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TICH PHAN

1. Hai bai toan dan dén khai niém tich phan
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a) Dién tich hinh thang cong

Cho ham s6 y = f(x) lién tuc va lay gid tri duong
trén doan [a ; b]. Hinh phang gidi han bdi dé thi
ham s6 y = f(x), truc hoanh va hai dudng thang
x = a, x = b duoc goi la hinh thang cong (phin t6
dam trong hinh 3.1).

Bai todn dat ra la tim cong thie tinh dién tich
cua hinh thang cong.

Bai todn 1

Hinh 3.1

Cho hinh thang cong gidi han boi do thi ham s6 y = f(x), truc hoanh va hai

dudng thing x = a, x = b (a < b). Gia sitf 1a ham s0 lién tuc, dong bién va

nhan gid tri duong trén doan [a : b]. Chimg minh rang dién tich § cua hinh

thang cong dé la
S = F(b) - F(a)

trong d6 F 1a mét nguyén ham bét ki cta f trén doan [a ; b].

Chitng minh

Ki hiéu S(x) (a £ x £ b) la dién tich hinh thang cong gi6i han bai dé thi
ham s6 y = f(x), truc hoanh, duong thang x = @ va duong thing di qua

diém x trén truc hoanh va vuéng géc véi truc hoanh (h.3.2). Nhu vay, ta cé

mot ham s6 y = S(x) xdc dinh trén doan [a ; b].
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Trude hét, ta chiing minh y = S(x) la mét nguyén ham ctua ham s6 y = f(x)
trén doan [a ; b]. That vay, gia su x, 1a mot diém tuy ¥ ¢6 dinh thuoc khoing
(a ; b). Xét diéfm x e (xg:b]. Khi d6 S(x) = S(xy) la dién tich hinh thang
cong MNEQ (h.3.3).

y=flx) [y =fix)

=
=
= |

=Y

Hinh 3.2 Hinh 3.3

Do f 1a ham dong bién nén hinh thang cong MNEQ nam trong hinh chir nhat
MNEF va chita hinh chir nhit MNPQ. Viay

Syneo < Suneo < Suner

tic la Flxg)x — xp) < 8(x) = S(x) < fx)x = xp),
suy ra Flag) < 22=5W0) £y 1)
0 .
Vi lim f(x) = f(x,) nén tir (1) ngudi ta chimg minh dugc
Xy
lim S(x) = S(xp) = f(x%)
xX—3Xg X=X

i _ Lo ) — S
Tuong tu véi x € [a; xy), tacling ¢ lim 3(x) = 5(xp)
X=X X=X

= fxp):

Viy lim M = f(xp) hay S'(xy) = f(xp).

xoxg AT X
Vi xy la tuy y thudéc (a;b), nén suy ra S'(x) = f(x) v6i moi x € (a:b).
Tuong tu, ta ¢6 @ S'(a)= f(a),S'(b)=f(b). Viy him s6 y = S(x) 12 mot
nguyén ham cta f tén doan [« ; b]. Thanh thu tén tai hing s6 C sao cho

S(x) = F(x) + C.
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2.
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Dé thdy S = S(b) — S(a).
Do d6 S = S(b) — S(a) = (F(b) + C) - (F(a) + C) = F(b) - F(a). 0

[H1| T7inh dién tich hinh thang cong gi6i han bdi d6 thi ham s6 vy = x*, truc hoanh
vé hai duding thdngx=1; x = 2.

b) Quang duong di duge cua mot vat
Bai toan 2
Gia st mot vat chuyén dong 6 vén tée thay doi theo thoi gian, v =f{1) (0 <1 <T).
Chiing minh ring quing dudng L vit di dugc trong khoang thoi gian tir thoi
diémr=a dénthoidiém r=b(0<a<b<T)la

L =F(b) - F(a),
trong d6 F 1a mot nguyén ham bt ki cua f trén khoang (0 ; T).
Ching minh
Goi s = s(1) la quing dudng di duge cha vat cho dén thoi diém r. Quang dudng
vat di duoe trong khoang thoi gian tir thoi diém r = @ dén thai diém /= b la
L = s(b) — s(a). Mit khic, ta da biét s'(r) = f(t), do d6 s = s(r) 1a mot nguyén
ham cta f. Thanh thi, t6n tai hing s6 C sao cho s(r) = F(t) + C. Vay

