap

a) Khao sdt sur bién thién va vé doé thi ctia ham so

x—1
x+1

b) Chitng minh rang giao diém / cta hai dudng tiém cin cua dudong cong da
cho la tam do6i ximg ciia no.

a) Khdo sat su bién thién va vé dé thi () cta ham s6

B xX+2
AT

b) Chimg minh rang duong thang y = mx + m — | lu6n di qua mot diém c6

dinh cta dudng cong (H') khi m bién thién.

¢) Tim cdc gia tri cua m sao cho dudng thang da cho cit dudng cong (H) tai

hai diém thu¢c cing mot nhénh cta ().

2
g ax” —bx
Cho ham s6 y = T
X

NI . . - 5
a) Tim a va b biét rang d6 thi (¢) cha ham s6 da cho di qua diém A(_]:E]

va tiép tuyén cuia (¢) tai diém O(0 ; 0) c6 hé s6 gbc bang —3.

b) Khao sat su bién thién va vé dé thi clia ham s6 véi cdc gid tri clia a va b
da tim duoc.

57



65.

a) Khao sét su bién thién va vé dé thi caa ham s6

PP L'
Vo e——————
: x—1
b) V6i cdc gid tri nao cia m dudng thang y = m — x cit do thi cia ham s6
da cho tai hai diém phan biét ?
c¢) Goi A va B 1a hai giao diém d6. Tim tap hop céic trung diém M cua doan
thing AB khi m bién thién.

66. Tim céc hé s6 a va b sao cho parabol y = 2x* + ax + b tiép xiic véi hypebol

67.

58

y= 2 tai diém M(—l- ¥ 2].
X 2

Mot tap chi duge ban vai gid 20 nghin dong mot cuén. Chi phi cho xudt ban
x cudn tap chi (bao goém : luong cin bo, cong nhan vién, gidy in, ...) dugc
cho bai

C(x) = 0,0001x> — 0,2x + 10000,
C(x) dugc tinh theo don vi la van déng. Chi phi phédt hanh cho méi cudn la
4 nghin doéng.
1°. a) Tinh téng chi phi T(x) (xudt ban va phat hanh) cho x cuén tap chi.

a - T . - . " % ¥ r "

b) Ti s6 M(x) = —(:) dugc goi la chi phi trung binh cho mét cuén tap chi khi
xudt ban x cuén. Tinh M(x) theo x va tim s6 luong tap chi can xudt ban sao
cho chi phi trung binh la thap nhat.
2°. Céc khoan thu bao gém tién bén tap chi va 90 triéu dong nhan duogc tir
quang cdo va su trg gitip cho bio chi. Gia sir s6 cudn in ra déu dugc ban hét.
a) Chitng minh rang so tién 1ai khi in x cudén tap chi la

L(x) = — 0,0001x> + 1,8x — 1000.
b) Héi in bao nhiéu cuén thi ¢6 1ai ?

¢) In bao nhiéu cuén thi 1ai nhiéu nhat ? Tinh s6 tién lai do.



Bai doc thém

= 5 = .
/TINH LOI, LOM VA DIEM UGN CUA BUGNG CONG
e

diém uon .=~ D
cung 16i CD

(®)

ya cung 16i AB B

cung 16m BC

Hinh 1.22

Pudng cong (€) trén hinh 1. 22 gém ba cung AB, BC va CD . Ta théy tiép tuyén
clia dudng cong tai mdi diém M clia cung AB déu n&m phia trén clia cung ; ngudi ta
goi AB 1a mét cung 18i. Trai lai, ti€p tuyén tai méi diém cla cung EE’ nam phia dudi
cla cung ; BC dugc goi la mét cung 16m. Diém B 1a diém phan chia hai cung 16i va
cung 16m clia dudng cong ; ngudi ta goi né 1a mét diém udn cla dudng cong (€).

Tuong tu, C ciing la mét diém uén vi né phan chia cung I6m BC va cung 16i (’EB
Ta ciing thay ti€p tuyén clia dudng cong tai diém udn xuyén qua dudng cong.