L = s(b) —s(a) = [F(b) + C] —[F(a) + C] = F(b) — F(a). O

Khai niém tich phan
Trong khoa hoc va ki thudt, c6 nhiéu dai lugng quan trong dugc biéu thi bing
hiéu F(b) — F(a) trong d6 F 1a mot nguyén ham cua ham s6 f nao do.

DINH NGHIA

Cho ham s0 f lién tuc trén K va a, b 1a hai s6 bat ki thudc K. Néu
Fla mot nguyén ham cua f trén K thi hiéu s

F(b) — F(a)
duoc goi la tich phan cua f tira dén b va ki hiéu la

b
_[ f(x)d.




b
Trong truong hopa < b |, ta goi j f(x)dx 14 tich phdn cua f trén doan [a ; b].
a

h
[H2] chimg minh réng j F(x)dx 1a mot s6 khong phu thude vao viéc chon nguyén

il

ham F nao trong ho cac nguyén ham cda f.

b
Nguoi ta con dung ki hiéu F(x}[u dé chi hiéu s6 F(b) — F(a). Nhu vay néu
F la mot nguyén ham cia f trén K thi

[
[feoax = Fo| .

a

Vi j_,f'(x)dx la mot nguyén ham bét ki cua f nén ta c6
b

b
[rooae=(] f(_r]dx) .

i

Ngudi ta goi hai s6 a, b 1a hai cdn tich phan, s6 a 1a cdn dwoi, s6 b 1a cdn trén,
f1a ham sé duwéi ddu tich phan, f(x)dx 12 biéu thite dwéi ddu tich phédn va x 1a
bién s ldy tich phan.

CHU Y

Po6i v6i bién so ldy tich phan, ta ¢6 thé chon bat ki mot chir khéc

thay cho x. Chang han, néu sir dung chit #, chit «,... lam bién s6 ldy
tich phén thi

b b
[f@)de, [fadu, ... déula mots6 va s6 6 bing F(b) - F(a).

5
Vidu 1. jldx = {ln|x|}‘5 =In5-1n3 = 1n§ :
3.1' 3

3
4 2 4
J{x - —l-)dt & [1— + |n|ﬂJ
. x 2 2

=6+In2. O
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Véi dinh nghia tich phan, bai todn 1 ¢6 thé phat biéu lai nhu sau :

Cho ham s6 y = f{x) lién tuc, dong bién va nhéan gid tri duong trén doan [a ; b].

Khi dé dién tich S cta hinh thang cong giGi han bai do thi ham s6 vy = f{(x), truc
b

hoanh vA hai dutng thing x=a, x=b1a§ = [f(x)dx.

o

Téng quét, ngudi ta chimg minh duoc

PINH Li 1

Cho him s6 y = f(x) lién tuc, khong dm trén doan [a ; b]. Khi
dé6 dién tich S cha hinh thang cong gidi han boi do thi ham s6
v =f(x), truc hoanh va hai dudng thing x=a, x=b la

S= j. flx)dx.

[H3] M6t vat chuyén dong vai van téc thay d6i theo thoi gian v = f(1). Ching minh
rang quang dudng ma vét di dugc trong khodng thdi gian tir thdi diém a dén thai

b
diém b 13 f f(ydr.

a
Vi du 2. Mot 6t6 dang chay véi van toc 20m/s thi ngui ldi dap phanh (con
noi la "thang"). Sau khi dap phanh, 6t6 chuyén dong chdm din déu véi van toc
v(f) = —40t + 20 (m/s), trong dé ¢ 1a khoang thoi gian tinh bang giay ké tir lic

bat ddu dap phanh. Hoi tir lic dap phanh dén khi dimg hin, 616 con di chuyén
bao nhiéu mét ?

Giai. Lay méc thoi gian 1a lic 6t6 bat ddu duge phanh. Goi T 1a thoi diém 616
dimg. Ta ¢c6 w(T) = 0 suy ra 20 = 40T hay T = 0,5. Nhu vy, khoang thoi gian tir
lic dap phanh dén khi dimg hén cta 616 1a 0,5 gidy. Trong khoang thai gian 0,5
gidy dé, 616 di chuyén ducc quing dudng 1a

0,5

7. |05
L= [(20-40r)dr = (20t - 20/%)| ~ =5 (m).
0
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3. Tinh chat cua tich phan
Cic tinh chat co ban cta tich phan dugc phat biéu trong dinh Ii sau day.

DINH Li 2

Gia sir cic ham s6 f, g lién tuc trén K va a, b, ¢ 1a ba s6 bt
ki thudc K. Khi do ta ¢cé

v
D [f(xdx =0;

b a
2) [f)dy = [fodr ;
a b

b

3) ..f(_r)dr+ j f(x)dx = j Fx)dx
a b a
b

h b
4 Jif )+ gldr = [fx)dx + [grdr ;

o o

b b
5) [kfx)dx = kjf{:cjd,r v6i k e R,

a

Chitng minh. Ta chimg minh cdc tinh chat 3) va 4).
Gia sir F 1a mot nguyén ham cua f.
3) Taco

h c
[f(dy+ [f(x)dx = F(b) - F(a) + F(c) - F(b)

a b

= F(c)— F(a) = If(.i.‘) dx.

i

4) Ap dung dinh Ii 2 ctia §1 ta cé

f
Jireo +gondr = ( [[feo+ g(x)]dr): = J‘f(.r}m): +( Ig(.r)d.x)j
i 5 "
= If(.\‘)d.\: + Ig(.\:)fit’. O
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Hay chimg minh céc tinh chét 1), 2) va 5).

3 3
Vidu3.Cho [f(x)dx = -2 va [g(x)dy = 3.
| 1
Hay tinh
3 3
Ji3f00) ~ g(ade va [is - df (o
1 1
Gidi
3 3 3
.f[3f(f\') - g(x)]dx = 3If'{x}m' - Ig(.t)d.r =3.(-2)-3=-9.
1 1 1
3 3 3
j[s —4f(x)ldx =5 [dx - 4_(f(x)dr =52 -4(-2)=18.
1

l 1

[I-IS] Tim b néu biét rang

h
I(E.r —4)dx=0.
(4]

Cau hai va bai tap

10. Khéng tim nguyén ham, hay tinh céc tich phan sau :
Lr. 2 3
a) J’(; " 3]{11- : b) j|,x|cu; ; ¢) j' 9 — x? dx.
%, e -1 -3
Hucémg ddan. Ap dung dinh If 1.

2 5 5
11. Cho biét [f(x)dx =4, j f(x)dx =6, [g(x)dx =8. Hay tinh
| | |
3 2
a) ff(x)dr: b) j':-;f(x).:tr;
2 1
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5 5
o) [[f(x) - g()ldx ; d) [[4f(x) - g(x)]d.
1 |
3 4 4
12. Cho biét j’ f(2)dz =3, [f(x)dx =7.Hay tinh [f@ya.
0 0 3

b
13. a) Chiing minh ring néu f(x) > O trén [a; b] thi [f(x)dx > 0.

a

b b
b) Chiing minh ring néu f(x) > g(x) trén [a; b] thi [f(x)dx > [g(x)dx.

o

14. a) Mot vat chuyén dong vdi van téc v(t) = 1 — 2sin 2¢ (m/s). Tinh quiang dudng
vit di chuyén trong khoang thoi gian tir thoi diém ¢ = 0(s) dén thoi diém

t= 3’4E (s).
b) Mot vat chuyén dong cham din véi van téc v(r) = 160 — 10¢ (m/s). Tinh

quing dudng ma vat di chuyén duge tir thoi diém ¢ = 0 dén thoi diém ma vat
dimg lai.