Sau day ta sé gidi thiéu cac khai niém da néu mot cach chinh xac.

1. Tinh 16i, 16m cua dé thi

Binh nghia. Gia s ham s6 f ¢6 dao ham trén khoang /. Ta néi rang
a) D6 thi (‘€') cla ham sé v = fix) I8i trén khoang I néu tiép tuyén cla (€) tai mbi
diém clia né déu nam phia trén dé thi.
b) P& thi (¢') clia ham s6 y = f(x) 16m trén khoang / néu ti€p tuyén cla (€) tai moi
diém cla né déu nam phia dudi dé thi.
Ta thita nhén dinh li sau day.
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Binh Ii. Gia st ham sé f c6 dao ham cép hai trén khoang /. Khi dé

a) Néu f"(x) <0 véimoi x e/ thidé thi (¢) clia ham sé y = fix) I6i trén /.

b) Néu f"(x) >0 v8imoi x e I thidd thi (¢) cla ham s6 y = f{x) 16m trén /.

Vi du 1. Xét tinh 16i, I6m cla hai parabol fix) = ¥ va g(x) = P,

Gidi. Tacd f'(x)=2xva f"(x)=2.

Vi f"(x) >0 védi moi x € R nén parabol fix)= X 16m trén 1R .

Trailai, vi g"(x)=-2 <0 vdimoi x €  nén parabol g(x) = - X 16itrén .

C6 thé thay ngay diéu khdng dinh trén tir dinh nghia. Tiép tuyén clia parabol flx) = +°
tai méi diém clia né déu ném phia dudi dé thj va tiép tuyén clia parabol g(x) = - ¥
tai méi diém clia n6é déu nam phia trén dé thi.

' Cha y. Biéu kién néu trong dinh Ii trén chi 1a diéu kién dl chir khéng phai 1a diéu kién

can cla tinh I8i, 16m clia d6 thi. Chang han, dudng cong fix) = x* 1a 16m trén R vi
tiép tuyén clia dudng cong tai méi diém clGia n6 déu ndm phia dudi dudng cong. Tuy

nhién, tacd f"(x)=12x> >0 véimoi xe R va f"(x)=0 taix=0,

Diém udn cla dé thi

Dinh nghia. Gia st ham sé f c6 dao ham trén khoang (a ; b) chira diém x,. Néu dé
thi (¢') clia ham s6 y =f (x) I6i trén mot trong hai khodng (a ; xp). (xg s b) va lom trén
khoang cén lai thi U(x, ; f(x,)) dudc goi la diém uén cha db thi (¢) (h.1. 23).

A Y ALY
diém udén

diém udn

[ S

1
a O 0

%
=
=Y

Hinh 1.23
N6i mét cach khac, diém uén cla dé thi 1a diém phan chia hai phan 16i va 16m cia
dé thi.
Tiép tuyén cla do thi tai diém udn luén xuyén qua dé thi.
Tur dinh i vé tinh 18i, 16m cla dé thi, dé dang suy ra
Dinh Ii. Gia st ham sb f c6 dao ham cép hai trén khoang / chita diém x,. Néu
f"(xg) =0 va f"(x) @i dau khi x qua diém x, thi U(xy : f(xy)) 1a mdt diém udn
cha db thi ham s6 y = f{x).



Vi du 2. Tim cac khoang 16i, 16m va diém uén clia dé thi ham sé

1 3 2 4
= —— X + X" +3x+—.
3 3% X 3

Gidi. Tach y'=—x*+2x+3 va y" = —2x+2.

Bang xét ddu cha y":

Vi y" >0 trén khoang (—0; 1) nén db thi (¢) cla ham s& 16m trén khoang (—w; 1).
Vi y" <0 trén khoang (1;+20) nén dé thi (¢) I6i trén khoang (1;+ ).

U(1 ; 5) 1a diém uén cla dé thi (¢).