15. Mot vat dang chuyén dong v6i van toc 10m/s thi tang téc véi gia téc

a(f) =3t + ¢* (m/s°). Tinh quang duong vat di duge trong khoang thoi gian
10 giay ké tir lic bat ddu tang téc.

16. Mot vién dan dugc bin 1én theo phuong thing dimg véi van téc ban ddu 25m/s.
Gia t6c trong truomg 13 9.8m/s”.

a) Sau bao lau vién dan dat t¢i do cao 16n nhat ?
b) Tinh quang dudng vién dan di duoc tir ldc bén 1én cho dén khi cham dit
(tinh chinh xdc dén hang phan tram).
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Bai doc thém

J,-"'ITINH GAN DUNG TICH PHAN VA KHAI NIEM
TONG TiCH PHAN

Tinh gan dang tich phan
b

Tir dinh nghia tich phan ta thdy mudn tinh tich phan J- f(x)dx thi phai tim dugc mot
[

nguyén ham F cua f. M&c di nguyén ham nay chac chan tén tai nhung trong nhiéu

trudng hap ta khong thé tim dugc biéu thic tuéng minh cla F(x) qua cac ham so cép
da biét. (Chéng han, ngudi ta da ching minh rang nguyén ham cla céc ham sé

2 _ sin.x 4

y=e ¥, y=, y=yl+x

> , ... khong thé biéu dién qua cac ham so cap da

h
biét.). Trong nhiing trudng hop nhu vay, viéc tinh dung tich phan I f({x)dx la khéng
il
thé thuc hién dudc. Vay cé thé tinh gan dung tich phan dé dugc khéng ?
a) Cho ham sd vy = fix) lién tuc va 18y gia tri duong trén doan [a ; b]. Xét hinh thang
cong H gidi han bdi dé thi ham sé y = f(x), truc hoanh va hai dudng thdng x =a,
x=b (trén hinh 3.4, ham s6 f(x)=35 —Pa=-1b=2 ). Goi § la dién tich cta H.
b
Theo dinhli 1tacod S = jf(_r}d,r .
a
Vi mbi s6 nguyén duong n, ta chia doan [a; b] lam n doan con bang nhau bdi cac
b-a b—a
oy Xp =a+ K
n n

Dung céc hinh chit nhat B, v6i day la doan théng [x; ; x; ], chiu cao la f(x;)
(k =0, ..., n —1). Dién tich cta hinh chir nhat B, 1a f(x;)(x, . —x;). Goi A, la
hop clia n hinh chit nhat By, By..... B, ; (xem hinh 3.4b v6i n = 10) va S( A, ) la dién
tich cGia hinh A,. Ta cd S(A,) la tdng dién tich ctia n hinh chi¥ nhat By, B;...., B

n—1-

diém Xp=a,x=a+ v Xy = b (k=0,1,2, ..., n).

n-1
Vay S(A,) = D FO) (e —Xg)-
k=0

Khi s6 diém chia n cang 16n, s6 hinh chir nhat By, By,...,B,_| cang nhiéu thi dién
tich S( A, ) cba hinh A, cang gan véi dién tich S cla H (xem hinh 3.4¢c véi n = 20,
hinh 3.4d véi n = 30). Vay § = 5(A,,) nghia la



h n-1
Jrede= 3 Flo) g = x).
a k=0

Hinh H Hinh A,

Hinh 3.4

b) C6 thé nhan dugc cdng thic gén ding trén vai 1ap luan nhu sau : Gid sit mot véat
chuyén déng véi van téc v = f(1). Ta chia khodng thdi gian [a; b] thanh n khoang thoi

gian bang nhau a =ty < t; <... <1, =h. Vi n kha 16n thi khoang thdi gian (7; : 1., )
kha bé nén cb thé coi rang trong khodng thai gian dé vat chuyén dong véi van téc
khéng ddi. Khi @6, quang duang vét di dugc trong khoang thai gian (1, : 1, ;) xap Xi
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béng fir, )t +1 — 4 ). Thanh thir quang dudng vat di dugc trong khoang thai gian
n—I|

[a; b] x8p xi bang Z Fltp )t sy — 1 ). Mat khac, ta da biét quang dudng di dudc la
k=0

b

J'f(r)dr. . Vay ta co

o

b n-1

Jrwat =Y fa ., -n)

3 k=0

Khai niém téng tich phan

Mét cach téng quat, cho ham sé y = f{x) lién tuc trén doan [a ; b]. Vi mbi s6 nguyén
duong n, ta chia doan [« : b] 1am n doan con béng nhau bdi cac diém chia

= .
Xp = a, X, =a+"’n“*.... X =a+k n“,..., x,=b (k=0,1,2....n).

Méi doan con déu c6 dd dai bang 2

n
n—1

Ki hiéu ED I EN ERES B
k=0

S,, duoc goi 1a tdng tich phan cdp n clia ham s6 y = f(x) trén doan [a ; b].
Ngudi ta da ching minh dugc dinh Ii sau day, goi 1a dinh li cd ban cla tich phan

Binh If
Cho ham s8 y = f(x) lién tuc trén doan [a ; b]. Goi S, la tong tich phan cap n cla
ham s6 y = f(x) trén doan [a, b]. Khi d6

b
limS§,, = _[ f(x)dx.
i

b n-1
Thanh thirkhi nl6n ta c6 [f(x)dx =S, = > f(x )X — %)
i k=0
Nhu vay tdng tich phan S, dung dé tinh x&p xi tich phan. Khi cép n cang 16n thi tong
h
tich phan S, cang gan véi tich phan jf(_x)ch- va su xap xi cang t8t, d6 chinh xac

i
cang cao.

Chu y. V& mat lich sir, khai niém tich phan dugc hinh thanh déc lap vai khai niém
nguyén ham. Tich phan clia ham sé f trén doan [a ; b] dudc dinh nghia la gidi han



/]
clia t6ng tich phan cdp n cla f trén doan [a; b]. Pang thic If(_r]d_r = F(b)— F(a),
[¥
ma ta dung lam dinh nghia tich phan, dugc tim ra sau dé bdi hai nha toan hoc Niu-
ton va Lai-bd-nit. Béng thirc d6 cho ta mdi lién hé gilta tich phan va nguyén
ham va dudc goi la cong thirc Niu-ton — Lai-bo-nit.

o0 4
Site.

NGUON GOC CUA Ki HIEU NGUYEN HAM VA TiCH PHAN

Ki hiéu tich phan la do nha toan hoc thién tai ngudi Bic Lai-bo-nit (1646 — 1716)
dua ra. Tich phan clia ham sé f trén doan [a : b] dudc 6ng dinh nghia la gidi han cla
téng tich phan.

n—1

lim Z f(_'l'k }("‘-,('+} — X }. (1)

k=0
Thai Lai-bo-nit, hiéu x| — x; thudng dugc viét la dx, = x;., — x;, do d la chir
dau clia chir La-tinh "diferentia” (hiéu s&). Do d6, gidi han (1) dudc viét lai thanh

n=1
lim D" f(x;)dx;.
k=0 ;
Ki hiéu Z (téng s6) ciing nhu chir § c6 ngudn gbc tir chir La-tinh "summa" (cé

nghia la téng s6). Dau tich phan I la mot bién dang don gian cta chir S.

B
Ki hiéu J'f (x)dx muén néi réng day la gi6i han cla téng cac s6 hang f (g ) dxy .
b
Thanh thir, giéi han (1) dudc ki hiéu 1 _[ F(x)dx.
o
b
Céng thic _[ f(x)dx = F(x)|" véi F 1a nguyén ham tuy y clia f néu 1én méi lién hé

s :
gifa tich phan va nguyén ham va ki hiéu If(.rj dx dugc ding dé chi cac nguyén

ham cua f. Viéc coi -[ f(x)dx 1a mét nguyén ham bat ki clia f dan dén cong thic truc
b b b
quan va tién Igi | jf(.t)dr = (J f(_r)dr] . Ngudi ta con goi _[f{_r;dr la tich phan
a

o il

xéc dinhva [f(x)dx Ia tich phan bét dinh (khéng xac dinh) clia ham f.
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